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Abstract

Physical-layer network coding (PNC) is a novel cooperative technique for two-way relay channel (TRC), where two
users exchange information via intermediate relay node(s). On the other hand, the issue of green communications
to reduce energy consumption has recently started to arouse much attention. This article studies the energy-
efficient resource allocation problem for orthogonal frequency division multiple access (OFDMA)-based TRC with
PNC. In particular, resource allocation for multi-user, multi-relay OFDMA systems is vital for the optimization of
power allocation, relay selection and subcarrier assignment. By applying convex optimization techniques, an
optimal resource allocation scheme is proposed to minimize total transmit power with required rates. Numerical
simulations show that the proposed scheme provides diversity gain compared to the single relay network, and
PNC gain relative to the TRC without PNC.

1 Introduction
Wireless relay was introduced in 3GPP-LTE-Advanced
[1] for throughput enhancement and coverage extension
without requiring large transmit powers. However, prac-
tical relay systems typically consider half-duplex mode
[2], where relay nodes cannot transmit and receive
simultaneously. For the purpose of overcoming the spec-
tral loss of half-duplex relay, physical-layer network cod-
ing (PNC) [3-7] was proposed in two-way relay channel
(TRC), where two users wanted to exchange information
with each other via relay node(s).
Compared with the traditional one-way relay schemes

that need four time slots to finish information exchange
in TRC, network coding (NC) scheme [8] needs three
time slots. PNC makes use of the additive nature of
simultaneously arriving electromagnetic waves for
equivalent network coding operation at physical layer.
The number of required time slots of PNC is reduced to
two: in the first time slot, two users transmit their sig-
nals simultaneously to relay node(s); then in the second
time slot, relay node(s) broadcast the processed version

of the received superimposed signal to the two users.
Distinguished by the process function of relay node(s),
PNC has several sub-protocols, such as denoise-and-for-
ward (PNC-DNF) [3,4], decode-and-forward (PNC-DF)
[5] and amplify-and-forward (PNC-AF) [5-7]. To the
best of authors’ knowledge, PNC-AF is the only protocol
of PNC that has been demonstrated in a practical sys-
tem with a bit rate of 500 kbps [6]. Since PNC-AF is
most likely to be realized in practical systems also more
widely, this article will focus on PNC-AF.
OFDM/OFDMA is one of the most important trans-

mission techniques for future wireless communication
systems. In addition, TRC with PNC that employs
OFDM/OFDMA has recently attracted considerable
attention. Maximizing the system rate by varying the
power allocation and tone permutation in TRC with sin-
gle relay over OFDM was considered in [9]. Power allo-
cation to maximize the sum-rate under the total power
constraint was developed for a TRC exchanging OFDM
signals via a single relay in [10,11]. The resource alloca-
tion problem for the OFDMA-based multiuser TRC sys-
tem was investigated by [12], where an iterative
algorithm was proposed to maximize the sum-rate. In
[13], adaptive subcarrier allocation was proposed to
maximize the achievable sum-rate for a multi-user
multi-relay OFDMA-based TRC. In summary, the past
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literatures mainly focus on maximizing sum-rate to
achieve full system load, which rarely happens in practi-
cal systems, even at peak traffic hours [14]. Hence, the
systems optimized for full system load should be rede-
signed for arbitrary system load to achieve better energy
efficiency.
In this article, an energy-efficient resource allocation

to minimize transmit power consumption with required
link rates is considered for OFDMA-based TRC with
PNC. Additionally, OFDMA-based TRC indicates that
the subcarriers of an OFDM symbol can be shared by
multiple relay nodes. The main contributions of our
study are:

• An optimal energy-efficient resource allocation is
proposed with joint power allocation, relay selection
and subcarrier assignment. To the best of authors’
knowledge, this problem is considered for the first
time in OFDMA-based TRC with PNC and multiple
relay nodes.
• The best energy-efficient subcarrier assignment for
OFDMA-based TRC with PNC is proved to be an
opportunistic subcarrier assignment, where each
subcarrier is assigned to a unique relay node.
• The closed-form expressions of optimal power
allocation, relay selection, subcarrier assignment and
minimum transmit power consumption are derived
through convex optimization techniques.

This article is organized as follows. In Section 2, the
system model is given. In Section 3, energy-efficient
resource allocation problem is formulated as an optimi-
zation problem, which has been decomposed to N per-
subcarrier problems. In Section 4, the per-subcarrier
problem is solved and the joint power allocation, relay
selection and subcarrier assignment scheme is proposed
to achieve the minimum transmit power consumption.
Section 5 gives numerical simulations and performance

analysis under the energy efficiency evaluation frame-
work (E3F) provided in EARTH project [15]. Conclu-
sions are given in the last section.
Notation: [●]T denotes the transpose of vector. |●|

denotes the scalar norm. For vectors, ≽ and = are used
to indicate the componentwise inequality and equality,
respectively.

2 System model
This article considers a TRC with multiple relay nodes
as shown in Figure 1, which has two users, K half-
duplex relay nodes and N subcarriers. Suppose that
users S1 and S2 intend to exchange information with
each other and there is no direct path between the two
users. Hence, the exchange will be finished with the
assistance of the relay nodes. It is assumed that all the
nodes are equipped with a single antenna and operated
in a time division duplexing (TDD) mode. Assuming
channel reciprocity, which is justified by the TDD
mode, given that the duplexing period is small com-
pared to channel coherence time, the complex channel
coefficient from Si to Ri is same as channel from Ri to
Si. Since OFDM divides the wideband signal into many
narrowband subcarriers, with proper cyclic prefixing, the
individual subcarriers in an OFDM signal experience
frequency-flat fading. For generality, we also assume
that the subcarrier responses depend in the general case
on subcarrier index which is denoted here by n. The
amount of correlation between different subcarriers
depends on the relation of channel coherence band-
width and subcarrier spacing. In terms of mobility and
Doppler spread, we assume that the channel coherence
time is long compared to OFDM symbol duration.
Accordingly, this article considers a quasi-static fading
channel for which the channels are constant within one
frame but change independently from one frame to
another. Furthermore, we also assume that the radio
channels corresponding to different relay nodes are
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Figure 1 OFDMA-based TRC with K relay nodes and N subcarriers.
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mutually independent. In addition, the complex channel
coefficient on the nth subcarrier between S1 and Ri, and

S2 and Ri are denoted by h(n)i
and g(n)i

, respectively,

while the Additive White Gaussian Noise (AWGN) at
S1, S2, and Ri on the nth subcarrier are denoted by

u(n)i ,and u(n)i ,respectively.

The considered PNC-AF protocol finishes the infor-
mation exchange in two time slots. In the first time slot
for multiple access phase, user S1 transmit data symbol

x(n)1 with power P(n)
s,1 on the nth subcarrier, while user S2

transmit x(n)2
with power P(n)

s,2 . Assuming perfect syn-

chronization, the received signal at relay node Ri on nth
subcarrier is expressed as:

y(n)i = h(n)i

√
P(n)
s,1 x

(n)
1 + g(n)i

√
P(n)
s,2 x

(n)
2 + u(n)i

(1)

Then, if the relay node Ri is selected to participate in
transmission and assigned with the nth subcarrier, Ri

will amplify the received signal on the nth subcarrier by

multiplying y(n)i
with amplification factor

√
α
(n)
i . To

make the transmitted power at Ri on the nth subcarrier

equal to P(n)
r,i , the factor α

(n)
i

is expressed as

α
(n)
i =

P(n)
r,i

|h(n)i |2P(n)
s,1 + |g(n)i |2P(n)

s,2 +N0W
(2)

where N0 is power spectral density of AWGN and W
denotes the subcarrier bandwidth.
Let τi and ri(n) be the relay selection indicator variable

and subcarrier assignment indicator variable on nth sub-
carrier, respectively, where

τi =
{
1, when Ri is selected to patriciate in transmission
0, otherwise

(3)

and

ρ
(n)
i =

{
1, when the nth subcarrier is assigned to Ri

0, otherwise
(4)

By taking ρ
(n)
i

and τi into account, we use√
τiρ

(n)
i α

(n)
i

as a general scale factor for Ri on nth sub-

carrier. It is noted that the nth subcarrier of relay node
Ri is marked as free subcarrier (as shown in Figure 1),

while ρ
(n)
i

is equal to zero.

In the second time slot for broadcast phase, all the
relay nodes broadcast the scaled signals to the two
users. The received signals at S 1 and S 2 on the nth
subcarrier are given, respectively, by

z̃(n)1 =
K∑
i=1

h(n)i

√
τiρ

(n)
i α

(n)
i y(n)i + v(n)1 (5)

and

z̃(n)2 =
K∑
i=1

g(n)i

√
τiρ

(n)
i α

(n)
i y(n)i + v(n)2 (6)

Assuming that channel state information (CSI) is
available, each user can cancel its own transmit signal
component from the received signal. Therefore, the
resulting signals at S1 and S2 on the nth subcarrier can
be written as

z(n)1 =
K∑
i=1

h(n)i

√
τiρ

(n)
i α

(n)
i

(
g(n)i

√
P(n)
s,2 x

(n)
2 + u(n)i

)
+ v(n)1 (7)

and

z(n)2 =
K∑
i=1

g(n)i

√
τiρ

(n)
i α

(n)
i

(
h(n)i

√
P(n)
s,1 x

(n)
1 + u(n)i

)
+ v(n)2 (8)

3 Problem formulation and simplification
In this section, the optimal energy-efficient resource
allocation is formulated as a joint optimization of power
allocation, relay selection and subcarrier assignment to
achieve the minimum transmit power consumption with
required link rates. With the mathematical analysis, the
optimization problem has been decomposed into N sub-
problems. Then, the subproblems are simplified by
using the Karush-Kuhn-Tucker (KKT) condition.

3.1 Problem formulation
The objective is to find the optimal subcarrier assign-

ment {ρ(n)
i } , relay selection {τi} and power allocation

{P(n)
s,1 ,P

(n)
s,2 ,P

(n)
r,i } that minimize the overall transmit power

subject to satisfying each link’s rate requirement r̄1 and
r̄2 in bit/s for links S1 ® relay(s) ® S2 and S2 ® relay
(s) ® S1, respectively. The optimization is formulated as
(Problem 3.1):

minimize
P(n)s,1 ,P

(n)
s,2 ,P

(n)
r,i ,ρ

(n)
i ,τi,∀i

N∑
n=1

(
P(n)
s,1 + P(n)

s,2 +
K∑
i=1

τiρ
(n)
i P(n)

r,i

)
(9)

subject to
N∑
n=1

r(n)1 ≥ r̄1,
N∑
n=1

r(n)2 ≥ r̄2 (10)

P(n)
s,1 ≥ 0,P(n)

s,2 ≥ 0,P(n)
r,i ≥ 0∀i,n (11)

Zhou et al. EURASIP Journal on Wireless Communications and Networking 2012, 2012:66
http://jwcn.eurasipjournals.com/content/2012/1/66

Page 3 of 11



ρ
(n)
i ∈ {0, 1}, τi ∈ { 0,1} ∀i,n (12)

where r(n)1 and r(n)2 are the achievable rates on the nth

subcarrier for links S1 ® relay(s) ® S2 and S2 ® relay
(s) ® S1, respectively. From (7) and (8), the expressions

of r(n)1 and r(n)2 are given by

r(n)1 =
1
2
Wlog2

⎛
⎜⎜⎜⎝1 +

K∑
i=1

τiρ
(n)
i |g(n)i |2|h(n)i |2α(n)

i P(n)
s,1(

1 +
K∑
i=1

τiρ
(n)
i |g(n)i |2α(n)

i

)
N0W

⎞
⎟⎟⎟⎠ (13)

and

r(n)2 =
1
2
Wlog2

⎛
⎜⎜⎜⎝1 +

K∑
i=1

τiρ
(n)
i |g(n)i |2|h(n)i |2α(n)

i P(n)
s,2(

1 +
K∑
i=1

τiρ
(n)
i |h(n)i |2α(n)

i

)
N0W

⎞
⎟⎟⎟⎠ (14)

The factor 1/2 comes from the two time slots required
by messages exchange. However, Problem 3.1 has high
computational complexity, while optimum values of K
(2N+1)+2N variables need to be found. Some simplifica-
tions will be implemented in the following section.

3.2 Problem simplification
Equal rate allocation is considered in this article to sim-
plify the complexity of problem. On average, the rate of

each subcarrier is r̄1
N bps for link S1 ® relay(s) ® S2 and

r̄2
N bps in the reverse direction. Since the separate rate

requirement on each subcarrier is known, Problem 3.1
is decomposed to N independent subproblems to find
the minimum transmit power consumption on per-sub-
carrier basis. The optimization problem on the nth sub-
carrier can be expressed now as (Problem 3.2):

minimize
P(n)s,1 ,P

(n)
s,2 ,P

(n)
r,i ,ρ

(n)
i ,τi,∀i

P(n)
s,1 + P(n)

s,2 +
K∑
i=1

τiρ
(n)
i P(n)

r,i (15)

subject to r(n)1 ≥ r̄1
N
, r(n)2 ≥ r̄2

N
(16)

P(n)
s,1 ≥ 0,P(n)

s,2 ≥ 0,P(n)
r,i ≥ 0∀i (17)

ρ
(n)
i ∈ {0, 1}, τi ∈ {0, 1}∀i (18)

The overall transmit power consumption will be the
sum of individual transmit power consumptions on each
subcarrier.
In mathematics, Problem 3.2 is a nonlinear program-

ming, where some of the constraints or the objective

function are nonlinear. Karush-Kuhn-Tucker (KKT)
conditions are necessary and sufficient for a solution in
nonlinear programming to be optimal [16]. By substitut-
ing (2), (13), and (14) into Problem 3.2 and applying the
KKT optimality conditions, the transmit power of S1
and S2 on the nth subcarrier can be expressed as:

P(n)
s,1 =

(
1 +

K∑
i=1

τiρ
(n)
i α

(n)
i |g(n)i |2

) (
2 2r̄1
WN − 1

)
N0W

K∑
i=1

τiρ
(n)
i α

(n)
i |g(n)i |2|h(n)i |2

(19)

and

P(n)
s,2 =

(
1 +

K∑
i=1

τiρ
(n)
i α

(n)
i |h(n)i |2

)(
2

2r̄2
WN − 1

)
N0W

K∑
i=1

τiρ
(n)
i α

(n)
i |g(n)i |2|h(n)i |2

(20)

Observation 1: It is observed that at least one subcar-
rier should be assigned to relay node Ri, if Ri is selected.
Hence the relay selection indicator variable can be
expressed as

τi = sgn

(
N∑
n=1

ρ
(n)
i

)
(21)

where sgn(x) =
{
1 ∀x > 0
0∀x ≤ 0

.

Hence, it is shown that ρ
(n)
i = τiρ

(n)
i

for the per-sub-

carrier optimization on the nth subcarrier.
By substituting (2), (19), and (20) into Problem 3.2

and using Observation 1, the optimization Problem 3.2
is reduced to the following problem formulated as (Pro-
blem 3.3):

minimize
α
(n)
i ,ρ(n)

i ,∀i
P̄(n)(α(n),ρ(n)) (22)

subject to α(n) � 0,ρ(n) ∈ {0, 1} (23)

where

α(n) =
[
α
(n)
1 ,α(n)

2 , . . . ,α(n)
K

]
,ρ(n) =

[
ρ
(n)
1 ,ρ(n)

2 , . . . ,ρ(n)
K

]
.

The expression of P̄(n)
(
α(n),ρ(n)

)
is given by

P̄(n)(α(n), ρ(n)) =

m
(
1 +

K∑
i=1

ρ
(n)
i α

(n)
i

∣∣∣g(n)i

∣∣∣2)(1 +
K∑
i=1

ρ
(n)
i α

(n)
i

∣∣∣h(n)i

∣∣∣2)(
K∑
i=1

ρ
(n)
i α

(n)
i

∣∣∣g(n)i

∣∣∣2∣∣∣h(n)i

∣∣∣2) +N0W
K∑
i=1

ρ
(n)
i α

(n)
i (24)

where m =

⎛
⎝2 2r̄1

WN + 2

2r̄2
WN − 2

⎞
⎠N0W.
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Finally, the original Problem 3.1 with K(2N+1)+2N
variables is reduced to a per-subcarrier optimization
Problem 3.3 with only 2K variables. Furthermore, Pro-
blem 3.3 has very simple constraints, where the only

requirements are that the factors α
(n)
i

should be nonne-

gative and ρ
(n)
i ∈ {0, 1}.

Remark 1: Problem 3.3 is to find the minimum power
consumption on the nth subcarrier. If Problem 3.3 is
solved, the minimum power consumption on the other
subcarriers can also be obtained with the similar steps.
Accordingly, the overall minimum power consumption
will be the sum of transmit power consumptions on
each subcarrier. In the following section, more detailed
mathematical analysis will be carried out around the
per-subcarrier optimization Problem 3.3.

4 Per-subcarrier optimization
Problem 3.3 is a mixed binary integer programming pro-
blem, which considers the minimum power consump-
tion on the nth subcarrier. However, it is prohibitive to
find the global optimum in terms of computational
complexity. To obtain the global optimum, an exhaus-
tive search is needed throughout the subcarrier assign-
ment vectors r(n) and amplification factor vectors a(n) to
find the overall minimum transmit power. Before sol-
ving the Problem 3.3 with optimal subcarrier assignment
vector r(n), we first propose an energy-efficient resource
allocation scheme with opportunistic subcarrier assign-
ment in 4.1. Then, the proposed heuristic scheme is
proved to be the optimal solution of Problem 3.3 in Sec-
tion 4.2.

4.1 Energy-efficient resource allocation with opportunistic
subcarrier assignment
This section considers the Problem 3.3 with an opportu-
nistic subcarrier assignment, where each subcarrier is
assigned to an unique relay node. Hence, Problem 3.3 is
divided into a power allocation and a opportunistic sub-
carrier assignment problem.
Power allocation criterion: It is assumed that the nth

subcarrier is only assigned to relay node Rd. Under this
assumption, we can determine the subcarrier assign-
ments r(n), which are directly given by

ρ
(n)
i =

{
1 ∀i = d
0∀i �= d

(25)

By substituting (25) into Problem 3.3, the problem
becomes easy to solve. Hence, the solution is given
directly as:

ᾱ
(n)
d =

√
m

|g(n)d |2|h(n)d |2(m +N0W)
(26)

P̄(n)(d) =
m

|g(n)d |2
+

m

|h(n)d |2
+ 2

√
m(m +N0W)

|g(n)d |2|h(n)d |2
(27)

where ᾱ
(n)
d

is the optimum point to achieve the mini-

mum transmit power consumption P̄(n)(d) on nth sub-
carrier, while it is only assigned to relay node Rd. By

substituting ᾱ
(n)
d

and (25) into (9), (19), and (20), the

closed-form expression of power allocated to two users
and relay node Rd on nth subcarrier can be expressed
as:

P̄(n)
s,1 =

(
1 + ᾱ

(n)
d |g(n)d |2

)⎛⎝2 2r̄1
WN − 1

⎞
⎠N0W

ᾱ
(n)
d |g(n)d |2|h(n)d |2

(28)

P̄(n)
s,2 =

(
1 + ᾱ

(n)
d |h(n)d |2

)⎛⎝2 2r̄2
WN − 1

⎞
⎠N0W

ᾱ
(n)
d |g(n)d |2|h(n)d |2

(29)

P̄(n)
r,d = ᾱ

(n)
d

(
|h(n)d |2P̄(n)

s,1 + |g(n)d |2P̄(n)
s,2 + 1

)
(30)

Opportunistic subcarrier assignment criterion: The
index d̃ of the relay node assigned with the nth subcar-
rier is determined as

d̃ = arg min
d=1,2,...,K

{
P̄(n)(d)

}
(31)

Remark 2: To summarize shortly, the energy-efficient
resource allocation algorithm on the nth subcarrier with
opportunistic subcarrier assignment approach proposed
above has two steps: First, the nth subcarrier is assigned
to the best relay Rd̃ by opportunistic subcarrier assign-
ment criterion. Then, optimal transmit power deter-
mined by power allocation criterion will be allocated to
S1, S2, and Rd̃ on the nth subcarrier. The minimum

transmit power consumption P(n)
o on the nth subcarrier

of this scheme is given by P(n)
o = P̄(n)

(
d̃
)
.

4.2 Energy-efficient resource allocation with optimal
subcarrier assignment
In this section, it is proved that the above opportunistic
two-step resource allocation algorithm is also the opti-
mum method in terms of energy-efficiency. This is for-
mulated with the following Theorem:
Theorem 1 In multi-relay OFDMA-based TRC with

PNC, the opportunistic subcarrier assignment is the
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optimal energy-efficient subcarrier assignment scheme, in
which the nth subcarrier is assigned to the best relay
node from the K candidate relay nodes.
Proof: Two steps are needed to complete the proof.

We first consider the necessary and sufficient conditions
of Theorem 1, and then solve its corresponding mathe-
matical problem.
Step 1: Necessary and sufficient conditions of Theo-

rem 1: If opportunistic subcarrier assignment is the
optimal scheme, the minimum transmit power con-

sumption on the nth subcarrier is P(n)
o , which is given

in Section 4.1. Since P̄(n)
(
α(n),ρ(n)

)
is the transmit

power consumption on the nth subcarrier, Theorem 1

will be proved if we can prove that P̄(n)
(
α(n),ρ(n)

)
can-

not have a value less than P(n)
o in the feasible region.

The mathematical expressions of the necessary and suf-
ficient conditions are

P̄(n)
(
α(n),ρ(n)

)
− P(n)

o ≥ 0

α(n) � 0, ρ(n) ∈ {0, 1}
(32)

Thus to prove Theorem 1, we start by showing that the
left-hand side of (32) is positive. Let
�1×K = [ζ1, ζ2, . . . , ζK]︸ ︷︷ ︸

K

,
where ζk = ρ

(n)
i α

(n)
i . Since

P̄(n)
(
α(n),ρ(n)

)
has positive denominator, proof of (32)

transforms to solving the following optimization problem

minimize f (�1×K) (33)

subject to �1×K � 0 (34)

where f(Ξ1 × K) is the left-hand side of (32) multiplied
by its denominator and is expressed in more details by
(35).

f (�1×K) =
(
P̄(n)

(
α(n),ρ(n)

)
− P(n)

o

)( K∑
i=1

ρ
(n)
i α

(n)
i |g(n)i |2|h(n)i |2

)

= m

(
1 +

K∑
i=1

ζi|g(n)i |2
)(

1 +
K∑
i=1

ζi|h(n)i |2
)
+

(
N0W

K∑
i=1

ζi − P(n)
o

)(
K∑
i=1

ζi|g(n)i |2|h(n)i |2
) (35)

Hence, the necessary and sufficient condition of Theo-
rem 1 is that the minimum value of f(Ξ1 × K) is nonne-
gative in the feasible region.
Step 2: Solution of the corresponding optimization pro-

blem of necessary and sufficient conditions: Let

γ = P(n)
o /N0W. It is obvious that f(Ξ1 × K) is strictly

increasing with ζi, when ζi >g. So the minimum value of f
(Ξ1 × K) is not changed while we change the constrained
condition Ξ1 × K ≽ 0 to g ≽ Ξ1 × K ≽ 0. So the correspond-
ing mathematical problem can be rewritten as:

minimize f (�1×K) (36)

subject to γ � �1×K � 0 (37)

Since ΛK = {g ≽ Ξ1 × K ≽ 0} is a closed and bounded
set and f(Ξ1 × K) : Λ

K®ℝ is continuous, problem (36)
has a solution [[17], Theorem 0.3]. We consider here
the second-order necessary conditions for optimality
[[18], Chapter 11.5] of problem (36). The Hessian
matrix of f(Ξ1 × K) is

∇2f (�1×K) =

⎡
⎢⎢⎢⎣

ψ(1) ϑ(1, 2) · · · ϑ(1,K)
ϑ(2, 1) ψ(2) · · · ϑ(2,K)

...
...

. . .
...

ϑ(K, 1) ϑ(K, 2) · · · ψ(K)

⎤
⎥⎥⎥⎦ (38)

where ψ(i) = 2|g(n)i |2|h(n)i |2(m +N0W) and

ϑ(i, j) = ϑ(j, i) = |g(n)i |2|h(n)i |2N0W + |gj|2|hj|2N0W + |g(n)i |2|hj|2m+ |gj|2|h(n)i |2m.

The first-order leading principal minors of f(Ξ1 × K) is
ψ(1), which is positive. The second-order leading princi-
pal minors of f(Ξ1 × K) is that:

|∇2f (�1×K)2×2| = ψ(1)ψ(2) − ϑ(1, 2)ϑ(2, 1) ≤ 0 (39)

According to the Sylvester’s criterion [[18], Theorem
7.2.5], ∇2f(Ξ1 × K)must be positive semi-definite matrix
(PSM) or indefinite matrix (IM). Next, we will prove
that minimum value of f(Ξ1 × K) is nonnegative in cases
where ∇2f(Ξ1 × K) is either PSM or IM.
(1) ∇2f(Ξ1 × K) is PSM: It means all the second-order

principal minors of ∇2f(Ξ1 × K) must be zero. So, it is
derived that

g(n)1 = g(n)2 = · · · = g(n)k = h(n)1 = h(n)2 = · · · = h(n)k . In this

condition, it is obvious that

fmin(�1×K) = 0,while ∇2f (�1×K) is PSM (40)

where fmin(Ξ1 × K) is the minimum value of function f
(Ξ1 × K) in the feasible region.
(2) ∇2f(Ξ1 × K) is IM: According to [[20], Section III],

function (25) has no extreme points, in other words
the minimum value must be obtained on the domain
boundary (one of the ζi equals to 0 or g). The values
on boundary are expressed as bg (w) = fmin(ζ1, . . ., ζw-
1, ζw+1, . . . , ζK) and b0(w) = fmin(ζ1, . . . , ζw-1, 0, ζw+1,
. . . , ζK). Hence, the minimum value of f(Ξ1 × K) is
fmin(Ξ1 × K) = min(bg (1), bg (2), . . . , bg (K), b0(1), b0
(2), . . . , b0(K)). If we can prove that bg (w) ≥ 0 and
b0(w) ≥ 0, ∀w = 1, 2, . . . , K, the minimum value of
function f(Ξ1 × K) will be positive. We can easily prove
that

bγ (w) = f (0, . . . , 0, γ , 0, . . . , 0)

= m
(
1 + γ |g(n)w |2

) (
1 + γ |h(n)w |2

)
> 0

(41)
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Next, we will prove b0(w) ≥ 0. It is first known that

b0(K) = f (ζ1, . . . , ζK−1, 0)

= m

(
1 +

K−1∑
i=1

ζi|g(n)i |2
)(

1 +
K−1∑
i=1

ζi|h(n)i |2
)

+

(
N0W

K−1∑
i=1

ζi − P(n)
o

)(
K−1∑
i=1

ζi|g(n)i |2|h(n)i |2
)

= f (�1×(K−1))

(42)

If we can now prove that b0(K) = f(Ξ1 × (K-1)) ≥ 0, it
can be extended to prove b0(w) ≥ 0, ∀w = {1, 2, . . . , K}
straightforwardly. Then, the problem degenerates to
prove f(Ξ1 × (K-1)) ≥ 0.
With the similar discussion repeated from step 2 and

K-2 times iteration, the problem will degenerate to
prove f(Ξ1 × 1) = f(ζi) ≥ 0. We know that

f (ζi) = m
(
|g(n)i |2ζi + 1

) (
|h(n)i |2ζi + 1

)
+
(
N0Wζi − P(n)

o

)
|g(n)i |2|h(n)i |2ζi.

The minimum value of f (ζi) is denoted by fmin(ζi), which
is given by (43).

fmin(ζi) = f

(
P(n)
o |g(n)i |2|h(n)i |2 − m|g(n)i |2 − m|h(n)i |2

2(m +N0W)|g(n)i |2|h(n)i |2

)

=
|h(n)i |2m

(
2|g(n)i |2|h(n)i |2P(n)

o + 2|g(n)i |2m + 4|g(n)i |2N0W − |h(n)i |2m
)

− |g(n)i |4
(
|h(n)i |2P(n)

o − m
)2

4|g(n)i |2|h(n)i |2(m +N0W)

(43)

Next, we will prove that fmin(ζi) ≥ 0. Assume first that

ϕ(P(n)
o ) = 4|g(n)i |2|h(n)i |2(m +N0W)fmin(ζi) = 0 (44)

The two real roots of (44) are

ε1,2 =
m

|g(n)i |2
+

m

|h(n)i |2
± 2

√
m(m +N0W)

|g(n)i |2|h(n)i |2
(45)

From the definition of P(n)
o , we have ε2 ≤ P(n)

o ≤ ε1,

which implies ϕ(P(n)
o ) ≥ 0 and then fmin(ζi) ≥ 0. Finally,

it is known that b0(K) = f(Ξ1 × (K-1)) ≥ 0, which can be
extended to prove b0(w) ≥ 0, ∀w = 1, 2, . . . , K
straightforwardly.
Since bg (w) ≥ 0 and b0(w) ≥ 0, ∀w = {1, 2, . . . , K} are

proved, the following result has been achieved

fmin(�1×K) ≥ 0,while ∇2f (�1×K) is IM (46)

From (40) and (46), it is then clear that the minimum
value of f(Ξ1 × K) is nonnegative. The necessary and suf-
ficient conditions of Theorem 1 discussed in step 1 are
thus satisfied. Theorem 1 is proved. ■
From Theorem 1, it is known that the proposed

opportunistic subcarrier assignment criterion is the opti-
mal energy-efficient criterion in multi-user multi-relay
OFDMA-based TRC with PNC-AF.
Remark 3: The overall optimal energy-efficient

resource allocation algorithm is described in the Figure

2. As discussed in Section 3.2, resource allocation has
been decomposed into N independent subproblems on
the subcarriers. Then, the per-subcarrier resource allo-
cation is implemented from the subcarrier 1 to N.
Finally, the subcarrier assignment, relay selection indica-
tor variables are calculated and the minimum power
consumption is achieved.

5 Performance analysis
To capture the energy efficiency perspective in the ana-
lysis, we employ the energy consumption index (ECI)
from EARTH project [15]. ECI provides the energy per
bit, which is defined as the energy consumption (E) dur-
ing the observation period (T) divided by the total
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by Eq.(27)
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d> K ?

yes

no

( )nP d

( ) ( ) ?n n
oP d P

( ) ( ) ,n n
oP P d d dd d

( ) ( ) ( )
,1 ,2 ,, ,n n n
s s r dP P P )

d

( )n
oP
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initialize to a
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Obtain
by Eq.(28)-(30)

n=n+1

n> N ?
no

yes

no
Search the

optimal
resource

allocation on
the nth
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which has

been solved in
section 4

( )

( )

1

a) Subcarrier assignment  by Eq.(25)
b) Relay selection indicator  by Eq.(21)

c) Total power consunmption by 

n
i

i
N

n
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i
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Start
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index n to 1

Figure 2 Flow chart of resource allocation algorithm.
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number of bits (B) that were correctly delivered in the
network during the same time period. For the two-way
relay networks, ECI can be expressed as:

ECIE/B =
E

B
=

1
2Ptotal
(r̄1 + r̄2)

[Joule/bit] (47)

where Ptotal is the overall transmit power required to
deliver required rates r̄1 and r̄2 , and the factor 1/2
comes from the two time slots required by messages

exchange. We assume that the spectral density of noise,
denoted by N0, is equal to -174 dBm/Hz and all the sub-
carrier complex gains are realized independently
through complex normal distribution of the form

CN
(
0, 1

(1+di,j)
�/2

)
, where di,j is the distance between

node i and node j, and the path loss exponent Δ is 3.
We assume that L is the distance between two users
and all the relay nodes are randomly distributed
between them.
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Figure 3 PNC gain with symmetric rate pair, where r̄1 = r̄2,K = 1, W = 15 kHz, N = 128, L = 1000 m.
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The ECI of each scheme is averaged over 1 × 108

independent realizations of relay’ location by Monte-
Carlo simulation.
PNC gain is depicted in Figures 3 and 4, in which ECI

of PNC-AF, NC, one-way relay AF and one-way relay
DF with Optimal Energy-efficient Resource Allocation
(OERA) are compared for TRC with single relay (SR-
TRC). ECI with symmetric rates denoted by r̄1 = r̄2 is
shown in Figure 3, which depicts that ECI increases
with the sum-rate and that PNC-AF achieves PNC gain
to greatly reduce the ECI compared with the other
schemes. ECI with asymmetric rates is shown in Figure
4, where the X-coordinate is the ratio of r̄1 to the fixed
sum-rate with r̄1 + r̄2 = 3.84Mbit/s. Compared with
other schemes, Figure 4 depicts PNC gain increases with
the gap between r̄1 and r̄2 and minimum ECI is
achieved while r̄1 = r̄2.
Diversity gain is demonstrated in Figure 5, in which

PNC-AF with OERA in SR-TRC and TRC with K =
[2,5,20] relay nodes (KR-TRC) are compared. The simu-
lation depicts that PNC-AF with multiple relay nodes
achieves great diversity gain which is directly propor-
tional to the number of relay nodes, and the minimum
ECI is achieved while r̄1 = r̄2.
Figure 6 depicts the power allocation between S1, S2

and relay node(s). The X-coordinate is the ratio of 1000
to fixed sum-rate. Simulation shows that the average
transmit power allocated to S1 is directly proportional to
the ratio of r̄1 to fixed sum-rate, while average transmit
power allocated to S2 is inversely proportional to the

ratio. The transmit power of relay node(s) is minimum
in symmetric rate pair condition, in which r̄1 = r̄2.

6 Conclusion and discussion
In this article, we studied multi-user, multi-relay
OFDMA-based two-way relay network with PNC-AF
protocol. An optimal energy-efficient resource allocation
with joint power allocation, relay selection and subcar-
rier assignment to achieve the minimum transmit power
consumption with required link rate pair were derived.
From the analysis, we proved that the optimal subcarrier
assignment criterion in energy efficiency sense is an
opportunistic subcarrier assignment, in which a subcar-
rier is assigned to a unique relay node. Based on the
proof, the closed-form expressions of power allocation,
relay selection, subcarrier assignment and minimum
transmit power consumption were derived. The simula-
tions confirmed the proposed scheme is far superior to
the other existing schemes in terms of energy efficiency.
It was also observed that energy efficiency of TRC is
generally better with symmetric symmetric rate pair
than asymmetric rate pair.
Beside the scenario considered in this article, energy

efficiency can be further improved with more complex
schemes, e.g., adaptive bit allocation on subcarriers and
phase alignment operation at relay nodes. Furthermore,
the analysis of energy efficiency is based on Shannon
capacity expressions in this article, which do not take
into account the impact of practical channel coding,
modulation and retransmission methods. Hence, the
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Figure 5 Diversity gain with asymmetric rate pair, where r̄1 + r̄2 = 3.84 Mbit/s, W = 15 kHz, N = 128, L = 1000 m, and K = 1, 2, 5,
20.
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consideration of energy efficiency in more practical sce-
narios will be another future research item.
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