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1. INTRODUCTION

The MacWilliams identity for codes with the Hamming
metric [1], which relates the Hamming weight distribution of
a code to the weight distribution of its dual code, is useful in
determining the Hamming weight distribution of codes. This
is because if the dual code has a small number of codewords
or equivalence classes of codewords under some known
permutation group, its weight distribution can be obtained
by exhaustive examination. It also leads to other identities
for the weight distribution such as the Pless identities
[1,2].

Although the rank has long been known to be a metric
implicitly and explicitly (e.g., see [3]), the rank metric was
first considered for error-control codes (ECCs) by Delsarte
[4]. The potential applications of rank metric codes to
wireless communications [5, 6], public-key cryptosystems
[7], and storage equipments [8, 9] have motivated a steady
stream of works [8-20] that focus on their properties.
The majority of previous works focus on rank distance
properties, code construction, and efficient decoding of rank
metric codes, and the seminal works in [4, 9, 10] have made
significant contribution to these topics. Independently in
[4, 9, 10], a Singleton bound (up to some variations) on the
minimum rank distance of codes was established, and a class
of codes achieving the bound with equality was constructed.
We refer to this class of codes as Gabidulin codes henceforth.
In [4, 10], analytical expressions to compute the weight
distribution of linear codes achieving the Singleton bound

with equality were also derived. In [8], it was shown that
Gabidulin codes are optimal for correcting crisscross errors
(referred to as lattice-pattern errors in [8]). In [9], it was
shown that Gabidulin codes are also optimal in the sense of
a Singleton bound in crisscross weight, a metric considered
in [9, 12, 21] for crisscross errors. Decoding algorithms were
introduced for Gabidulin codes in [9, 10, 22, 23].

In [4], the counterpart of the MacWilliams identity,
which relates the rank distance enumerator of a code to
that of its dual code, was established using association
schemes. However, Delsarte’s work lacks an expression of
the rank weight enumerator of the dual code as a functional
transformation of the enumerator of the code. In [24,
25], Grant and Varanasi defined a different rank weight
enumerator and established a functional transformation
between the rank weight enumerator of a code and that of
its dual code.

In this paper we show that, similar to the MacWilliams
identity for the Hamming metric, the rank weight distri-
bution of any linear code can be expressed as a functional
transformation of that of its dual code. It is remarkable that
our MacWilliams identity for the rank metric has a similar
form to that for the Hamming metric. Similarly, an interme-
diate result of our proof is that the rank weight enumerator
of the dual of any vector depends on only the rank weight
of the vector and is related to the rank weight enumerator
of a maximum rank distance (MRD) code. We also derive
additional identities that relate moments of the rank weight
distribution of a linear code to those of its dual code.
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Our work in this paper differs from those in [4, 24, 25] in
several aspects.

(i) In this paper, we consider a rank weight enumerator
different from that in [24, 25], and solve the original
problem of determining the functional transforma-
tion of rank weight enumerators between dual codes
as defined by Delsarte.

(ii) Our proof, based on character theory, does not
require the use of association schemes as in [4] or
combinatorial arguments as in [24, 25].

(iii) In [4], the MacWilliams identity is given between
the rank distance enumerator sequences of two
dual array codes using the generalized Krawtchouk
polynomials. Our identity is equivalent to that in [4]
for linear rank metric codes, although our identity
is expressed using different parameters which are
shown to be the generalized Krawtchouk polynomials
as well. We also present this identity in the form of a
functional transformation (cf. Theorem 1). In such a
form, the MacWilliams identities for both the rank
and the Hamming metrics are similar to each other.

(iv) The functional transformation form allows us to
derive further identities (cf. Section 4) between the
rank weight distribution of linear dual codes. We
would like to stress that the identities between the
moments of the rank distribution proved in this
paper are novel and were not considered in the
aforementioned papers.

We remark that both the matrix form [4, 9] and the
vector form [10] for rank metric codes have been considered
in the literature. Following [10], in this paper the vector form
over GF(g™) is used for rank metric codes although their
rank weight is defined by their corresponding code matrices
over GF(q) [10]. The vector form is chosen in this paper since
our results and their derivations for rank metric codes can
be readily related to their counterparts for Hamming metric
codes.

The rest of the paper is organized as follows. Section 2
reviews some necessary backgrounds. In Section 3, we estab-
lish the MacWilliams identity for the rank metric. We finally
study the moments of the rank distributions of linear codes
in Section 4.

2. PRELIMINARIES

2.1. Rank metric, MRD codes, and
rank weight enumerator

Consider an n-dimensional vector x = (x9,X1,...,Xy-1) €
GF(qg™". The field GF(g™) may be viewed as an m-
dimensional vector space over GF(q). The rank weight of x,
denoted as rk(x), is defined to be the maximum number of
coordinates in x that are linearly independent over GF(q)
[10]. Note that all ranks are with respect to GF(q) unless
otherwise specified in this paper. The coordinates of x thus
span a linear subspace of GF(q™), denoted as &(x), with

dimension equal to rk(x). For all x,y € GF(g™)", it is easily

verified that dr(x,y) def rk(x — y) is a metric over GF(g™)"
[10], referred to as the rank metric henceforth. The minimum
rank distance of a code C, denoted as dr(C), is simply the
minimum rank distance over all possible pairs of distinct
codewords. When there is no ambiguity about C, we denote
the minimum rank distance as dp.

Combining the bounds in [10, 26] and generalizing
slightly to account for nonlinear codes, we can show that the
cardinality K of a code € over GF(g™) with length n and
minimum rank distance dy satisfies

m(n—dg+1)
b

K < min{q g"m-dr Y (1)

In this paper, we call the bound in (1) the Singleton bound
for codes with the rank metric, and refer to codes that attain
the Singleton bound as maximum rank distance (MRD)
codes. We refer to MRD codes over GF(g™) with length
n < m and with length n > m as Class-1 and Class-II MRD
codes, respectively. For any given parameter set n, m, and
dg, explicit construction for linear or nonlinear MRD codes
exists. For n < m and dr < n, generalized Gabidulin codes
[16] constitute a subclass of linear Class-I MRD codes. For
n > m and dr < m, a Class-II MRD code can be constructed
by transposing a generalized Gabidulin code of length m
and minimum rank distance dr over GF(q"), although this
code is not necessarily linear over GF(¢q™). When n = Im
(I = 2), linear Class-IT MRD codes of length #n and minimum

distance dg can be constructed by a Cartesian product g/ &f
G X +-- x G of an (m,k) linear Class-I MRD code §
[26].

For all v € GF(g™)" with rank weight r, the rank weight
function of v is defined as fr(v) = y"x"". Let C be a code
of length n over GF(q™). Suppose there are A; codewords in
C with rank weight i (0 < i < n). Then the rank weight
enumerator of G, denoted as W& (x, ¥), is defined to be

WEx ) &S fav) = Ayix, )
i=0

vel

2.2. Hadamard transform

Definition I (see [1]). Let C be the field of complex numbers.
Let a € GF(q™) and let {1,a1,...,an1} be a basis set of
GF(q™). We thus havea = ap+aja; + - - - +a,y-10,,-1, where
a; € GF(q) for 0 < i < m — 1. Finally, letting { € C be a

primitive gth root of unity, y(a) &f (% maps GF(q™) to C.

Definition 2 (Hadamard transform [1]). For a mapping f
from GF(q™)" to C, the Hadamard transform of f, denoted

as f, is defined to be

def

fOE Y xu-vf), (3)

ueGF(gm)"

where u - v denotes the inner product of u and v.



M. Gadouleau and Z. Yan

2.3. Notations

In order to simplify notations, we will occasionally denote
the vector space GF(q™)" as F. We denote the number of
vectors of rank u (0 < u < min{m,n}) in GF(g™)" as
N,(q",n). ItcanbeshownthatN (g™, n) = [y ]a(m,u) [10],

where a(m,0) € 1 and a(m, u) € 1" (¢" - ') for u = 1.
The [};] term is often referred to as a Gaussian polynomial

[27], defined as [}] def a(n,u)/a(u,u). Note that [}] is
the number of u-dimensional linear subspaces of GF(q)”

We also define f(m,0) 4f 1 and B(m,u) def [T, [’" 1
for u > 1. These terms are closely related to Gaussmn
polynomials: f(m,u) = [7/1f(u,u) and B(m + u,m + u) =

€

[™+41B(m, m)B(u, u). Finally, o; € i(i — 1)/2 for i = 0.

3. MACWILLIAMS IDENTITY FOR THE RANK METRIC
3.1. g-product, g-transform, and q-derivative

In order to express the MacWilliams identity in polynomial
form as well as to derive other identities, we introduce several
operations on homogeneous polynomials.

Let a(x,y;m) = > oai(m)y'x""" and b(x,y;m) =
3i—obj(m)ylx*"J be two homogeneous polynomials in x and
y of degrees r and s, respectively, with coefficients a;(m) and
bj(m), respectively. a;(m) and b;(m) for i,j = 0 in turn
are real functions of m, and are assumed to be zero unless
otherwise specified.

Definition 3 (q-product). The g-product of a(x, y;m) and
b(x, y;m) is defined to be the homogeneous polynomial

of degree (r + s)c(x,y;m) o
Z;—;socu(m)yuxrﬂfu’ Wlth

a(x, y;m)*xb(x, y;m) =

> g ai(m)b,_i(m — i). (4)

i=0

Cu(m) =

We will denote the g-product by * henceforth. For
n = 0, the nth g-power of a(x, y;m) is defined recursively:
a(x, ;)% = 1 and a(x,y;m)" = a(x, y;m)"-1
a(x, y;m) forn = 1.

We provide some examples to illustrate the concept. It is
easy to verify that x*y = yx, y*x = qyx, yxkx = qyx?,
and yx*x(q™ — 1)y = (g™ — q)y*x. Note that x y # y*x. It
is easy to verify that the g-product is neither commutative
nor distributive in general. However, it is commutative and
distributive in some special cases as described below.

Lemma 1. Suppose a(x, y;m) = a is a constant independent
from m. Then a(x, y;m) * b(x, y;m) = b(x, y;m) * a(x, y;
m) = ab(x, y;m). Also, if deg[c(x, y;m)] = degla(x, y;m)],
then [a(x, y; m)+c(x, y;m)] % b(x, y;m) = a(x, y; m) * b(x, y;
m) + c(x, y;m) *x b(x, y;m), and b(x, y;m) * [a(x, y;m) +
c(x, y;m)] = b(x, y;m) * a(x, y; m) + b(x, y;m) * c(x, y; m).
The homogeneous polynomials a;(x, y; m) &f [x+(g" —
Dy]" and by(x, y;m) def (x — y)! are very important to
our derivations below. The following lemma provides the
analytical expressions of a;(x, y; m) and by(x, y; m).

Lemma 2. Forl > 0, y!! = q%y' and x!" = x!. Furthermore,

1

ai(x, y;m) = Z |:i] a(m, u)y"x' ",

u=0

(5)
bi(x, y;m) =

LTI
2. [u] (=g ys.
u=0

Note that a;(x, y;m) is the rank weight enumerator of
GF(g™)". The proof of Lemma 2, which goes by induction on
I, is easy and hence omitted.

Definition 4 (g-transform). We define the g-transform of
a(x, y;m) = X7_oai(m)y'x"~" as the homogeneous polyno-
mial a(x, y;m) = >_jai(m)ylisxlr=1,

Definition 5 (q-derivative [28]). For g = 2, the g-derivative
at x # 0 of a real-valued function f(x) is defined as

(1) def f(gx) = f(x)
Y= Tq-Dx (6)

For any real number a, [f(x)+ag(x)]" = fD(x) +

M(x) for x#0. For v = 0, we will denote the vth g-

derivative (with respect to x) of f(x, y) as f*(x, y). The Oth
q-derivative of f(x, y) is defined to be f(x, y) itself.

Lemma 3. For 0 < v < I, ()" = B(L,v)x'". The vth g-
derivative of f(x,y) = >.I_ofiy'x"""is given by f?(x,y) =
> fifl,v) yix" i, Also,
a” (x, y;m) = B(Lv)ar(x, y;m),
(7)

b (x, ysm) = B v)bi_y(x, y; m).

The proof of Lemma 3, which goes by induction on v, is
easy and hence omitted.

Lemma 4 (Leibniz rule for the g-derivative). For two homo-
geneous polynomials f(x,y) and g(x, y) with degrees r and s,
respectively, the vth (v = 0) g-derivative of their q-product is
given by

[£(x, y) kg (x, y) z[q v— l)(’*l)fm(x,y)*g(’/’l)(x,y).

1=0
(8)

The proof of Lemma 4 is given in Appendix A.
The g !-derivative is similar to the g-derivative.

Definition 6 (q~!-derivative). For g > 2, the g~!'-derivative
at y # 0 of a real-valued function g(y) is defined as

gy )defg( )—g(y). )

(g = 1)y

For any real number a, [f(y) +ag(y)]" = f(y) +
ag(y) for y#0. For v > 0, we will denote the vth
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q~'-derivative (with respect to y) of g(x, y) as g (x, y). The
0th g~!-derivative of g(x, y) is defined to be g(x, y) itself.

Lemma 5. For 0 < v < I, the vth q~'-derivative of y' is
(yl){v} _ qy(l—n)+0yﬁ(l) v)yl’y, Also,

al” (x, ysm) = B(L,v)q~ " alm, v)ar_(x, y;m — v),
(10)
b (x, ysm) = (1) B )by (x, y; m).

The proof of Lemma 5 is similar to that of Lemma 3 and
is hence omitted.

Lemma 6 (Leibniz rule for the q~!-derivative). For two
homogeneous polynomials f(x, y;m) and g(x,y;m) with
degrees r and s, respectively, the vth (v > 0) q~'-derivative of
their q-product is given by

[f (x, ysm)%g(x, ysm)]™

v (11)
_ Z [ﬂ ql(sfwl)f{l} (x, y; m)*g{vfl} (x, yym — D).

1=0

The proof of Lemma 6 is given in Appendix B.

3.2. Thedual of a vector

As an important step toward our main result, we derive the
rank weight enumerator of (v)*, where v e GF(g™)" is an

arbitrary vector and (v) def {av : a € GF(q™)}. Note that
(v) can be viewed as an (n, 1) linear code over GF(g™) with
a generator matrix v. It is remarkable that the rank weight
enumerator of (v)" depends on only the rank of v.

Berger [14] has determined that linear isometries for the
rank distance are given by the scalar multiplication by a
nonzero element of GF(q™), and multiplication on the right
by a nonsingular matrix B € GF(g)"*". We say that two codes
C and C’ are rank-equivalent if there exists a linear isometry
f for the rank distance such that f(C) = C".

Lemma 7. Supposev has rank r = 1. Then £ = (v)" is rank-
equivalent to C X GF(g™)"™", where C isan (r,r — 1,2) MRD
code and x denotes Cartesian product.

Proof. We can express v as v .= VB, where v .= (v,...,
v,-1,0...,0) has rank r, and B € GF(q)"*" has full rank.
Remark that v is the parity-check of € x GF(q™)" ", where

C = ((vo,...,v,—1)) " isan (r,r — 1,2) MRD code. It can be

easily checked that u € £ if and only if u df UBT (V).

Therefore, (V)" = £B7, and hence £ is rank-equivalent to
(¥)* = @ x GE(g™)"™". O

We hence derive the rank weight enumerator of an (r, r —
1,2) MRD code. Note that the rank weight distribution
of linear Class-I MRD codes has been derived in [4, 10].
However, we will not use the result in [4, 10], and instead
derive the rank weight enumerator of an (r,r — 1,2) MRD
code directly.

Proposition 1. Suppose v, € GF(q™)" has rankr (0 < r <
m). The rank weight enumerator of L, = (v)* depends on
only r and is given by

WE () = q " {lx+ (¢ = Dy]" + (g" - D (x - )},
(12)

Proof. We first prove that the number of vectors with rank r
in £, denoted as A, ,, depends only on r and is given by

Ay =q "[alm,r)+ (g™ - 1)(-1)q”] (13)

by induction on r (r = 1). Equation (13) clearly holds for
r = 1. Suppose (13) holds for r =7 — 1.

We consider all the vectors u = (ug,...,u7_1) € L7 such
that the first 7 — 1 coordinates of u are linearly independent.
Remark that u; | = —v;}; Z,Zoz u;v; is completely determined
by uo,...,ur—». Thus there are N;_;(¢",7 — 1) = a(m,7 — 1)
such vectors u. Among these vectors, we will enumerate the
vectors t whose last coordinate is a linear combination of the
first 7 — 1 coordinates, thatis, t = (fg,..., 2, Z:;Oza,»ti) e L+
where a; € GF(g) for0 <i <7 —2.

Remark that t € L7 if and only if (t,...,t-2) - (vo +
AgVi—15...,Vr—2 + ar—2vr—1) = 0. It is easy to check that
v(a) = (vo + aoVs_15...,V72 + ar_ov7_1) has rank 7 — 1.
Therefore, if ao,...,ar—, are fixed, then there are As_;7,
such vectors t. Also, suppose Zzoz tvi + v?,lzf;g bit; = 0.
Hence Z,:g (a; — bi)t; = 0, which implies a = b since t;’s
are linearly independent. That is, (v(a))* n (v(b))* = {0}
if a#b. We conclude that there are g"~'A;_;;_1 vectors t.
Therefore, A7z = a(m,7— 1) —q" 'A7_157-1 = ¢ " [a(m, 7) +
(g™ = 1)(=1)"q"].

Denote the number of vectors with rank p in &£, as
Arp. We have A,, = [;]Ap,p [10], and hence A,
[plg " [a(m, p) + (g™ — 1)(—=1)Fq]. Thus, W§ (x,y) =
ShooArpx PyP = g {[x+ (g7 = Dyl + (g - D)(x -
. O

We comment that Proposition 1 in fact provides the rank
weight distribution of any (r,7 — 1,2) MRD code.

Lemma 8. Let Cy = GF(q™)" be a linear code with rank
weight enumerator W§ (x,y), and for s = 0, let W§ (x, )

be the rank weight enumerator of C; ey x GF(q™)*. Then
Wgs (x, y) is given by

[s]

WE (x,y) = WE (%, y)*[x + (" = 1) y] (14)

Proof. For s > 0, denote Wéi (x,y) = S5 Beu y x4, We
will prove that

S s o
Bou = > q"By, [u B z} alm —i,u—i) (15)
i=0

by induction on s. Equation (15) clearly holds for s = 0.
Now assume (15) holds for s = s — 1. For any x; =
(X05...,%r45-1) € Cs, we define x5.1 = (x0,...,%452) €
Cs_1. Then rk(xs) = u if and only if either rk(x;_;) = u and
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Xrps-1 € 6(xs-1) or rk(xs-1) = u — 1 and %451 € &(x5-1).
This implies Bsy = ¢“Bs-1u + (q" — g Bs1u1 =
Si0q Bo,il S la(m — i, u — i). O

Combining Lemma 7, Proposition 1, and Lemma 8, the
rank weight enumerator of (v)* can be determined at last.

Proposition 2. For v € GF(q™)" with rank r > 0, the rank
weight enumerator of £ = (v)* depends on only r, and is given

by

WE(x, y) = ¢ " {[x+ (q" = 1) y]™

+(q" = 1) = ) [xt (g - 1) y]" .

(16)

3.3. MacWilliams identity for the rank metric

Using the results in Section 3.2, we now derive the

MacWilliams identity for rank metric codes. Let C be an

(n,k) linear code over GF(g™), let W&(x, y) = > (A;y'x""

be its rank weight enumerator, and let W&.(x,y) =

3.7_oBjy’x""J be the rank weight enumerator of its dual code
L

Theorem 1. For any (n, k) linear code C and its dual code C*
over GF(q™),

LW’é(ﬁ (@" = 1)y, x—y), (17)

WE.(x,y) = el

where W}é is the q-transform of W&. Equivalently,

ZBjijﬂ*j = qukZAi(x — y)[i]*[x_l_ (qm _ l)y][n—i].
j=0 i=0
(18)

Proof. We have rk(Au) = rk(u) for all A € GF(g™)* and
all u € GF(g™)". We want to determine fR(v) forallv e
GF(g™)". By Definition 2, we can split the summation in (3)
into two parts:

f@) = > x@-v)fe) + > xu-v)fa(w), (19)

ueL ucF\L

where £ = (v)*.Ifu € £, then x(u-v) = 1by Definition 1,
and the first summation is equal to W& (x, y). For the second
summation, we divide vectors into groups of the form {Au, },
where 1 € GF(g")" and u; - v = 1. We remark that for
u € F\ £ (see [1, Chapter 5, Lemma 9]):

Z X()ﬂll 'V)fR(Aul) = fR(ul) Z X(/\) = —fR(u1)~
AeGF(gm)* AeGF(gm)*
(20)

Hence the second summation is equal to (-1/(¢™ 1)) Wﬁ\ £,
y). This leads to fx(v) = (1/(g"™ — 1)[q"WE(x, y) — WE(x,
»)]. Using WR(x, y) = [x+ (g™ — 1)y] ("] and Proposition 2,
we obtain ﬁz(v) = (x—y)m *[x+ (g™ —1)y] (n=r] where r =
rk(v).

By [1, Chapter 5, Lemma 11], any mapping f from F

to C satisfies > yce. f(V) = (1/]C] )Zveef(v). Applying this
result to fr(v) and using Definition 4, we obtain (17) and
(18). O

Also, B;’s can be explicitly expressed in terms of A;’s.

Corollary 1. It holds that
Bj = LZAin(i;m, n), (21)
ICl=

where

irs .
pamn @3] [17 | vlargram -1,
=0

(22)

Proof. We have (x — ) (x + (g™ 1)y)[n7i] = Z;:opj(i;
U

m, n)y/x"~J. The result follows Theorem 1.

Note that although the analytical expression in (21) is
similar to that in [4, (3.14)], P;(i;m,n) in (22) are different
from P;(i) in [4, (A10)] and their alternative forms in [29].
We can show the following:

Proposition 3. Pj(x;m,n) in (22) are the generalized
Krawtchouk polynomials.

The proof is given in Appendix C. Proposition 3 shows
that P;(x; m,n) in (22) are an alternative form for P;(i) in [4,
(A10)], and hence our results in Corollary 1 are equivalent
to those in [4, Theorem 3.3]. Also, it was pointed out in [29]
that P;(x; m, n)/P;(0; m, n) is actually a basic hypergeometric
function.

4, MOMENTS OF THE RANK DISTRIBUTION

4.1. Binomial moments of the rank distribution

In this section, we investigate the relationship between
moments of the rank distribution of a linear code and those

of its dual code. Our results parallel those in [1, page 131].

Proposition4. For0 <v <n,
= |n-i s n—j
_ e _
Z[ ) :|Ai_qm( 3 [n_y]Bj. (23)
i=0 j=0
Proof. First, applying Theorem 1 to C*, we obtain

n n
> Aiy'x" T =g N Bibi(x, yym)kan_j(x, y;m). (24)
i=0 j=0

Next, we apply the g-derivative with respect to x
to (24) v times. By Lemma 3 the left-hand side (LHS)
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becomes 31"y B(n — i,v)A;y'x"~'~”, while the RHS reduces
to "k 3", B;y;j(x, y) by Lemma 4, where

wj(x,y)d:“[bj(x,y; m)*an—j(x, y; m)]"”

T - 1 (25)
=Z [l} q(v—l)(f’)bﬁ)(x,y)*aifj)(x,y;m).
1=0

By Lemma 3, b(l)(x, ysm) = B, 1)(x— y)[] I'and a, G- l)(x,y,

= Bn - j,v = Dan_j»u(x, y;m). It can be Verlﬁed
that for any homogeneous polynomial b(x, y; m) and for any
s = 0, (bxas)(1,1;m) = g¢™b(1,1;m). Also, forx = y = 1,
bﬁ-l)(l,l;m) = B(j,j)dj1. We hence have y;(1,1) = 0 for
j > v and yj(1,1) = [}f][S(j,j)/S(n - j,v— j)g"" ™ for
j < w.Since f(n—j,v—j) = [5-11B(v—j,v—j) and B(v,v) =
(718G, 1B = j,w = j), then y;(1,1) = [ 577 1B(v, v)g" ",
Applying x = y = 1 to the LHS and rearranging both sides
using B(n — i,v) = [","]B(»,7), we obtain (23). O

Proposition 4 can be simplified if v is less than the

minimum distance of the dual code.

Corollary 2. Let dy be the minimum rank distance of C*. If
0 < v < dy, then

[ I

Proof. We have By =1andB; = - -+ =B, = 0. O

Using the g~!-derivative, we obtain another identity.

Proposition 5. For 0 <v < n,

$ l n—i
S[5aoa

4 .
=q"cy [Z _ i] (1Y q%a(m - j,v - j)¢/* B
j=0
(27)

The proof of Proposition5 is similar to that of
Proposition 4, and is given in Appendix D. Following [1], we
refer to the LHS of (23) and (27) as binomial moments of
the rank distribution of C. Similarly, when either v is less
than the minimum distance d of the dual code, or v is
greater than the diameter (maximum distance between any
two codewords) &y of the dual code, Proposition 5 can be
simplified.

Corollary 3. If0 < v < dy, then

o N L

i=v

Fordp<v<mn,

-

;} (—l)iq""oc(m — i,y —1i)g " VA; = 0. (29)

Proof. Apply Proposition 5to G, anduse By = - -+ = B, =
0 to prove (28). Apply Proposition 5 to G+, and use B, =
- = B, = 0 to prove (29). O

4.2. Pless identities for the rank distribution

In this section, we consider the analogues of the Pless
identities [1, 2], in terms of Stirling numbers. The g-Stirling
numbers of the second kind S, (v, [) are defined [30] to be

def - i o _.V
son# s [ [5] w

and they satisfy

[T] = >"S,(% DB(m, D). (31)
1=0

The following proposition can be viewed as a g-analogue
of the Pless identity with respect to x 2, P,].

Proposition 6. For0 < v < n,

TR K YRS vt [ R Pt
i=0 j=0 1=0
(32)
Proof. We have
Z |:n 1_ i:| A= ZAiqusq('V, ) |:n l_ i:| BT (33)
i=0 i=0 =0

- qu,g(l DSy(mD [" ! Z} A

v l .
Z 7B(1, Z)Sq(q}, l)qm(kfz);) [2:;:| 5

= qu ZBJZ |:’:Z : ]lj| qal[g(l, l)Sq(v, l)q—ml
=0 =0
] (34)

where (33) follows (31) and (34) is due to Proposition 4. [

Proposition 6 can be simplified when v is less than the
minimum distance of the dual code.

Corollary 4. For 0 < v < dy,

q". [n ! l} Ai = B(n,1)S,(v,)g (35)
i=0 =0

- [” N i] m a(m,i).  (36)

i=0



M. Gadouleau and Z. Yan

Proof. Since By = 1 and B, = --- = B, = 0, (32)
directly leads to (35). Since the right-hand side of (35) is
transparent to the code, without loss of generality we choose
C = GF(g™)" and (36) follows naturally. O

Unfortunately, a g-analogue of the Pless identity with
respect to y [2, P;] cannot be obtained due to the presence
of the """ term in the LHS of (27). Instead, we derive

its g '-analogue. We denote p &f g ! and define the
functions &, (m, u), | . ]p, Bp(m, u) similarly to the functions
introduced in Section 2.3, only replacing g by p. It is easy to
relate these g~ !-functions to their counterparts: a(m,u) =
pmo (=1 ap(myu), [1] = p#9[}],, and B(m,u) =
p—u(m—u)—auﬂp(m’ Ll)

Proposition 7. For 0 <v < n,

pmkz [ﬂ A
i=0 P

=S B;pi ™ DS B, (1L, 1)S, (v, (-1)! [Zjﬂ ap(m—j,1-j).
j=0 I=j p
(37)
The proof of Proposition 7 is given in Appendix E.

Corollary 5. For0 < v < dy,

P m A= D By, DSy (v, Day(m, D (~1).. (38)
i=0 P =0

Proof. Note that By = 1and B; = - - - = B, = 0. O

4.3. Further results on the rank distribution

For nonnegative integers A, 4, and v, and a linear code C with
rank weight distribution {A;}, we define

whose properties are studied below. We refer to
ef _m c v(n—i
Toon(€) E g3 g DA, (40)
i=0

as the vth g-moment of the rank distribution of C. We
remark that for any code G, the Oth order g-moment of its
rank distribution is equal to 1. We first relate T);,(C) and
T1,u,(C) to To,0,,(C).

Lemma 9. For nonnegative integers A, y, and v,

A

1 A 0] 4n(A—
mgo [l] (-1'q"q" D Tog, 141(C),
(41)

T/Ll,v(c) =

u
Ti(C) = (1= ) (ﬁ) (~1)*q" Togy-a(C).  (42)
a=0

The proof of Lemma 9 is given in Appendix F. We now
consider the case where v is less than the minimum distance
of the dual code.

Proposition 8. For 0 < v < dp,

To0,(C) = z [ }“(” g™ (43)

Z [ ]a(m g (44)

—mv

I\Me

[ }(x(m Hg"D, (45)

The proof of Proposition 8 is given in Appendix G.
Proposition 8 hence shows that the vth g-moment of the
rank distribution of a code is transparent to the code when
v < dg. As a corollary, we show that Ty 1,(C) and T1u0(C)
are also transparent to the code when 0 < A,y < v < dy.

Corollary 6. For0 < A,u <v<dp,

A e aom,
i=\A

n M
T1up(@) =g ™ m g m a(m,i).

i=0

T)L,l,v(e) =
(46)

Proof. By Lemma9 and Proposition8, Tj,,(C) and
T1,4,,(C) are transparent to the code. Thus, without loss of
generality we assume C = GF(q™)" and (46) follows. O

4.4. Rank weight distribution of MRD codes

The rank weight distribution of linear Class-I MRD codes
was given in [4, 10]. Based on our results in Section 4.1,
we provide an alternative derivation of the rank distribution
of linear Class-I MRD codes, which can also be used to
determine the rank weight distribution of Class-II MRD
codes.

Proposition 9 (rank distribution of linear Class-I MRD
codes). Let C be an (n,k,dg) linear Class-I MRD code over
GF(q™)(n < m), and let W&(x, y) = 31 yAiy'x"" be its rank
weight enumerator. We then have Ay = 1 and for 0 < i <
n-— dR)

Z ini o | drti m(i
Adyri = [d +z] Z: (=1D)"/g% [d§+1} (gt —1).
(47)

Proof. It can be shown that for two sequences of real numbers
{“J’};:o and {bi}ﬁzo such thata; = >;_ 0[, ]]b for0<j<]
we have by = 3)_o(~1)" /g7 [ 7] ]aj for0 < i <1.

By Corollary 2, we have > [~ dri A ge+i=ln—d ]](qmwl

n—dp—j
1) for 0 < j < n—dg. Applying the result above to | = n—dp,
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aj = [n_;R_j 1(g™U*) — 1), and b; = Agy+i, We obtain

: i—i g dp+1i m(i

Adgri = 2 (1) g% [an+ z} [d§+;} (gD —1).
j=0

(48)

O

We remark that the above rank distribution is consistent
with that derived in [4, 10]. Since Class-II MRD codes can
be constructed by transposing linear Class-I MRD codes and
the transposition operation preserves the rank weight, the
weight distributions Class-II MRD codes can be obtained
accordingly.

APPENDICES

The proofs in this section use some well-known properties
of Gaussian polynomials [27]: [§] = [,"«], [F1[%] =
[110;7%], and

e ] e
=¢[”;1]+[z_{] (A2)
B q"-1 |n-1
q""‘—l[ k } ")
_an+1_1|: n :|
gc -1 |[k=1] (A4)

A. PROOF OF LEMMA 4

We consider homogeneous polynomials f(x,y;m) =
Sicofiy'x™and u(x, y;m) = Xi_guiy'x"" of degree r as well
as g(x, y;m) = X5 ogiy/x* T and v(x, ysm) = 3 _gvjyixt
of degree s. First, we need a technical lemma.

Lemma 10. Ifu, = 0, then

i(u(x, y;m)kv(x, y;m)) = M*v(x,y; m).  (A.5)
Ifvi = 0, then
%(u(x,y; m)*v(x, y; m)) =u(x, qy; m)*w. (A.6)

Proof. Suppose u, = 0. Then u(x, y;m)/x = 31— u;yix" .
Hence

. r+s—1/ k
Ll(x’ Y5 m)*v(x,y; m) _ z (qusul(m)Vkl(m—l)> yer+s—1—k
X k=0 \1=0
= %(u(x,y; m)*v(x, y;m)).
(A.7)

Suppose vs = 0. Then v(x, y;m)/x = Zj;%)vjyfxs‘l‘j. Hence

u(x’ qy; m)*w
r+s—1 / k

= > (qu(s_])qlul(m)m—z(m - l))y"x’““"‘ (A.8)
k=0 \I=0

i(u(x, ys m)xv(x, y;m)).
O

We now give a proof of Lemma 4.

Proof. In order to simplify notations, we omit the depen-
dence of the polynomials f and g on the parameter m. The
proof goes by induction on v. For v = 0, the result is trivial.
For v = 1, we have

[f (6, ) g, )]

1
T (- Dx [f(gx, y)*g(qx, y) — f(qx, y)*g(x, y)
+ flgx, y)xg(x, y) — f(x,y)%g(x, y)]
1
= m[f(qx,y)*(g(qx,y) -g(x, )
+(f(gx,y) — f(x,9)*xg(x, y)]
_ 8lax, y)—g(x,y) . flgx, y)—f(x,y)
= flax,qy)* @-x T (q-x *g(x, ),
(A.9)
=q" f(x ) kgV(xy) + fD(x, y)xg(x, y), (A.10)

where (A.9) follows Lemma 10.

Now suppose (8) is true for v = 7. In order to further
simplify notations, we omit the dependence of the various
polynomials in x and y. We have

(f*g)(wl)

F—I)(r— -1
q(v D(r=1) [f(l) *g(v 1)]

q(?—l)(r—l) (qr—lf(l) >I<g(?—IJrl) + f(lﬂ) >I<g(i—l))

(A.11)

v
:Z ’l’ q(7+lfl)(rfl)f(l)*g(?fl-%—l)

+1 —
Y — _
+ Z |:l - 1:| q(v+1—l)(r—l+1)f(l) *g(v—lﬂ)

(7], | 7 Gr-ne-n gy (A12)
St s

>kg(i—lﬂ) +q(¥+1)rf*g($+l) +f(7+1)*g

Y+l [—
_ [v nlL 1} q(wlfz)(rfz)f(n *g(%m)’
1=0

where (A.11) follows (A.10), and (A.12) follows (A.1). O
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B. PROOF OF LEMMA 6

We consider homogeneous polynomials f(x,y;m) =
Siofiyixrand u(x, y;m) = X7 uiy'x" " of degree r as well
as g(x, y;m) = Z;:()gjijs’j and v(x, y;m) = Z;zovjyfxsfj
of degree s. First, we need a technical lemma.

Lemma 11. Ifuy = 0, then

*v(x, y;m —1).
(B.1)

i(u(x,y; m))xv(x, y;m)) = qsw

Ifvo = 0, then

1 v(x, y;m
;(u(x,y;m)*v(x,y;m)) = u(x,qy;m)*%.

(B.2)
Proof. Suppose uy=0. Then u(x, y;m)/y = Z;;Ol Ui X1yl
Hence

sulx, ysm) *xv(x, y;m — 1)

r+s—1 7 k
_ qs Z (qusulﬂvkl(m —1- l))xr+s—l—kyk

k=0 N=0

r+s
=q Z(Zq(l l)sulvk [(Wl—l)) r+s—k k 1

k=1 \I=1
= i(u(xm; m)*v(x, y;m)).
(B.3)

Suppose vy = 0. Then v(x, y;m)/y = z;;tvjﬂxs’l*fyf.
Hence

u(X,qy;m)*M
r+s—1
= Z <Zq s—1) ’Mlel+1(m—l)>x’+51kyk
k=0 \I=0
r+s sk—1
= Z(qusuvk 1(m—l)> r+s—k k 1
k=1 \1=0

= i(u(x, ysm)*kv(x, y;m)).
(B.4)

We now give a proof of Lemma 6.

Proof. The proof goes by induction on v, and is similar to
that of Lemma 4. For v = 0, the result is trivial. For v = 1 we
can easily show, by using Lemma 11, that

[ £(x, y;m)%g(x, y;m)] "

=f(x, y;m)kg' (x, yym) + ¢ £ 1 (x, ys m) % g (x, y;m — 1)
(B.5)

It is thus easy to verify the claim by induction on ». O

C. PROOF OF PROPOSITION 3

Proof. It was shown in [29] that the generalized Krawtchouk
polynomials are the only solutions to the recurrence

P (i+1;m+1,n+1) = q/*' Py (i+1;m,n) — g/ P;(i; m, n)
(C.1)
with initial conditions P;(0;m,n) = | ;’ la(m, j). Clearly, our
polynomials satisfy these initial conditions. We hence show

that P;(i; m, n) satisfy the recurrence in (C.1). We have

Pip(i+1m+1,n+1)

i+1

2 [ZH} [Jﬂ l}( 1'q"q""Da(m+1-1,j+1-1)

=0

_”zl i1 [m+1-
- I j+1-
1=0

SR D)

Lj+1-=1),

]( 1'qq" " Da(n—i, j+1-1)

X (—l)lq"’ql(” Da(n —
(C.2)

=im‘f“[1+1 }( D'g"q" " Ya(n =i j+1-1)

=0
] (-1)'q%q

it+1 .
S| e }( qg " Pan=i jr1-D
I=1

i+1 .
+. [l_ll] [m ]( 1)'q%q
I=1

where (C.2) follows (A.2). Let us denote the four summa-
tions in the right-hand side of (C.3) as A, B, C, and D,
respectively. We have A = ¢/*'P;,(i; m, n), and

(n—z;-i—l—l)

(X(I’l—l]-l—l—l),

(C.3)

B=> m [’?__zl} (1)'q"q"" Paln—i,j-D(q" ' ~q’),

(C.4)

}( —1)Hgon gD (i 1)

s | P CE R
(C.5)
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i . !
I ———

1=0
(C.6)

where (C.5) follows (A.3) and (C.6) follows both (A.3) and
(A.4). Combining (C.4), (C.5), and (C.6), we obtain

B+C+D= z|::| I:] l:l( 1)1 al l(n t)OC(I’l—i,j—l)

v P-4
qmt- 1}

. . cgm—gi
% {qn—z+l_q]_qn—zjm7121 _

= —q'P;(i;m,n).
(C.7)
]

D. PROOF OF PROPOSITION 5

Before proving Proposition 5, we need two technical lemmas.

Lemma 12. For all m, v, and I,

j
8(m, v, ])d_efz[ }( 1)' %a(m —i,v)

i=0

(D.1)

= a(, ja(m—j,v— j)gg™

Proof. The proof goes by induction on j. The claim trivially
holds for j = 0. Let us suppose it holds for j = j. We have

S(m,v,j+1)

- [Jf ]( 1)q%a(m — i,)

jtl 7

}( 1) q"’oc(m—z v)+z [ }(—1)iq"foc(m—i,v)
i i

=Zqi Jl}(—l)' Tio(m—1i,v) g[i]( —1)'g% a(m—1—i,v)

i
:Z ’[JI]( Dg%a(m—1—iv—1)q

=" (@~ 1)o(m

=a(yj+Dam—j—1,v—j—

mflfi(qv _ 1)

-1Lv-1,j)

l)q(7+1)(m7771)’
(D.2)

where (D.2) follows (A.2). O

Lemma 13. For all n, v, and j,

j . .
6(n, v,J)dﬁfzm [Zﬂq M=Dqalv =1 - 1)

1=0
- g n 7]

Proof. The proof goes by induction on j. The claim trivially
holds for j = 0. Let us suppose it holds for j = j. We have

(D.3)

O(n,v,j+1)

Jj+tl = —
=Z[1?1] [";S’} ") graly - L]+ 1-1)

A 2D

(D.4)
/ j n—1- J (n—v) [y = v—l_ j-1
=ZH[ vl } (-D)'q"a(v=Lj=-0)(q" ~q¢'")
1=0
]+17 . 1
e [111] [nv_l]} " (=11,
=1
(D.5)

where (D.4) follows (A.1). Let us denote the first and second
summations in the right-hand side of (D.5) as A and B,
respectively. We have

i =
3 L

= (¢ = q)6(n—1,%7)

_1_7
—-1-v

(- g1y f[

(D.6)
S T
B:qu*l |:.;:| [’:}_i_.l]:|q(l+l)(nv)(_1)1+lqg,+l(x(v_l_l’j_l)

] — <
—1- -
i —

= —qj*”"’e(n -1Lv-1j)
R T
(D.7)
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Combining (D.4), (D.6), and (D.7), we obtain
0(n,v,j+1)

= (—qu"f{(q -q)) [n_ } :ﬂ — g/t [";:]] }

-1-7j - "]
= (-1)"'gqm [nn—v]]{—(qv‘f—l)q 7o +q”‘”}

q =1
(D.8)
_ ]+1 m+1 n—1 _7
= (-1) [ - } (D)
where (D.8) follows (A.4). O

We now give a proof of Proposition 5.

Proof. We apply the g~!-derivative with respect to y to (24)
vy times, and we apply x = y = 1. By Lemma 5, the LHS
becomes

zqv(lfi)-m,,ﬁ(i) V)Ai _ qv(lfn)-*—oy/))(% V)Z |:;] qv(nfi)Ai.

) ) (D.10)
The RHS becomes g™ *~" 3" B;y;(1,1), where

vi(x, )

L1 (x, ys m)kan_(x, y;m))

_ Z |:1l}j| ql(n*j*'l"*’l {l}(x y,m)*a{v l}(x ysm— l)
=0 (D.11)

- Z [ﬂ ql(n—j—v+l)(—1)l/3(j,l)ﬁ(n_j)v_l)q_m
=0

X bi_1(x, y;m)ka(m—1Lv—Da, ju(x, y; m—v)

=3 [ [1= !

X bj_(x, ysm)ka(m—1Lv=D)ayj—(x, y; m—v),

(D.12)
where (D.11) and (D.12) follow Lemmas 6 and 5, respec-
tively.

We have
[bj1ka(m —1L,v = Dan_jpu](1,1;m—v)

= ni[zq n=j- ”*l)[ }( l)q"’(x(m—z Lv-1)

x[n_j_?)—l_l}cx(m—v—i,u—i)}
u—i

j-1
=q<mv>(nv;‘+l)z[ }( 1) q%alm—1—i,v—1)
i=0

(m—v)(n—v—j+I)

=q oc(v—l,j—l)oc(m—j,v—j)q(j_l)(m_j),

(D.13)

where (D.13) follows Lemma 12. Hence
y;i(1,1)
= ﬁ(% 1,)qm(n—v)Jrv(l—rt)Jrffv(x(n,l -,y — j)qj(v—j)

. _
B

1=0 v

v
(D.14)

= B, »)g" A (v )g ) (1) g [Z:]} ’

where (D.14) follows Lemma 13. Incorporating this expres-
sion for y;(1, 1) in the definition of the RHS and rearranging
both sides, we obtain the result. O

E. PROOF OF PROPOSITION 7

Proof. Equation (27) can be expressed in terms of the
ap(m,u) and [Z]P functions as

p

j=0
(E.1)
We obtain
Py [{] 4
i=0 p
= p"™ > P Bp(LDSy (%, 1) [E] A (E.2)
1=0 i= L' dp

1

=2 Bp(L DSy, I)( Z[ } /Doy (m—j,1-j)B;
1=0

=SB pl =N B (1, 1S, (v, 1)(~1)! [’ﬂ] ay(m—j,1=j),
j=0 I=j P
(E.3)

where (E.2) and (E.3) follow (31) and (E.1), respectively. [J

F. PROOF OF LEMMA 9
Proof. We first prove (41):

me|: :| v(n=i) o

= OC(A,/\) Zq” n— ’)A Z |: } (—l)lqalq’u*l)

., (E1)
1)1 gy n(/\—l)zq(v—/Hl)(n—i)Ai

i=0

= [ :|( 1)1 a nu*l)To,o,vf)wl(@))
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where (E.1) follows a(i,A) =
prove (42): since

iM l_qi a_ia
[1} :<l—q) (1- )MZ()(—I)Qa (E2)

we obtain

Sho [} 1(~1)!q7g" ). We now

Tl,y v(e)

qu(n 1)AZ< )( 1)11 ia

(1 - )” Z ( ) anzq(v—u)(n—i)Ai

i=0

u
=(1- q)—yz (Z) (_1)aqlmTO,O,vfa(e)-
a=0

(E3)
O
G. PROOF OF PROPOSITION 8
Proof. From [27, (3.3.6)], we obtain ["7] (1/a(v,v))
X o[ 11(=1)""q% 1!, and hence
m L n—i
q "Z[ ) }Al
i=0
= _mk K v=1 o, l(n—i)
= -1
Z (v, ),ZO[Z]( ) a7
(G.1)

-mk 7V n
5o

)5 =0

— > [ﬂ (=1)" g7 Toi(C),

a(» )5

where (G.1) follows (40). By Corollary 2, we have for v < dp,
Sl 11(= 1)1/7161‘”” To,0,(C) = g ™ a(n,v), and we obtain

v v j . )
2. [ ]a(" Dgm=> [ﬂ 2. [ﬂ (1) g7 To00(€)

j=0 j=0

Z 001(@)[1] Z [;:;] (_1)j*1q0j*l

= Too,(C),
(G.2)

where (G.2) follows Z;;é[ ”;l](—l)jqoj = J,,, which in turn
is a special case of [27, (3.3.6)]. This proves (43). Thus,
To,0,(C) is transparent to the code, and (44) can be shown

by choosing € = GF(g™)" without loss of generality.

Suppose S(v, n,m) def Z;:O[}{]a(n,j)q””f. Then S(v, n,

m) = S(n,v,m) since [J]oc(n,j) = [;"]oc(v,j). Also, com-
bining (43) and (44) yields S(v,n,m) = q""~™S(n, m,).
Therefore, we obtain S(v,n,m) = qv(”‘m)S(v, m, n), which
proves (45). O
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