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Abstract

constraints are analyzed and quantified.

slope

In this article, transmission over multiaccess fading channels under quality-of-service (QoS) constraints is studied in
the low-power and wideband regimes. QoS constraints are imposed as limitations on the buffer violation
probability. The effective capacity, which characterizes the maximum constant arrival rates in the presence of such
statistical QoS constraints, is employed as the performance metric. A two-user multiaccess channel model is
considered, and the minimum bit energy levels and wideband slope regions are characterized for different
transmission and reception strategies, namely time-division multiple-access (TDMA), superposition coding with fixed
decoding order, and superposition coding with variable decoding order. It is shown that the minimum received bit
energies achieved by these different strategies are the same and independent of the QoS constraints in the low-
power regime, while they vary with the QoS constraints in the wideband regime. When wideband slope regions
are considered, the suboptimality of TDMA with respect to superposition coding is proven in the low-power
regime. On the other hand, it is shown that TDMA in the wideband regime can interestingly outperform
superposition coding with fixed decoding order. The impact of varying the decoding order at the receiver under
certain assumptions is also investigated. Overall, energy efficiency of different transmission strategies under QoS

Keywords: effective capacity, energy efficiency, energy per information bit, low-power regime, multiple-access fad-
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1. Introduction

Energy efficiency is an important consideration in wire-
less systems and has been rigorously analyzed from an
information-theoretic perspective. In [1], Verdu has
extensively studied the spectral efficiency-bit energy tra-
deoff in the wideband regime, considering the Shannon
capacity as the performance metric. For the Gaussian
multiaccess channel, Caire et al. [2] have shown that time
division multiple-access (TDMA) is in general a subopti-
mal transmission scheme in the low-power regime unless
one considers the asymptotic scenario in which the
power vanishes. It is also shown that fading channel
makes the superposition strategy more favorable. In this
analysis, Shannon capacity formulation is again adopted
as the main performance metric. However, Shannon
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capacity does not quantify the performance in the pre-
sence of quality-of-service (QoS) limitations in the form
of constraints on queueing delays or queue lengths.
Indeed, most communication- and information-theoretic
studies, while providing powerful results, do not generally
concentrate on delay and QoS constraints [3].

At the same time, providing QoS guarantees is one of
the key requirements in the development of next genera-
tion wireless communication networks since data traffic
with multimedia content is expected to grow significantly
and in real-time multimedia applications, such as voice
over IP (VoIP) and interactive-video (e.g., videoconferen-
cing), latency is a key QoS metric. Many efforts have been
made to incorporate the delay constraints in the perfor-
mance analysis [4-7]. In [4], delay limited capacity has
been proposed as a performance metric, which is defined
as the rate that can be attained regardless of the values of
the fading states. In [6], the tradeoff between the average
transmission power and average delay has been analyzed
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by considering an optimization problem in which the
weighted combination of the average power and average
delay is minimized over transmission policies that deter-
mine the transmission rate by taking into account the arri-
val state, buffer occupancy, channel state jointly together.
In [7], the long-term average capacity has been proposed
to study the fading multiaccess channel in the wideband
regime and the suboptimality of TDMA has been shown
again.

In this article, we follow a different approach. We con-
sider statistical QoS constraints and study the energy effi-
ciency under such limitations. We adopt the notion of
effective capacity [8], which can be seen as the maximum
constant arrival rate that a given time-varying service pro-
cess can support while providing statistical QoS guaran-
tees. The analysis and application of effective capacity in
various settings have attracted much interest recently (see
e.g. [9-16] and references therein). For instance, related to
this study, in [13,14], energy efficiency is addressed in a
single-user setting when the wireless systems operate
under buffer constraints and employ either adaptive or
fixed transmission schemes for point-to-point links. The
effective capacity regions for multiaccess channel with dif-
ferent scheduling policies have been characterized in [16].
In that work, it has been found that TDMA and superpo-
sition coding with variable decoding with respect to chan-
nel states can outperform superposition strategy with fixed
decoding. In this article, we consider the performance of
TDMA and superposition strategy in the presence of sta-
tistical QoS constraints but concentrate on the low-SNR
regime. More specifically, we employ the tools provided in
[1,2] to investigate the bit energy and wideband slope
regions under QoS constraints in the low-power and wide-
band regimes. The main contributions of this article are
summarized in the following:

(1) We show that different transmission and reception
strategies do not affect the minimum bit energy levels
required by each user. Additionally, we prove that while
the minimum bit energies are independent of the QoS
constraints in the low power regime, they vary with the
QoS constraints in the wideband regime.

(2) We determine that superposition coding with vari-
able decoding order does not improve the performance
in terms of slope region with respect to fixed decoding
order in the low power regime, while it can achieve larger
slope region in the wideband regime.

(3) When wideband slope regions are considered, we
show that TDMA is always suboptimal in the low power
regime except the special case in which fading states are
linearly dependent. On the other hand, TDMA in certain
cases is demonstrated to perform better than superposi-
tion coding with fixed decoding order in the wideband
regime. We also identify the condition for TDMA to be
suboptimal in this regime.
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The remainder of the article is organized as follows. In
Section 2, the system model is briefly discussed. Section 3
presents some preliminaries on the analysis tools and
effective capacity. The results in the low-power regime are
provided in Section 4. Section 5 presents the results in the
wideband regime. Finally, Section 6 concludes this article.

2. System model

As shown in Figure 1, we consider an uplink scenario
where M users with individual power and buffer con-
straints (i.e., QoS constraints) communicate with a single
receiver. It is assumed that the transmitters generate data
sequences which are divided into frames of duration T .
These data frames are initially stored in the buffers before
they are transmitted over the wireless channel. The dis-
crete-time signal at the receiver in the ith symbol duration
is given by

M
Y=Y WX +nlil,i=1,2,... (1)

j=1

where M is the number of users, X; [i] and /4; [i] denote
the complex-valued channel input and the fading coeffi-
cient of the jth user, respectively. We assume that {/;
[i]}’s are jointly stationary and ergodic discrete-time pro-
cesses, and we denote the magnitude-square of the fading
coefficients by z; [i] = |; [i] |2. Let z = (z1, 23, ..., 2,,) e
the channel state vector. Above, n[i] is a zero-mean, cir-
cularly symmetric, complex Gaussian random variable
with variance [E{In[i]lz} = Np. The additive Gaussian
noise samples {n[i]} are assumed to form an independent
and identically distributed (i.i.d.) sequence. Finally, Y [i]
denotes the received signal.

The channel input of user j is subject to an average

energy constraint [ {|xj [i] |2} < Pj/B for all j, where B
is the bandwidth available in the system. Assuming that
the symbol rate is B complex symbols per second, we
can see that this formulation indicates that user j is sub-

ject to an average power constraint of 1_7]-. With these

User 1

receiver

User M

Y

Figure 1 The system model.
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definitions, the average transmitted signal to noise ratio
. B

of user j is SNRj = NeB'

3. Preliminaries

3.1. Effective capacity region of the MAC channel

In [8], effective capacity is defined as the maximum con-

stant arrival rate that a given service process can sup-

port in order to guarantee a statistical QoS requirement

specified by the QoS exponent 6. The effective capacity

is formulated as

1
C@®) = —tl_i)rglO etloge[E{e_gsm} bits/s, (2)

where the expectation is with respect to S[t] = Z;=1 s[i],
which is the time-accumulated service process, and {s[i], i =
1, 2, ...} denotes the discrete-time stochastic service process.
Effective capacity can be regarded as the maximum
throughput of the system while the buffer violation prob-
ability is guaranteed to decay exponential fast with decay
rate controlled by 6, i.e., the buffer violation probability
behaves as Pr{Q > Quax} & ¢ ?Qmax for large Qpay , Where
Q is stationary queue length.

We assume that the fading coefficients stay constant
over the frame duration T and vary independently from
one frame to another for each user. Hence, we basically
consider a block-fading model. In this scenario, s[i] = TR
[i], where R[{] is the instantaneous service rate in the ith
frame duration [i7; (i+1)T). Then, the effective capacity in
(2) can be expressed as

1 .
C@®) = —eTloge[EZ e’} Dits/s, 3)

where R[i] is in general a function of the fading state z.
(3) is obtained using the fact that instantaneous rates {R
[i]} vary independently from one frame to another. It is
interesting to note that as & — 0 and hence QoS con-
straints relax, effective capacity approaches the ergodic
capacity, i.e., C(0) — E,{R[i]}. On the other hand, as
shown in [13], C (#) converges to the delay limited capa-
city as 6 grows without limit (i.e., # — ) and QoS con-
straints become increasingly more strict. Therefore,
effective capacity enables us to study the performance
levels between the two extreme cases of delay limited
capacity, which can be seen as a deterministic service
guarantee or equivalently as a performance level attained
under hard QoS limitations, and ergodic capacity, which
is achieved in the absence of any QoS considerations.

Suppose that ® = (04, ..., 6,,) is a vector composed of

6:TB
the QoS constraints of M users. Let 8 = l(ig 2,j =1, 2,
e

..., M be the associated normalized QoS constraints.
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Also, let C(®) = (C(0y), ..., Car (Oar)) denote the vector
of the normalized effective capacities.

n [16], the effective capacity regions of the multi-
access channel for different scheduling policies have
been characterized. The effective capacity region
achieved by TDMA is

( SNR; )
1 —56TBlog, [ 1+ 5 3
Ujc®=0:¢(6)<—, logEie j (4)
et 6TB

where d; is the fraction of time allocated to user .
The effective capacity region achieved by superposi-
tion coding with fixed decoding order is given by

1 —OTYM TR
C(®)=>0:Ci(6) <— 10g]Ez{g i m—nmm,,o)” 5
(U,{ 1) 6TB °* (5)

where 17, is the fraction of time allocated to a specific
decoding order 1, le(j) represents the maximal

instantaneous service rate of user j at a given decoding
order 1,, which is given by

SN Rjz;

R, 1y =Blog, [1+ (6)
TTm (]) 2 ( 1+ an;](i)>ﬂr;] (]) SNRiZi)

where 7! is the inverse trace function of 7,,.

Decoding orders can be varied for each channel fading
state z. Suppose the vector space M of the possible
values for z is partitioned into M! disjoint regions
{(Zm %1;1 with respect to decoding orders {nm}ﬁﬁl.
Then, the maximum effective capacity that can be
achieved by the jth user is

1
Gi(9) = _GjTB log,E, {e 08}

. M - (7)
=_9jTBloge > / e ml0p, (2) dz

mzlzezm

forj =1, .., M, where p, is the distribution function
of z and Ry1(j) is given in (6).

3.2. Spectral efficiency vs. bit energy

If we denote the effective capacity normalized by band-
width or equivalently the spectral efficiency in bits per
second per Hertz by

Ce(SNR,6) 1

— log,E {e”"TRT}, (8)

Cr (SNR, 0) = 5 OB

then it can be easily seen that f,’; min Under QoS con-

straints can be obtained from [1]
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Ep SNR 1

= lim = . . 9
Nomin SNR—0 Cp(SNR)  Cg (0) ©)

Hence, energy efficiency improves as SNR diminishes
and the minimum bit energy is attained as SNR

vanishes. At f}; iy the slope Sp of the spectral effi-

ciency versus E,/Nj (in dB) curve is is called the wide-
band slope, and is defined as [1]

ce ()

So = lim 10log,,2.
Ev By 10logyy ) —10log, 10%-(10)
NO NO min

Considering the expression for normalized effective
capacity, the wideband slope can be found from®

2(Ce (0))2lo

- ] (11)
C; (0)

0=

where Cp(0) and Cg(0) are the first and second
derivatives, respectively, of the function Cg(SNR) in bits/

s/Hz at zero SNR [1]. The minimum bit energy f,” )
0 min

and the wideband slope provide a linear approximation
of the spectral efficiency-bit energy curve at low SNR
levels and enables us to characterize and quantify the
energy efficiency in the low-SNR regime.

4. Energy efficiency in the low-power regime

As described above, in order to transmit energy effi-
ciently and achieve bit energy levels close to the mini-
mum level, one needs to operate in the low-SNR regime
in which either the power is low or bandwidth is large.
In this section, we consider the low-power regime. We
concentrate on the two-user multiaccess channel. Below,
we first note the maximum effective capacities attained
through different transmission strategies described in in
Section 1. Subsequently, we identify the corresponding
minimum bit energies and the wideband slopes.

Now, for the two-user TDMA, if we fix the fraction of
time allocated to user 1 as 6 € [0, 1], the maximum
effective capacities of the two-users in the TDMA
region given by (4) become

SNR;z;
1 —386,TB1 1+
Ci (SNRp) = — TBloge[Ez{e ' °g2( 5 )}(12)
1

and

( SNR222>
—(1-8)6,TBlog, | 1+
C2 (SNRy) = — 1-8/1,(13)

1
log [,
0,TB &% 1°

respectively,
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Next, consider superposition coding with fixed decod-
ing order. We denote the ratio of the transmitter-side

. o . . _ SNR; _ Py P
signal-to-noise ratios as A = SNR) = (NOB) / (NOB>. We

assume that the value of this ratio is arbitrary but is
kept fixed as SNR; and SNR, diminish in the low-SNR
regime. Additionally, we let 7 denote the fraction of time
in which the decoding order (2, 1) is employed. Note
that if the decoding order is (2, 1), the receiver first
decodes the second user’s signal in the presence of
interference from first user’s signal, and subsequently
decodes the first user’s signal with no interference. Note
that the symmetric case occurs when the decoding
order is (1, 2) in the remaining (1 -z) fraction of the
time. When this strategy is used, the maximum effective
capacities in the region described in (5) can now be
expressed as

C1 (SNRy)
6,TB( 7 log, (1+SNR 1-1) log, [ 1 SNRiz,
_ 1 log,E, e* h (r 08, (1+SNR21)+(1-7) ng( 9 +SNR122/A)) / (14)
6,TB
C2 (SNRy)
6, TB| 7 1 1 SNRZZZ 1 I 1+SNR:
_ 1 log,E, 97 : (t ng( "1 +ASNR211>+( —7) log, (1+ zZZ)) (15)
0,TB °*°

Finally, we turn our attention to superposition coding
with variable decoding order. In this case, the decoding
order depends on the fading coefficients (z;, z5). We
define z, = g(SNR;) = g(ASNR,) as the partition function
in the z, - z, space.” Depending on which decoding
order is employed in each region, we have different
effective capacity expressions. If users are decoded in
the order (1,2) when z, < g(SNR;) and are decoded in
the order (2,1) when z, > g(SNR,), the effective capaci-
ties are given by

C1 (SNR)) = —
! ! 0,TB
o0 o0
loge / / e—S,TB logz(1+SNR|z|)pZ (ZI:ZZ) dedZ]
0 g(SNR;)

(16)

oo §(SNRy)

I

SNRyz
—6,TB lugz(hl SNR }\)
e SNRD/L) b, (21,20) deadzy |,
0 0

C, (SNRy) = — 0.TB
2

oo §(ASNRy)
loge (/ f e—(h’l‘B logz(1+SNRzzz)pz (ZI/ZZ) dele
0 0

(17)
SNR;z;

—0,TB log, | 1+
e 1+ ASNRyz; Pz (21,22) dzodzy | .

f

S(ASNRy)
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Similar effective capacity expressions can be derived if
users are decoded in the order (2,1) if z, < g(SNR;) and
decoded in the order (1,2) if z, > g(SNR;).

Assumption 1: Throughout the article, we consider the
partition functions g(SNR;) that satisfy the following
properties:

(1) g(0) is finite.

(2) The first and second derivatives of g with respect
to SNR;, g(SNR;) and 2(SNR;), exist. Moreover,
£(0) and g(0) are finite.

As will be seen in the ensuing analysis, the finiteness
assumptions above will serve as sufficient conditions to
ensure that the derivatives of effective capacity in the
limit as SNR vanishes are finite.

b Epi SNR

enote No C;
The received bit energy is

i —_

as the bit energy of user i = 1, 2.

.
Ey;  Epi

= 18
No = Ny (18)

E{z}.

As the following result shows, the minimum received
bit energies for the different strategies are the same.

SNR; )
Theorem 1: For all A = and all g(z;, SNR;) satis-
SNR;

fying the properties in Assumption 1, the minimum

received bit energy for the multiaccess fading channel

attained through TDMA, superposition coding with

fixed decoding order, or superposition decoding with

varying decoding order, is the same and is given by
B, E,,

= =log,2 = —1.59 dB.

- (19)
NO min NO min

Proof: See Appendix 1.

Remark 1: The result of Theorem 1 shows that differ-
ent transmission strategies (e.g., TDMA or superposition
coding) and different reception schemes (e.g., fixed or
variable decoding orders) lead to the same fundamental
limit on the minimum bit energy. Similarly as in [2],
TDMA is optimally efficient in the asymptotic regime in
which the signal-to-noise ratio vanishes. More interest-
ingly, we note that this result is obtained in the presence
of QoS constraints. Additionally, the minimum bit
energy is clearly independent of the QoS limitations
parametrized by the QoS exponents #; and 6,. Hence,
the energy efficiency is not adversely affected by the buf-
fer constraints in this asymptotic regime in which
SNR — 0.

Remark 2: 1t can be easily shown using the effective
capacity expressions provided in (4), (5), and (7) that
the characterization in Theorem 1, i.e., the result that
the minimum received energy per bit requirement for
each user is -1.59 dB under QoS constraints, holds in
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a more general setting in which the number of users
M= 2.

Having shown that the minimum bit energies achieved
by different transmission and reception strategies are the
same for each user, we note that the wideband slope
regions have become more interesting since they quantify
the performance in the non-asymptotic regime in which
SNRs are small but nonzero. With the analysis approach
introduced in [2], we have the following results.

Theorem 2: The multiaccess slope region achieved by
TDMA is given by

S={(81,8):0=8 =<85" 08 <85,

K11K12 knk i+ K22} (20)
kn—=381 kn—8
where
s 2(E{z1))? ,
g1 (E{z3} — (E {z1))?) + E {23}
S _ 2(E{z2})°
2 B (B} - Eim)?) + E{<3)
o - 2B
B (E{zl} — Elz)?)
E {21}
T (€2} - @)’
o 2E ()
B2 (E{z3} — (E{z2})?)
£ (3)
K22 =

B2 (E{23} — (E{z2)?)

B1 =0,T Blog, e and B, = 0, T B log, e.

Proof: See Appendix 2.

The following results provide the wideband slope
expressions when superposition transmission is
employed.

SNR; )
Theorem 3: For any A = , the multiaccess slope
SNR;
region achieved by the superposition coding with fixed
decoding order is

S={S1,8):0<85 <S5, 08 =<8,
x(E{zl})z(l 1 >+ (E{zmz(l 1 )_1} (21)
E{ziz) \&  SP) Bzl \S &P/

where S]¥ and S," are the same as defined in Theo-

rem 2.
Proof: See Appendix 3.

SNR
Theorem 4: For any A = 1, and any g(SNR;) satis-
SNR;

tying the properties in Assumption 1, the multiaccess
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slope region achieved by superposition coding with vari-
able decoding order is

S§={51,8):0=85 =<8§% 085 =<8",
A(E{zl}f(l 1 ) (E{22))° (1 1 >_1} (22)
E{zz) \& 8P/ 1Ezzl\sS S°/)

where S?p and S;p are the same as defined in Theo-

rem 2.

Proof: See Appendix 4.

Remark 3: Comparing (63) with (65) or (64) with (66)
in the proof of Theorem 4 in Appendix 4, we see that
different decoding orders do not change the wideband
slope values for given user only if g(0) = z;, i.e., the z;-z,
space is equally divided. One more interesting remark is
that if we compare the third conditions in (21) and (22),
we notice that fixed decoding order achieves the same
performance as variable decoding order.

Remark 4: 1t is interesting to note in the above results
that, unlike the minimum bit energy levels, the wideband
slopes depend on the QoS exponents ¢; and 6, through S;
and f,. Indeed, as can be seen from the expressions of the

upper bounds S;? and S,?, the wideband slopes tend to

diminish as QoS constraints become more stringent and
6, and 6, increase. Smaller slopes indicate that at a given

energy per bit level greater than sa smaller spectral

E,
No mi
efficiency is attained. Therefore, spectral efficiency
degrades under more strict QoS constraints. Equivalently,
to achieve the same level of spectral efficiency, higher
energy per bit is required. Hence, from this perspective, a
penalty in energy efficiency is experienced as buffer limita-
tions become more stringent.

In the following result, we establish the suboptimality
of TDMA.

Theorem 5: The wideband slope region of TDMA is
inside the one attained with superposition coding.

Proof: We only need to consider the third conditions
of (20) and (21). Substituting (58) and (59) into the left-
hand side (LHS) of the third constraint in (20), we
obtain

E{<t}

2(1-1
T

E{z)

K12 + K22 + .
e E {z%} +2AatE{z 25}

£(2) %)

.
) Elz122)

Comparing the sum of the last two terms with 1 (or
more precisely subtracting 1 from the sum), we can write

E{t} E{z}

[E{z%}+2(1_r [E{z%}+2kr[E{zlzz}
A

Efzi} E{s) - 47(El1z2))” + 4(Elzaza))’c?
- 2(1— '
(rE (@) 20" [E{z1z2}> ({22} + 227E(122)
We are interested in the numerator which is a quadratic
function of the parameter 7 . We note that the discrimi-
nant of this quadratic function satisfies

) E{z122}
(24)
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A = 16(E{zizo})* — 16(E {z122})°E {2} } E {23}

25
= 16(E{z122)” (E{zz)? — E{z1} E{z3}) <0 )

where the Cauchy-Schwarz inequality
(E{z122})* < E{23} E{23} is used. Thus, the numerator
of (24) is always nonnegative, i.e., the slope region
achieved by TDMA is inside the one achieved by super-
position coding. The equality holds only if z; and z, are
linearly dependent. O

In Figure 2, we plot the slope regions in independent Ray-
leigh fading channels with variances E{z;} = E{z} = 1.
We assume f3; = 1 and 3, = 2. From the figure, we immedi-
ately observe the suboptimality of TDMA compared with

superposition coding.

5. Energy efficiency in the wideband regime
In this section, we consider the wideband regime in
which the overall bandwidth of the system B is large. Let
= é. Similar as in [13], we know that the minimum bit
energy achieved in sparse multipath fading channels® as
B — oo (or equivalently { — 0) can be expressed as

Ep; Pi¢/N Pi/N
b,i - lim 1(/ 0 _ 1/ 0

= = . , i=1,2.
NO min (=0 Ci (() Ci (O)

(26)

To make the analysis more clear, below we first
express the capacity expressions in (12)-(17) as functions
of £ (12) and (13) can be rewritten as

891T P]Zlé'
{ — log, | 1+ N
Ci (C)=—91Tloge[Ez e ¢ o/ %, (27

0.5

0.45 Superposition

0.4
0.35F
0.3F

025

Slope of User 2

021

0.15F

01

0.05F

0 0.1 0.2 0.3 0.4 0.5 0.6
Slope of User 1

Figure 2 The slope regions for independent Rayleigh fading
channels.
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and
(1=8)6T (1 Pyzy¢ )
- 08, +
C@=- " logEle ¢ (1=9NoJ 1 (28)
6,T
respectively.
For superposition coding with fixed decoding order,
SNR P1¢ /N, P
and fixed A = ' 16/No = (14) and (15) now
SNR;  Py¢/Ny P,
become
C1(¢)
- P1z1¢
_oT tlog (1+PIZI§)+(1—1)103 o No
¢ : No 1T Pzt
1+
=— ¢ log,E, { e No ,(29)
0T
C2(%)
Przr¢ B
_ tlog, | 1+ No . +(1—r)logz(1+PZZ2C)
1 121 0
=— ¢ log I, { e No (30)
0.T

Note that we can write g(SNR,) as g (i}f), so simi-

larly we can write (16) and (17) as functions of {

o _91T10g (“PlZl{)
Ci@©)= *eleogg f / e ¢ No Pz (21, 22) dzadz,

O (Pig
Ny

Pizig (31)
. Pig 791T1 . No
~ \ No ¢ “ Przy¢
1+
+/ / e No /p, (z1,22) dzadzy
0o 0
Py¢
oog No 92T1 (1 lezi)
—  log| 1+
Cy ({)=_9§T10g"' f / e ¢ No Pz (21, 22) dzpdzy
2 o 0
Pzt (32)
72 ogy| 1+ No
o oo ¢ Piz1g
+

P2 (21, 22) dzodz,

1
g s
0
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Then we immediately have the following result.

Theorem 6: For all g(SNR1) satisfying the properties in
Assumption 1, the minimum bit energies for the two-
user multiaccess fading channel in the wideband regime
attained through TDMA, superposition coding with
fixed decoding order, and superposition decoding with
varying decoding order, depend on the individual QoS
constraints at the users and are given by

6, TP
Eb,l _ No
No min _ 6iTP . (33)
log,E; je Nolog,2
0,TP,
Eb,Z _ N()
No min _ 0TP, . (34)
log,L;, ye Nolog,2
respectively.

Proof: See Appendix 5.

Remark 5: As Theorem 6 shows, the same minimum bit
energy is achieved through different transmission strate-
gies (e.g., TDMA or superposition coding) and different
reception schemes (e.g., fixed or variable decoding orders),
and therefore TDMA is optimally energy efficient in the
wideband regime as B — . As before, Theorem 6 can be
readily extended and similar expressions for the minimum
energy per bit can be easily obtained for cases in which
there are more than 2 users, i.e., M = 2.

Remark 6: A stark difference from the result in Theo-
rem 1 is that the minimum bit energy now varies with
the specific QoS constraints at the users. When 6 = 0,
we can immediately show that the right-hand sides of

log,2 log,2 . .
(33) and (34) become [é){%l , and E{iz » respectively, which

is equivalent to (19). For € >0, the energy efficiency is
now adversely affected by the buffer constraints in the
wideband regime.

Similarly as in Section 4, we next investigate the wide-
band slopes in order to quantify the performances and
energy efficiencies of different transmission and reception
methods in the non-asymptotic regime in which the band-
width B is large but finite. We have the following results.

Theorem 7: In the wideband regime, the multiaccess
slope region achieved by TDMA is given by

u w S S
s={(sl,82>:osslssl", 08 =57, Slulp+55p§1] (35)
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where
2
01TP1 91TP1
- z; - z
E, e Nolog,2 log,Ez, | e Nolog,2
S _ 2(Nologe2>2
! 0,TP; 6:TP;
_ Z
E {e Nolog,2 2
02TP2 GZTPZ
- zZ - 2
E, e Nolog,2 log,FE., { Nolog,2
S 2(Nologez)2
2 0,TP, 02TP,
- z
E,{e Nolog,2 2

Proof: See Appendix 6.

Theorem 8: In the wideband regime, the multiaccess
slope region achieved by superposition coding with fixed
decoding order is

2
S= {(51/51) :0<8 SS?P: 0=<S; SS;P: (Ngelofﬂ)
1

6,TP, ? 6,TP,
_ 2 - 2
log,E., {e Nolog,2™ E, {e Nolog,2™

0,TP;
— - @
PiPE, {e Nolog,2 212y

1 1 Nolog,2\?
s sw) U er
2 6,TP,
_ o
E.,{e Nolog,2
( ; : )
=1

(36)

6,TP,
- o
log,E., { Nolog,2

6,TP, S SP
- P
P\P,E, e Nolog,2 2122

where S}lp and S;p are defined in Theorem 7.

Proof: See Appendix 7.

Theorem 9: For any g(SNR1) satistying the properties in
Assumption 1, the multiaccess slope regions achieved by
superposition coding with variable decoding order in the
wideband regime are different for different decoding
orders. The slope region is

§= (S8
{so}
Nolog,2 2
2
0<8 < ( 0T
0,TP, : 0,TPy
_ 2 - a
log,Ex, 1 ¢ Nolog,2 E., {e Nolog,2
6,TP; 0,TP;
N 2 - P
PIE, {e Nolog.2 2k, op,p, (2 80y Nolog.2" 2 2 0 2y, 2)) dzsdzy
37)
2
0<8 < 2(N010g52)
0,7
0,TP, ? 0.TP,
- E2) - 22
log,E., { Nolog,2 E., {e Nolog,2

6,TP, 6,TP,
b3 - = 0o poo =
PE, 1o Nolog2 228 op,p, 2 o o NolOB2 2,200 (2, 2) deadzy
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if the decoding order is (1,2) when z, <g(z;, SNR,;),
and the decoding order is (2,1) when z, >g(z;, SNR;).
The slope region is
S§= (S8
{s@}

2
0<8 < Z(Nologzz)

6T

0,TP, ? 0,TP,
- o - 2
log,E-, | e Nolog,2 E., le Nolog,2

0 TP, TPy
- z - 2
Pf]Em e Nolog,2 2} | +2P1P; fuoo f;?)) e Nolog,2 2122p (21, 22) dzpdzy (38)

Nolog,2\?
0§$z§2< OOge)
6T

0,TP, : 0,TP,
_ z - z
log E-, { e Nolog,2 : E.,{e Nolog,2

0,TP, 0,TP,
_ o - =
P;]EZ_, ¢ Nolog,2 231 +2P\Py [o7 fg(o)e Nolog,2 2129p (21, 22) dzpdzy

if the decoding order is (2,1) when z, <g(z;, SNR;),
and the decoding order is (1,2) when z, >g(z;, SNR;).

Proof: See Appendix 8.

Remark 7: Unlike previous discussions, we have no
closed form expression for the wideband slope region
achieved by superposition coding with variable decoding
order in the wideband regime. Another observation in
the above result is that different decoding orders can
result in different wideband slope regions.

Below we show the superiority of superposition coding
with variable decoding compared with fixed decoding
order.

Theorem 10: Superposition coding with variable
decoding order achieves better performance in terms of
wideband slope region with respect to superposition
coding with fixed decoding order.

Proof: See Appendix 9.

In the following, we present the condition under
which the suboptimality of TDMA compared with
superposition coding with fixed decoding order can be
established.

Theorem 11: If the following is satisfied

91T1_)1 QZTI_)Z
- zZ1 - Z)
Ez e Nologez Z1%2 EZ e NologeZ Z1%2
) _ (39)
91 TP1 92TP2
- z1 - 2
<E. {e Nolog,2 21 e Nolog,2 2

then the wideband slope region of TDMA is inside the
one attained with superposition coding with fixed
decoding order.

Proof: We consider the third conditions in (35) and
(36). Substituting (86) and (87) into the LHS of the
third condition in (35), we have
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60,TP,
_ Z
2(1—1)PE, e Nolog,2 2122
1—
0,TP,
_ Z
Py [Ezl e Nologe2 Z%

0,TP,
_ .
+2(1—1)E, {e Nolog2 ;-
(40)
0,TP>
_ o
PQIEzl e NolOgeZ Z%

0,TP,
- -
P,E., fe Nolog,2 2

6,TP,
_ 2
+2tPE, e Nolog,2 2122

So if the wideband slope region is inside the one attained
with superposition coding with fixed decoding order, we
must have the above value to be greater than 1 forall 0 < 7
< 1. After subtracting 1 from (40), we can obtain

Py
0,TP, 0,TP,
- z — 2
PiE; {e Nolog,2 2Z2i+2(1-1)E, e Nolog,2 2122

Py
0,TP, 0,TP,
- z) - 2z
PyE,, {e Nolog,2 23 ¢ +2tP1E,{e Nolog,2 212

6,TP, 0,TP, (41)
- zZ) - 22
x| 4E, {e Nolog,2 z1z2 ¢y By e Nolog,2 212 § 72
6,TP,
_ Z
74Ez e NOIOg?Z 2122

6,TP,

_ o
E, {e Nolog2 . .

6, TP,
_ Z
+E;, qe Nolog,2 2 E,

0,TP,

- z;
e Nolog,2 ZZ%

The first two terms of the multiplication are positive
values. The minimum value of the third term which is a

quadratic function of 7 is achieved at t = ;, and the

minimum value is

01Tl_’1 QZTPZ
"~ Nolog 2™ “Nolog 2™ 2
E., {e Nolog,2 28p L, Nolog2 2
_ ) 42)
91TP1 02TP2
" Nolog,2™ " Nolog,2”
—E, {e Nolog:2 7 - Vg, 1, Nolog2 ;-

Thus, we obtain the condition stated in (39) for
TDMA to be suboptimal. O

Remark 8: 1t is interesting that if the condition (39) is
not satisfied, TDMA can achieve some points outside
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the wideband slope region attained with superposition
coding with fixed decoding order. This tells us that
TDMA can be a better choice compared with superposi-
tion coding with fixed decoding order in some cases. As
an additional point, we note that if, on the other hand,
the condition in (39) is satisfied, TDMA performs worse
than superposition coding with variable decoding order
as well due to the characterization in Theorem 10.

In the numerical results, we plot the wideband slope
regions for independent Rayleigh fading channels with
variances E {z1} = E{z,} = 1. We assume 6#; = 0.01, 0, =

b2l -0t
The LHS of (39) is 0.1009, while the right-hand side is
0.1283. Hence, the inequality is satisfied. From the fig-
ure, we can see that TDMA is suboptimal compared
with superposition coding. In Figure 4, we assume

Z; = ;}}0 = 10%. The LHS of (39) is 0.0131, while the

right-hand side is 0.006. Hence, the inequality is not
satisfied. Confirming the above discussion, we can
observe in the figure that TDMA indeed achieves points
outside the slope region attained with superposition
coding with fixed decoding order.

0.1, T = 2 ms. In Figure 3, we assume

6. Conclusion

In this article, we have analyzed the energy efficiency of
two-user multiaccess fading channels under QoS con-
straints by employing the effective capacity as a measure
of the maximal throughput. We have characterized the
minimum bit energy and the wideband slope regions for
different transmission strategies. We have conducted our
analysis in two regimes: low-power regime and wideband
regime. Through this analysis, we have shown the impact
of QoS constraints on the energy efficiency of multiaccess

.
1
ol t
1 Superposition with
) fixed decoding order
'
)
1.5F i
N )
3 \
> 1
5 \
2 1t TDMA Y
(=} A}
%) .
A )
“
~
~
~ -~
0.5F ~eo
0 . . . . . .
0 0.2 0.4 0.6 0.8 1 1.2
Slope of user 1

Figure 3 The slope regions for independent Rayleigh fading

channels.
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5 '
1l
45+ ] Superposition with
1 fixed decoding order
s [
TDMA !
35
« \}
N L )
g ° )
3 \
G 25F Y
2 \
B 2r .~
~
151 e -
B -
05+
o . . . . . .
0 0.2 0.4 0.6 08 1 12
Slope of user 1
Figure 4 The slope regions for independent Rayleigh fading
channels.

fading channels. More specifically, we have found that the
minimum bit energies are the same for each user when
different transmission and reception techniques are
employed. While these minimum values are equal those
that can be attained in the absence of QoS constraints in
the low-power regime, we have shown that strictly higher
bit energy values, which depend on the QoS constraints,
are needed in the wideband regime. We have also seen
that while TDMA is suboptimal in the low-power regime
when wideband slope regions are considered, it can out-
perform superposition coding with fixed decoding order in
the wideband regime. Moreover, we have proven in the
wideband regime that varying the decoding order can
achieve larger slope region when compared with fixed
decoding order for superposition coding. Numerical
results validating our results are provided as well.

Appendix

1. Proof of Theorem 1

Consider the TDMA strategy. Taking the first derivative
of the functions in (12) and (13) and letting SNR; = 0,
SNR, = 0, we obtain

. o _Ela)

Ci(0) = log,2" (43)
. E

G, (0) = 10{;22}. (44)
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Substituting (43) and (44) into (9), we have

log,2
Ep1 Be
, — , 45
Nomin [ {z1) (45)
log,2
Ep 8.
, _ 46
Nomin [ {22} (46)

which imply (19) according to (18).

For the superposition coding with fixed decoding,
evaluating the first derivative of (14) and (15) at SNR; =
0 and SNR, = 0, we immediately obtain

. E

C1(0) = 10{;12} (47)
. Ez)

¢, (0) = log.2 (48)

which again imply (19) taking into consideration (9)
and (18).

Next, we prove the result for the variable decoding
case. First, we consider (16) and (17) with the associated
decoding order assignment. The first derivative of (16)
can be expressed as

: b1
NR;) = —
C1 (SNRy) Brnlog,2
1 foo(l SNR;z;) ™
=— — + z
Bi1p1log,2 ! o

p (1,8 (SNR1)) & (SNR) dz;

o]

—,31 / / (1 +SNR1Z1)_ﬂ1_121p(Z1,Zz) dZQZ]

0 g(SNR;)

+f (1
0
p (21,8 (SNR1)) g (SNRy) dz;
oo §(SNR;)
1 /

0 0

(49)
SNR] Z1

-
1+ SNR,g (SNRy) /x)

SNR1Z1 —hi-l
1+
1+ SNRIZZ/)\.

21

(1+ SNR /A)z p(z1,22) dzzdzl>
+ 122

where ¢, is the first derivative of ¢,, which is defined
as
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oo =)

o]

0 g(z1,SNRy)

e—SlTB 1031(1+SNR111)pZ (Zl ,22) d22d21

SNR;z; (50)

00 §(z1,SNRy) . >
1+SNRiz2/A/ p, (21, 2,) deadzs

—6,TB log, (1
+ e

0 0

Under the assumptions that g(0) and ¢(0) are finite,
we can easily see from (49) that letting SNR; = 0 leads to

E{z1}
log,2"

4

C1(0) = (51)

Similarly, taking the first derivative of (17) and letting
SNR, = 0, we obtain

£ {z,}

C2(0) = log,2"
e

(52)

Applying the definitions (9) and (18), we prove (19)
for this decoding order assignment. For the reverse
decoding order assignment (i.e., users are decoded in
the order (2,1) if z, <g(SNR;) and decoded in the order
(1,2) if z5 >g(SNR;)), following similar steps, we again
obtain the result in (19). O

2. Proof of Theorem 2
Taking the second derivatives of the functions in (12)
and (13) and letting SNR; = 0, SNR, = 0, we obtain

.. 1 1
CO=en (ﬁl (Elz1))® —E{a}) - (E {z%}) (53)

e

and

. 1
CO= ) (/32 (Elzh? —E{z3}) - | ! 8[{%})- (54)

e

Combining (43), (44), (53), and (54) with (11), we now
get

5 - 2(E{z1})?
1= ) A P (55)
B1 ([E{zl} — (E{z1}) ) + 6[{z1}
S - 2(E {z2))?
2T 2 2 1 2 (56)
B2 ([E{zz} — (E{z2}) ) o S[E{Zz}

which, after eliminating J, provide us the third condi-
tion in (20). O

3. Proof of Theorem 3
The second derivatives of the functions (14) and (15) at
zero signal-to-noise ratio are

20O )

g ) (57)

(B2(E{za))? — (B + D E{23} — 2ATE {z122}) .

. 1
Ci(0) = log,2 (ﬁl([{zl})z — (B + D E{z}

. 1
GO= 0,
e
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Then, the wideband slopes are given by

s - 2(E{z1))? o
B (E{2} — (E{zh)?) + E {2} + 2(1; YE 2z (58)

2(E 2
s, - (E {22)) 9)

B2 (E{z3} — (E{za})?) + E{23} + 2atE {2125}

After solving for 7 in (58) and (59) and subtracting the
resulting equations, we obtain the third condition in (21) B

4. Proof of Theorem 4

We need to consider the wideband slopes for different
decoding order assignments. Due to the complex expres-
sions involved, we here state the derivation for S; for the
case in which the decoding order is (1,2) when z, <g(z1,
SNR;), and the decoding order is (2,1) when z, >g(z;,
SNR;). Taking the second derivative of (16), we have

B b1 — (<l'51)2

60
Bi1p3log,2 (60)

Cy (SNRy) =

where ¢, is provided in (49) and ¢, is given by

SNR;z;

—B
o1 = / (1 + 1+ SNRig (SNRI)/A) p (21,8 (SNRy)) § (SNRy) dz;
0

0 1
/ SNR;z —Ai-
- Zﬂl 1+
1 +SNR;g (SNR;) /A
0
21
(1 + SNRyg (SNRy) /1)

00 oo SNR; 2, —h-2
1 1
+B1(B1+ )[f< +1+SNR111/)‘>
0 0

7
(1 + SNR; g (SNRy) /2)
3(SNRy)

F —pi-1
. 2B / /' 1+ SNR;z;
A 1+SNR;z1/A
0 0

Z1Z)
(1 + SNR;g (SNRy) /2)

L9 (21,8 (SNRy)) g (SNRy) dz;

SNR;z;

7ﬂl
. . 2
1+SNR1g(SNR1)/A) P (21,8 (SNR) (2 (SNR0))“day

4P z1,22) dzodzy
(61)

3P (z1,22) dzodz

- / (1 +SNRyz1) 1 (21,8 (SNRy)) & (SNRy) dz
0

+2B1 / (1 +SNRyz1) P17 21p (21,8 (SNR1)) § (SNRy) dzy
0

- / (1+SNRy21)™P1p (21,8 (SNRy)) (3 (SNRl))2dz1
0

00 00

+ﬂ1(l31+1)/ /

0 g(SNR;)

(1 +SNRyz1) 1 7223p (21, 2,) deader.

Letting SNR; = 0 and supposing that g(0), §(0), and
8(0) are finite, we have
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00 8(0)
2

¢ (0) = 710;22 (/31 (Efz} = €fzp?) +Ez) + / f Z1Zzp(Z1,Zz)dZZd11) (62)

00

Substituting (62) and (51) into (11), we obtain

_ 2(E{z1)”
S 2 © -~ (63)
B (Efad) = Ela))?) + Bz} + | f7 50 2120 (21, 22) deady

Similarly, we can derive

2(Efz2))?

S, = o roo .
*T B (EB) — Elaa)?) + E{B) + 24 [ [55) 21map (21,22) deade

(64)

If the decoding order is (2,1) when z, <g(z;, SNR;),
and is (1,2) when z, >g(z;, SNR;), following the steps
described above, we can obtain

2(E{zi))?
= ) 2 o (65)
B1(E{z}} — (E{z1})?) + E{2}} + N Jo Sy 21720 (21,22) dzadzy

2(E {z2))°

S = .
27 B (E{2) — (Eleah?) + E {23} + 20 5% [59 2120p 21, 22) deadey

(66)

Combining (63) and (64) and eliminating g(0), we can
obtain the third condition in (22). It is interesting that
combining (65) and (66) and eliminating g(0), we still
get the same third condition stated in (22). This shows
us that the slope regions for different decoding order
assignments overlap. O

5. Proof of Theorem 6
Taking the first derivatives of (27) and (28) and letting ¢
= 0, we obtain

0,TP,
. 1 - 21
€1 ()= —,  logE, {e Nol0&2 (67)
1
6, TPy
. 1 - %2
C2(0) =~ log,Ex e Nolog,2 (68)
2

Substituting (67) and (68) into (26), we get the results
in (33) and (34).

Next, we consider the superposition coding with fixed
decoding. Evaluating the first derivative of (29) and (30)
at { = 0, we again get

01TP;

. 1 - 2
C1(0) =~ log s, ge NoloB:2 (69)
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0,TP;

7Nolog(32z2

1
log, L, {e (70)

C2(0) = — 6T

which imply the results in (33) and (34).

We can also prove the results for the variable decod-
ing case similarly as in the proof of Theorem 1.

Consider (31) and (32) with the associated decoding
order. The first derivative of (31) can be expressed as

: 1 t
Ci ()=~ log¢ — (71)
77018 " g1y,
where ¢ is
01T P
X X 0t logl(1+ }51;)
¢1=/ / e ¢ O/ py (21, 22) dzadzy
o (Pig
8 NO
72
Piz1¢ (72)
(Plf) 91T1 . No
8 - 08, +
o \NoJ g TR Pazat
+/ f e No /p, (21,2) dzade
0 0
and ¢, is
-~ T, (1 Plzll)
- P\ P BTN
[ =—/8(N0) N;e ¢ O/ pa (21,8 (P1£/No)) dzr
0
o 0T (Plzlf)
—7 logy [ 1+
]
O (Pie
5\ N,
Pizy
0T Pizi¢ _61T Nolog,2
2 log, (1+ No ) ¢ 1+P121{ Pz (21,22) dzadzy
No
Pyzig
791T10g1 14 No (73)
o0 ¢ Pyg (P15/No) ¢
/'. Pig\ Py 1 No (21,8 (P1¢/No)) dz
8 No | No Pz (21,8 (P1£/No 1
Pz
Pi¢ 7917'1 , No
e ¢ +1 Potat Prat
"
+[ / e No QIZlogz 1+ No
¢ Przp¢
o o 1+
No
Pzy
o Nolog,2 Pz (21, 22) dzadzy .
¢ (1 Pﬂz{)( Pz PZZZC)
+ 1+ +
No No = No
P]Z]
. T Pz 01T Nolog,2
If we define f(¢)= 12 log, [ 1+ 1) o 0108
¢ No e Piz1g
1+
No

we can show that
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P
log, (1+ 1218 Pizy
No Nolog,2
¢ P1z1¢

1+ N
. _ . o
l‘f},f@) = GnTglﬂ

2

Pt <P1z1> (74)

P 1 Nolog,2

= 91T11m - llog 128 + 008 3
¢ No ¢, Pt Pizit

No 1+ No log,2

2
L 0T [Przy
=-1
{ﬂf ©+ log,2 ( No )

which gives us that

2
T (P
limf @)= " )
¢—0 2 log,2 \ No
Similarly, we can show that

Pyzig Pz
6T 6T No log,2
lim ]z log, | 1+ No - - 0 108 _
=0 ¢ Przot ¢ Pzzzi') Pz T’zlzé')
1+ 1+ 1+ +
No No No

No
o6r Pz 2
= +
2log,2\ No

6,TP,Prz12,
With (75) and (76) in mind, we can obtain

(75)

NZlog,2 ~

6.TP;

_ =2
0T E e NologEZZl(P1Z1)

lim (bl = z N,
0

=0 2log,2
) (77)
oo 8(0) 91 TP1

PP
1 / / Nolog 2 ! ZZIZZP (z1,22) dzodz,
0g,2

and hence

0,TP,
¢, (0) = — Nplog,2

0T 78)

log,E;, {e

Similarly, taking the derivative of (32) and letting ¢ =
0, we have

0,TP,

N logeZZ

. 1
C,(0) = —Qleoge[EZz e (79)

which, after incorporating (26), again gives us the
results in (33) and (34). For the reverse decoding order
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assignment, following similar steps, we still get the
results in (33) and (34). &

6. Proof of Theorem 7
The second derivatives of (27) and (28) at { = 0 are

0,TP,
E e Nologez lz%
80
0.TP, (80)
— 2
[Ez e Nologez

2
. 1 P
Ci(0) = —

1(0) slog,2 (No)

G (0) = (81)

2
1 P,
(1—24)log,2 (N0>

Using the definition in (11), we can express the wide-

band slopes as
6,TP, 0:TP, :
E, e Nolog,2 ' log,Ez, | e NologEZ‘
Nolog,2\?
S = 25( 008 ) (82)

6,TP, 6,TP;
- 2
E, e Nolog,2 2

6,TP, 0,TP>
- z -
E, e Nolog,2™ log,Ez, { e Nolog,2
Nologe2>Z

0,TP; 6,TP,
_ 2
E,{e Nolog,2 2

)

52:2(175)<

which after simple computation give us the third con-
dition in (35). O

7. Proof of Theorem 8
Evaluating the second derivatives of (29) and (30) at { =
0 yields
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6,TP, 0,TPy

2 - 1 - 1
Py E, e Nolog,2” 21 201 - tz) PyP; B e Nolog,2” s
No N2
.. 1
GO=- log,2 0,TP; (84)
_ .
E.{e Nolog,2
) 0,TP, 0,TP,
P - = 2P, P - =
(Nz) E, qe Nolog,2 Zg * N:z) 2[1 e Nolog,2 2123
¢, (0) =
2(0) log,2 0,7P, (85)
E, ’;anoge227
and as a result, the wideband slopes are given by
0,TP, ? 6,TP;
_ . - -
log,Ez, { e Nolog,2 ' E e Nolog,2
Nolog, 2)Z
S=2 -
! ( 0T 6,TP, 6,TP, (86)
- 5 - 5
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2 ( 6,T 0,TP, 6,TP, (87)

- P - A
Pi[EZz ¢ Nolog,2 221 +2tP1PE, e Nolog,2 2122

After solving for 7 in (86) and (87) and subtracting the
resulting equations, we have the third condition in (36). O

8. Proof of Theorem 9

Similar to Theorem 4, we here present the derivation for
S1 for the case when the decoding order is (1,2) when z,
<g(z1, SNR;), and the decoding order is (2,1) when z, >g
(z1, SNR;). The second derivative of (31) is

2¢, ¢ (br11 — 1)

— 88
01T 6:Tp7 59

Cio) =~

where @, and ¢, are (72) and (73), respectively, and
é, is given by
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By letting ¢ = 0 and recalling (75) and (76), we can
show that

) 0,7P, 0,7P,

P - @ PP, - a

(N‘) E., {e Nolog2 21+ [ 50, Nolog.2" 2 2p (21, 20) dzadey
o

NG
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£, fe Nolog:2”

(90)
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Combining (78) and (90) with (11), we have

2
S = 2(Nglogez)

0T
0,TP, ? 6,TP,
- & - &
log,E., {e Nolog,2 E., {e Nolog,2
91)
6,TP,; 6,TP;
. - 2 o - 2
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Following similar steps, we can derive that
Nolog,2\?
8 =2
0,7
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(92)
6,TP, 0,TP,

. - o o - 2
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If the decoding order is (2,1) when z, <g(z;, SNR;),
and is (1,2) when z; >g(z; , SNR;), following the steps
described above, we can obtain

2
S = 2(Nolog62)

0T
0,TP, 2 0,TP,
- . - .
log ., {e Nolog2" | | & 1 Nolog.2 (93)
0, TP, 0,TP,
) - 2 - - o
PR, {e Nolog.2" 22 +2P1By f3° [ e Nolog,2™ ;2 b (21, 22)dzadzs
Nolog,2\?
S, =2 N0 %8
0.T
6,TP, 2 0,TP,
" Nolog,2” " Nolog,2”
log,E;, { e Nolog, E, {e NolO8 (94)
6,TP, 6,TP,

. - - o - 2
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Also note that the wideband slopes have non-negative
values and we have the inequalities in (37) and (38). O

9. Proof of Theorem 10
We need to compare the upper bound of the slope region
in (36) with the upper bounds of both (37) and (38).

By moving the term with g(0) to the LHS of the equa-
tion, we can rewrite (91) and (92) as
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We know that 0 < 3 < 1 and 0 £ 9, < 1 vary with
different g(0). Substitute (95) and (96) into the third
condition of (36), we can obtain

_ TPy 0TP,
log,E., e Nolog,2 ! L., eiNglogeZZ'
(N010g22)2 (1 1 )
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=Vi+72
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Following similar steps, we can get from (93) and (94)

0,TP, 2 6P,

log, E., E_Nulogezz' Es, _NologQZZ'

(NologeZ)Z
0T 6,TP,

_ 2
PP, e Nolog,2 212y

e

(5, s)
S sw

6,TP, 6,TP, (100)
log,E., ?/,7Nolog¢,2z2 k., eiNglogEZZ'
+(Nolog£2)1 (1 1 )
6,1 6,TP, S S°
PPk, e_NolOgezlzzlzz
=2=-n-n

Considering (99) and (100), we know that either y; +
% or 2 - ¥; - ¥, must be less than 1, which implies that
variable decoding order achieves points outside the
region attained with fixed decoding order, proving the
theorem. O

Endnotes

*We note that the expressions in (9) and (11) differ from
those in [1] by a constant factor due to the fact that we
assume that the units of Cg is bits/s/Hz rather than
nats/s/Hz. ®The partition function can in general be a
function of z; as well, i.e., g(SNR;) = g(z;, SNR;). ‘As
discussed in [13,14], wideband and low-power regimes
are equivalent if rich multipath fading is experienced.
Hence, in such a case, the same minimum bit energy
and wideband slope expressions are obtained in both
regimes.
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