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Abstract
In this paper, we analyze the packet transmission time in spectrum sharing systems where a secondary user (SU)
simultaneously accesses the spectrum licensed to primary users (PUs). In particular, under the assumption of an
independent identical distributed Rayleigh block fading channel, we investigate the effect of the peak interference
power constraint imposed by multiple PUs on the packet transmission time of the SU. Utilizing the concept of
timeout, exact closed-form expressions of outage probability and average packet transmission time of the SU are
derived. In addition, employing the characteristics of the M/G/1 queuing model, the impact of the number of PUs
and their peak interference power constraint on the stable transmission condition and the average waiting time of
packets at the SU are examined. Moreover, we then extend the analysis for point-to-point to point-to-multipoint
communications allowing for multiple SUs and derive the related closed-form expressions for outage probability and
successful transmission probability for the best channel condition. Numerical results are provided to corroborate our
theoretical results and to illustrate applications of the derived closed-form expressions for performance evaluation of
cognitive radio networks.

Keywords: cognitive radio networks; spectrum sharing; outage probability; packet transmission time; queueing
analysis.

1 Introduction
Radio spectrum is one of themost precious and limited re-
sources in wireless communications. It has become scarce
due to the rapid growth of a variety of mobile devices and
the emerging of many new mobile services. However, re-
cent measurement campaigns conducted by the Federal
Communications Commission in the United States have
revealed that vast portions of the allocated spectrum are
heavily under-utilized []. Clearly, the scarcity of the spec-
trum is due to its inefficient usage rather than a shortage of
spectrum resources. As a consequence, the spectrum uti-
lization problem has become more crucial and has stim-
ulated new research such as extensive work on cognitive
radio networks (CRN) []. In CRNs, there are two types
of users who are referred to as primary user (PU) and sec-
ondary user (SU). The PU licenses the spectrum while a
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SU may access the spectrum owned by the PU provided
that it does not compromise the quality of service (QoS)
delivered to the PU. Therefore, a major challenge with the
design of CRNs is to maintain the desirable QoS at the PU
while offering a sufficiently high transmission rate to the
SUs.
Recently, the spectrum sharing approach is considered

as a promising solution to utilize the licensed radio fre-
quency. Particularly, the SU and the PU can transmit si-
multaneously as long as the interference caused by the
SU to the PU is lower than a predefined threshold. In [],
considering different fading channels, the ergodic capacity
of the spectrum sharing system is investigated for either
peak interference power constraint or average received in-
terference power at the PU-Rx. This work has revealed
that if the link from the secondary transmitter (SU-Tx) to
the primary receiver (PU-Rx) resides in a deep fade, the
power of the SU-Tx can be increased to improve the link
to the SU-Rx without compromising the peak interference
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power constraint. Later, the fundamental capacity limits
with imperfect channel knowledge have been studied in
[, ]. In [], the authors have considered a new sophis-
ticated approach for spectrum sharing systems where the
impact of channel knowledge on the performance of a sec-
ondary user has been studied. The results show that the
channel knowledge of the PU-Tx → PU-Rx link is impor-
tant tomitigate the interference from the SU-Tx→ PU-Rx
link while the channel knowledge of the SU-Tx → PU-Rx
link has little impact on the SU capacity. In [], different
notions of capacity are investigated for the Rayleigh fad-
ing channel subject to both the peak and average inter-
ference power constraints. Especially, the ergodic capac-
ity and outage capacity which are considered suitable for
delay-insensitive and delay-sensitive applications are stud-
ied. In [–], the novel concept of effective capacity has
been introduced to investigate the QoS requirements such
as delay constraint in wireless communication systems. In
particular, the effective capacity is defined as themaximum
constant arrival rate that can be provided by the channel
while the delay constraint of the spectrum sharing system
is satisfied []. The results in [] have also shown that for
a given peak and average interference power constraint at
the PU-Rx, the maximal effective capacity is achieved un-
der the optimal power control policy. In relation to the
delay constraint in the spectrum sharing system, in [,
], we have used another approach, which is based on the
packet transmission time to investigate the performance of
CRN. These results have revealed the impact of the peak
interference power constraint on the delay of packets for
different types of fading channels. However, we analyzed
the spectrum sharing systemwith peak interference power
constraint only for a single PU.
In this paper, we therefore extend our previous work

[] to consider the more realistic case of a CRN under
the peak interference power constraint in the presence
of multiple PUs. Specifically, we examine the delay per-
formance for two scenarios, point-to-point and point-to-
multipoint communications. In the latter scenario, we ex-
tend the investigation from multiple PUs to also allow for
multiple SUs at the receiving end. We assume that each
packet of the SU-Tx has a delay constraint. In order to not
cause harmful interference to any surrounding PU-Rx, the
SU-Tx needs to adapt its transmit power and commence
transmission before the packet delay threshold is reached.
Given this setting, in the point-to-point scenario, we de-
rive the probability density function (PDF) and cumulative
density function (CDF) for the packet transmission time,
outage probability and average transmission time of pack-
ets at the SU-Tx. Furthermore, assuming that packet ar-
rivals at the SU-Tx follow a Poisson process, the queue-
ing model for point-to-point scenario can be described as
an M/G/ system in which packet inter-arrival times are
exponentially distributed, service time is a general distri-
bution and traffic is processed by a single server. In the

point-to-multipoint scenario, also known as multicast, a
secondary base station (SBS) transmits a common packet
to all SU-Rx while keeping the peak interference power to
the surrounding PU-Rx below a given threshold. By apply-
ing the obtained PDF and CDF for the point-to-point sce-
nario, a closed-form expression for the outage probabil-
ity that the SBS cannot transmit the common packet suc-
cessfully to a number of SU-Rx are obtained. Moreover, a
closed-form expression for the probability that the SBS can
transmit the common packet successfully to all SU-Rx, i.e.
the best channel condition, is also achieved.
The rest of the paper is organized as follows. In Section ,

the system model and assumptions for the point-to-point
and point-to-multipoint scenarios are introduced. In Sec-
tion , analytical formulations for the point-to-point sce-
nario such as the PDF and CDF of the packet transmission
time, the outage probability, and the moment of packet
transmission time is derived. On this basis, queueing theo-
retical conclusions are drawn. In Section , we present the
delay performance for the point-to-multipoint scenario.
Section  provides numerical results and discussions. Fi-
nally, conclusions are presented in Section .

2 Systemmodel
In the sequel, we introduce the point-to-point and point-
to-multipoint scenarios in the context of a spectrum shar-
ing system where the SU operates in the area of multi-
ple PUs. As for the radio links between the different en-
tities, we assume identical and independent distributed
(i.i.d.) Rayleigh block fading channels with unit-mean in
the presence of additive white Gaussian noise (AWGN).
The additive noises at both SU-Rx and PU-Rx constitute
independent circular symmetric complex Gaussian ran-
dom variables with zero-mean and variance N, denoted
as CN (,N). As the SU and the PUs may transmit simul-
taneously, the interference caused by the SU to the PUs
should not exceed a certain threshold.

2.1 Point-to-point scenario
Let us consider point-to-point communications in which
an SU-Tx is transmitting packets to an SU-Rxwhile a num-
ber M of PU-Rx are operating on the primary network as
shown in Figure . The power gain of the SU-Tx → SU-Rx
link is denoted by h. Similarly, the interference channel
power gain of the SU-Tx → PU-Rxm link is denoted by gm,
m = , , . . . ,M. Note that channel state information (CSI)
of the secondary system can be provided to the SU-Tx
through feedback from the SU-Rx while CSI of the SU-Tx
to the PU-Rx can be exchanged using a dedicated common
control channel []. In our study, we follow the assump-
tion given in [, , , ] that the SU-Tx is close to the PU-
Rx but the SU-Rx is far away from the primary transmitters
(PU-Tx). Therefore, only the SU-Tx causes interference to
the PU-Rx while interference caused by the PU-Tx to the
SU-Rx is lumped with the AWGN.
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Figure 1 Point-to-point communication of the considered spectrum sharing systemwith multiple PUs (solid line: communication from
SU-Tx to SU-Rx; dashed line: interference from SU-Tx to surrounding PU-Rx).

.. Peak interference power constraint
In order to process the offered traffic, the SU-Tx is
equipped with a buffer which stores incoming packets of
the same size. The SU-Tx transforms the stored packets
into bit streams and adopts its transmission power based
on the joined CSI which shall be denoted as (M + )-tuple
(g, g, . . . , gM;h). The main objective for the considered
spectrum sharing system may be posed as to minimize
the transmission time of packets at the SU while not caus-
ing harmful interference to the PU-Rx. Following [], the
time taken by an SU-Rx to decode L bits information of a
packet can be expressed as

T =
L

B log( + γ )
� B̃

loge( + γ )
()

where B is the system bandwidth, B̃ = L loge()/B, and γ is
the signal-to-noise ratio (SNR) at the SU-Rx given by

γ =
hP

(
g, g, . . . , gM;h

)
N

()

In (), N represents the noise power spectral density and
P(g, g, . . . , gM;h) is the power allocation policy for the
SU-Tx corresponding to the joined CSI given as (g, g, . . . ,
gM;h). According to [], the transmission power of the
SU-Tx with respect to PU-Rxm should be adjusted to be
lower than an allowable level:

gmP
(
g, g, . . . , gM;h

) ≤ Qm
pk, m = , , . . . ,M ()

whereQm
pk is the peak interference power that the PU-Rxm

can tolerate without scarifying QoS. Furthermore, let us
assume that the tolerable peak interference power is the
same for all PU-Rx, i.e. Qm

pk = Qpk for m = , , . . . ,M. In
order to not cause harmful interference to any PU-Rx in
the primary system, the transmission power of the SU-Tx
must then satisfy the peak interference power constraint
given as

P
(
g, g, . . . , gM;h

) ≤ Qpk

maxm
{
gm

} ()

.. Delay constraint
As far as the transmission time of packets is concerned,
this is clearly non-deterministic due to the fading chan-
nel. In the sequel, the transmission of a packet is consid-
ered as successful if the packet transmission time is less
than a predefined threshold, tout , referred to as timeout.
Figure  shows an example of a timing diagram of packet
transmission for point-to-point communication between
SU-Tx and SU-Rx. Recall that the SU-Tx receives packets
from higher layers which it will convert into bit streams at
the lower layer prior to transmission over the fading chan-
nel. Once the SU-Rx has received a sufficient number of
bits and decoded the related packets successfully, it will re-
spond with an acknowledgement (ACK) packet that is as-
sumed to be error-free and incurs negligible delay to the
SU-Tx. This ACK indicates the SU-Tx that it can elimi-
nate the corresponding packet at the head of the buffer and
may continuewith transmitting the subsequent packets. In
the example shown in Figure , the first packet is transmit-
ted unsuccessfully as the SU-Tx does not receive an ACK
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Figure 2 Example of a timing diagram for point-to-point
communication between SU-Tx and SU-Rx.

within tout , i.e. T ≥ tout . In this case, the SU-Tx considers
the packet as dropped. In contrast, the second and third
packet are transmitted successfully as their transmission
times are less than the timeout tout , i.e. T,T < tout .

.. Queuing model for point-to-point communications
The packets arriving at the SU are stored in a buffer and
served in first-in first-out (FIFO) order. Assuming that the
packet arrival follows a Poisson process with arrival rate
λ, the considered point-to-point scenario may be mod-
eled as an M/G/ queueing system [], [] with service
time given as general distribution and the system being
equipped with a single server [].
From () and () and the peak interference power con-

straint (), we can conclude that the packet transmission
time depends on both the channel gain and the peak inter-
ference power constraint. Clearly, once the distribution of
transmission time is determined, the average waiting time
of packets at the SU-Tx can be calculated by applying the
Pollaczek-Khinchin’s equation [, Eq. (.)] as follows

E[W ] = E[T] +E
[
Tq

]
()

where E[W ] is the total average waiting time of packets at
the SU-Tx and E[Tq] is the average waiting time of packets
in the buffer. It is noted that E[Tq] can be formulated as

E
[
Tq

]
=

λE
[
T]

( – ρ)
()

where ρ = λE[T] is referred to as channel utilization and
E[Ti], i = ,  denotes the first and second moment of

packet transmission time, respectively. Furthermore, the
following result from queueing theory can be applied for
the stability of transmission of the SU.

Stability condition [] Transmission of the SU-Tx is
stable if and only if the average arrival rate λ is less than
the average transmission rate μ, that is

λ < μ ()

where average transmission rate is defined by the inverse
of the average transmission time as

μ =


E[T]
()

2.2 Point-to-multipoint scenario
In this scenario, we consider a spectrum sharing system
as shown in Figure  in which a secondary base station
(SBS) transmits a common packet to a numberN of SU-Rx
in its coverage range. This scenario is also known as mo-
bile multicast network in which the base station transmits
common information to multiple receivers over broadcast
channels [, ].

.. Peak interference power constraint
In this spectrum sharing scenario, the power allocation
problem becomes more complicated as the SBS must not
only adjust its power to guarantee successful packet trans-
mission to all SU-Rx in the secondary system butmust also
limit the interference power caused to the active PU-Rx
in the primary system. Clearly, the transmission time of a
common packet will vary among the different SU-Rxn due
to the involved i.i.d. Rayleigh fading channels. Similar to
(), the transmission time of a packet to an SU-Rxn can be
expressed as

Tn �
B̃

loge( + γn)
, n = , , . . . ,N ()

and γn is the SNR at the nth SU-Rxn which can be formu-
lated as

γn =
hnP

(
g, g, . . . , gM;h,h, . . . ,hN

)
N

,

n = , , . . . ,N
()

where hn is the channel gain from the SBS to the SU-Rxn
while the optimal transmission power P(g, g, . . . , gM;h,
h, . . . ,hN ) of the SBS is given with respect to the joined
CSI denoted as (M +N)-tuple (g, g, . . . , gM;h,h, . . . ,hN ).
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Figure 3 Point-to-multipoint communication of the considered spectrum sharing systemwith multiple PUs andmultiple SUs (solid line:
communication from SU-Tx to surrounding SU-Rx; dashed line: interference from SU-Tx to surrounding PU-Rx).

The transmission power policy of the SBS with respect to
the PU-Rxm should then satisfy the following condition:

gmP
(
g, g, . . . , gM;h,h, . . . ,hN

) ≤ Qm
pk,

m = , , . . . ,M
()

Similar to the point-to-point scenario, we assume Qm
pk =

Qpk which leads to the condition for the instantaneous
transmission power of SBS as

P
(
g, g, . . . , gM;h,h, . . . ,hN

) ≤ Qpk

maxm
{
gm

} ()

.. Delay constraint
In the point-to-multipoint scenario, the SBS tries to broad-
cast common packets to all SU-Rx in its coverage range.
Each common packet has a time-to-live which should be
less than tout . If an SU-Rx receives a common packet, it
feeds back an ACK to the SBS before tout . This means that
the SU-Rx has received the common packet successfully.
Otherwise, the SBS implies that the SU-Rx has not re-
ceived the transmitted packet. Figure  shows an exam-
ple of a timing diagram where the SBS transmits common
packets to two SU-Rx. In particular, the SBS transmits the
first packet successfully as both transmission times T,
and T, corresponding to SU-Rx and SU-Rx, respec-
tively, are less than the timeout tout . It is noted thatT, may
be different from T, due to the different fading channel
and spatial separation of SU-Rx and SU-Rx. In contrast,
the second common packet is transmitted unsuccessfully
to SU-Rx as the SBS does not receive an ACK from SU-
Rx before timeout tout .

Figure 4 Example of a timing diagram for communication
between the SBS and two SU-Rx.

Clearly, if the SBS receives ACKs from all SU-Rx before
tout , it can be considered as the best channel condition.
On the other hand, the SBSmay not transmit the common
packet successfully to all SU-Rx due to the fading environ-
ment.

3 Performance analysis for point-to-point
communications

In this section, we derive closed-form expressions for the
PDF and CDF of packet transmission time as well as out-
age probability. Based on these results, we not only quan-
tify the first and second moment of packet transmission
time but also investigate the queueing theoretical charac-
teristics of the considered spectrum sharing system.

http://jwcn.eurasipjournals.com/content/2012/1/9
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3.1 PDF of packet transmission time
In this scenario, the SU-Tx wants to transmit with maxi-
mum transmission rate in order to reduce dropped pack-
ets due to timeout. On the other hand, the SU-Tx not
only needs to adjust its transmission power in response to
changes of the transmission environment but also guaran-
tee the QoS of any PU-Rx around. Given perfect CSI, the
maximum instantaneous transmission power of the SU-Tx
in () can be expressed with equality as

P
(
g, g . . . , gM;h

)
=

Qpk

maxm
{
gm

} ()

By substituting () into (), we can rewrite () as

T =
B̃

loge
(
 + (h/maxm

{
gm

}
)(Qpk/N)

) ()

It is easy to see that the packet transmission time, T , now
turns out to be a function ofmultiple random variables, i.e.
h, gm,m = , , . . . ,M. Therefore, in order to investigate the
delay performance, we need to derive the PDF of T in the
sequel.
Let us start with the CDF of g = maxm{gm} where gm

is the channel gain. Because the channel coefficients un-
dergo Rayleigh fading, the channel gain, gm, is a random
variable distributed following an exponential distribution
with unit-mean, given by

Fgm (y) =  – e–y ()

Using order statistics, we can easily obtain the CDF and
PDF of g, respectively, as follows:

Fg (y) =
(
 – e–y

)M ()

fg (y) =Me–y
(
 – e–y

)M– ()

For convenient derivation, let us denote Z = h/g. The
PDF of Z can be obtained by applying the method pre-
sented in [] as

fZ(z) =
M–∑
m=

(
M – 
m

)
(–)mM

( +m + z)
()

On the other hand, the CDF of T can be formulated as

FT (x) = Pr{T < x} =  – Pr

{
Z < (eB/x – )

N

Qpk

}

=  –
M–∑
m=

(
M – 
m

)

× (–)m(eB/x – )M
( +m)(eB/x +mQpk/N +G)

()

and the PDFofT can be derived by differentiating ()with
respect to x as

fT (x) =
M–∑
m=

(
M – 
m

)
(–)mB̃MQpk

N

× exp
(̃
B/x

)(
exp

(̃
B/x

)
+mQpk/N +G

) , x≥ 

()

where G = Qpk
N

–  is introduced for brevity. It is noted that
() exactly leads to the PDF of [, Eq. ()] for the peak
interference power constraint of a single PU-Rx by setting
K = .
In the subsequent sections, the important result in ()

will be used to investigate the outage probability, the av-
erage transmission time and the average waiting time of
packets.

3.2 Outage probability
Given the channel conditions and the peak interference
power constraint, the outage probability Pout is defined as
the probability that the packet transmission time T ex-
ceeds the interval tout :

Pout = Pr(T ≥ tout) ()

From (), we can easily obtain the closed-form expression
for the outage probability as

Pout =  – Pr(T < tout) =  – FT (tout)

=
M–∑
m=

(
M – 
m

)

× (–)mM
 +m

exp
(̃
B/tout

)
– 

exp
(̃
B/tout

)
+mQpk/N +G

()

On the other hand, let Tsuc denote the transmission time
of a packet given that it is not dropped, i.e.,

Tsuc = {T |T < tout} ()

http://jwcn.eurasipjournals.com/content/2012/1/9
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Accordingly, applying Bayes’ rule, the probability that the
event Tsuc takes place can be expressed as

P {T |T < tout } = P {T ,T < tout}
P {T < tout} =

P {T ,T < tout}
 – Pout

()

Based on (), we can express the CDF of Tsuc as follows:

FTsuc (x) =


 – Pout

∫ x


fT (t)dt,  ≤ x < tout ()

and FTsuc (x) =  for x ≥ tout . Differentiating both sides of
() with respect to x, the PDF of the packet transmission
time without being timed out can be presented as

fTsuc (x) =
d
dx

FTsuc (x) =
fT (x)

 – Pout
,  ≤ x < tout ()

and fTsuc (x) =  for x ≥ tout . Substituting () into (), the
PDF of packet transmission time without being timed out
can be obtained as

fTsuc (x) =
M–∑
m=

(
M – 
m

)
(–)mB̃MQpk

( – Pout)N

× exp
(̃
B/x

)[
exp

(̃
B/x

)
+mQpk/N +G

] , ()

 ≤ x < tout

while fTsuc (x) =  for x ≥ tout . In the following, the PDF
fTsuc (x) given in () will be used to derive the moment of
packet transmission time.

3.3 Moment of packet transmission time
Let us recall that a transmitted packet can be received
successfully or not due to the fading channel. Therefore,
examining average transmission time shall consider both
packet transmission time without and with timeout.
Let us start with the average transmission time of packet

without timeout as follows

E [Tsuc] =
∫ tout


xfTsuc (x)dx

=
MQpk

( – Pout)N

M–∑
m=

(
M – 
m

)
(–)m ()

×
∫ tout



B̃ exp
(̃
B/x

)
x
[
exp

(̃
B/x

)
+mQpk/N +G

] dx
By setting t = exp(̃B/x) and applying an exchange of vari-
ables in the integral of (), we finally obtain the first mo-

ment of packet transmission time without timeout as

E [Tsuc] =
MQpk

( – Pout)N
ψ

(
exp

(̃
B/tout

)
,G

)
()

where

ψ(a,b) =
M–∑
m=

(
M – 
m

)
(–)m

×
∫ ∞

a

B̃
(loge t)

(
t +mQpk/N + b

) dt
()

Similarly, we can calculate the second moment of packet
transmission time without timeout as follows

E
[
T
suc

]
=

∫ tout


xfTsuc (t)dt

=
MQpk

( – Pout)N

M–∑
m=

(
M – 
m

)
(–)m ()

×
∫ tout



B̃ exp
(̃
B/x

)[
exp

(̃
B/x

)
+mQpk/N +G

] dx
Using similar exchange of variables as above for (), we
obtain the second moment of Tsuc as

E
[
T
suc

]
=

MQpk

( – Pout)N
ψ

(
exp

(̃
B/tout

)
,G

)
()

where

ψ(a,b) =
M–∑
m=

(
M – 
m

)
(–)m

×
∫ ∞

a

B̃

(loge t)
[
t +mQpk/N + b

] dt
()

Finally, by applying the law of total expectation, the first
and the second moment of packet transmission time (in-
cluding dropped packets) can be given by

E[Ti] = ( – Pout)E
[
Ti
suc

]
+ tioutPout , i = ,  ()

where Pout is given by () and E[Ti
suc], i = ,  can be cal-

culated by () and (), respectively.

3.4 Queuing theoretical characteristics
Firstly, the expression for the average waiting time of pack-
ets in the buffer of SU-Tx can be obtained by substituting

http://jwcn.eurasipjournals.com/content/2012/1/9
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() with respect to i = ,  into () and () as

E[W ] =
NtoutPout +MQpkψ

(
exp

(̃
B/tout

)
,G

)
N

+
[
λMQpkψ

(
exp

(̃
B/tout

)
,G

)
+ λNtoutPout

]
()

/
[

[
N – λMQpkψ

(
exp

(̃
B/tout

)
,G

)
– λtoutPout

]]
Secondly, the transmission of an SU is stable if and only if
the average arrival rate is less than the average transmis-
sion rate. Thus, we can make a statement about the stable
transmission condition as follows:

Remark Given the channel state information and the peak
interference power constraint of M PUs, the transmission
of the SU is stable if and only if the average arrival rate of
packet, λ, satisfies the condition

λ <


( – Pout)E [Tsuc] + toutPout
()

The inequality () is derived by substituting () for i = 
into ().

Finally, by using the Little theorem [, Eq. (.)], the av-
erage number of packets waiting in the buffer of the SU-Tx
can be formulated as

N = λE[W ] ()

where E[W ] is given by ().

4 Performance analysis for point-to-multipoint
communications

In this section, we consider point-to-multipoint communi-
cations, in which both SU and PU links undergo Rayleigh
fading.Wefirst derive the exact closed-formexpression for
the outage probability of the secondary system, and then
we consider the probability for the special case that the SBS
can transmit the common packet successfully to all SU-Rx
in its coverage range.

4.1 Outage probability
In the point-to-multipoint scenario, the SBS transmits
common packets to SU-Rx in its coverage. Some SU-Rx
may not receive the common packets successfully due to
fading environment. In order to analyze the performance
of this scenario, we will calculate the probability that k out
of the total of N SU-Rx cannot receive the common pack-
ets successfully, known as outage probability.

Similar to point-to-point communications, the event
that the SU-Rxn cannot receive a packet successfully is for-
mulated as Tn ≥ tout where Tn is an i.i.d. random variable
distributed following the CDF given by (). Therefore, the
outage probability in this case can be formulated as

Pk
out =

(
N
k

)
Prk{Tn ≥ tout} ( – Pr{Tn ≥ tout})N–k

=
N–k∑
j=

(
N
k

)(
N – k

j

)
(–)j

[M–∑
m=

(
M – 
m

)
()

× (–)mM(exp(̃B/tout) – )
( +m)(exp(̃B/tout) +mQpk/N +G)

]k+j

where () is obtained by using the binomial theorem and
the help of ().

4.2 Best channel condition
For point-to-multipoint communications, the SBS may
transmit common packets successfully to all SU-Rx if the
channel condition is ideal. This is known as the best chan-
nel condition which can be expressed as the longest trans-
mission time for one common packet to be less than tout ,
i.e., {maxn{Tn} < tout}. Therefore, the probability that the
SBS transmits the common packet to N SU-Rx with the
best channel condition can be given as

Pr
{
max
n

{Tn} < tout
}

=
N∏
n=

Pr{Tn < tout}

=

[M–∑
m=

(
M – 
m

)

× (–)mM(exp(̃B/tout) – )
( +m)(exp(̃B/tout) +mQpk/N +G)

]N

()

where () can be calculated with the help of ().

5 Numerical results
We first provide numerical results for point-to-point com-
munications. In particular, we study the impact of the
peak interference power constraint and the number of PUs
on the outage probability, average transmission time and
queuing theoretical characteristics of the secondary sys-
tem. We then discuss results about the outage probability
and the probability that the SBS can transmit the common
packet successfully under the best channel condition for
point-to-multipoint communications. The system param-
eters are selected following [] as follows:

http://jwcn.eurasipjournals.com/content/2012/1/9
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Figure 5 Impact of the number of PUs,M, on the outage probability Pout of transmission at the SU-Tx for different values of the peak
interference power Qpk .

• System bandwidth: B = MHz
• Packet size: L =  bits ( bytes)
• Timeout: tout = ms
• Noise power spectral density: N = W/Hz

5.1 Point-to-point communications
In the sequel, we focus on the impact of the peak inter-
ference power constraint and the number of PUs on the
performance of an SU.

.. Outage probability
Figure  shows the outage probability as a function of the
number of PUs, M, for given peak interference power of
Qpk = , ,  dB. As can clearly be observed from the fig-
ure, the analysis matches very well with the simulation re-
sults in all cases of Qpk. The outage probability increases
fast with M if the peak interference power is set to a low
value such as Qpk =  dB. On the other hand, the out-
age probability increases slowly when the peak interfer-
ence power is high, Qpk = ,  dB and specifically satu-
rates fast for Qpk =  dB. These results are thought to be
due to the fact that an SU-Tx can transmit with relative
high transmission power and hence increased transmis-
sion rate when the peak interference power Qpk is large.
As a result, the transmission time for the packets can be
kept low which in turn reduces the outage probability. On
the other hand, for a fixed value of the peak interference
power, Qpk, the more PUs operate actively in the primary

network, the more constraints are put on the transmission
power of an SU-Tx resulting in an increased outage prob-
ability (see also () and ()).

.. Average transmission time
Figure  depicts the average transmission time of pack-
ets at the SU-Tx as a function of the peak interference
power, Qpk, for the number of PUs given as M = , , , .
Again, analytical and simulation results are in excellent
agreement. It can be seen from the figure that the aver-
age transmission time for the packets from the SU-Tx de-
creases as the peak interference power increases. Typi-
cally, the average transmission time reduces very fast in
the high regime of the peak interference power of about
Qpk ≥ . dB. This is due to the same reason as discussed
above for the outage probability, i.e., an increase of the
allowed peak interference power induces a higher trans-
mission rate and hence a decrease of transmission time
of packets from the SU-Tx. It should also be noted that
the results for the average transmission time matches ex-
actlywith our previous results reported in [, Fig. ]where
we considered the special case of only a single PU being
present, i.e.,M = . The results shown in Figure  enable us
to study the impact of the number of PUs on the average
transmission time of packets at the SU-Tx. Apparently, the
number of PUs has a significant influence on the average
transmission time at low values of the peak interference
power, say Qpk =  dB, causing it to rapidly increase with

http://jwcn.eurasipjournals.com/content/2012/1/9
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Figure 6 Average transmission time of packets at the SU-Tx versus peak interference power Qpk for different number of PUs,M.

Figure 7 Average transmission time of packets at the SU-Tx versus number of PUs,M.

M. In contrast, for higher peak interference power such as
Qpk =  dB, an increase of the number of PUs increases
the average transmission time only slowly and has almost
now impact for Qpk =  dB once M > . These results are
consistent with the behavior observed for the outage prob-
ability.

.. Queuing theoretical results
In the following, we examine the queuing characteris-
tics of the SU-Tx under the peak interference power con-
straint () with related results shown in Figures  and .
Specifically, we have set the number of PUs to M = , , 
and observe the average waiting time and channel utiliza-

http://jwcn.eurasipjournals.com/content/2012/1/9
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Figure 8 Average waiting time of packets in the queue of the SU-Tx versus peak interference power Qpk for different number of PUs,M
(analysis).

Figure 9 Impact of peak interference power Qpk on the channel utilization ρ with different number of PUs,M (analysis).

tion for two values of average arrival rate given as λ =
,  packets/s.
Figure  illustrates that the average waiting time in-

creases as the number of PUs and arrival rate increase.

Apparently, these results are in line with the behavior ob-
served for the outage probability and average transmission
time above and may be explained as follows. At a fixed
value of Qpk, an increasing number of PUs leads to an in-

http://jwcn.eurasipjournals.com/content/2012/1/9
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Figure 10 Impact of peak interference power Qpk on the outage probability Pout of point-to-multipoint communications in which the
number of primary users and secondary users are set to N =M = 5 (k denotes the number of secondary users that cannot receive the
common packets successfully).

crease of average transmission time due to the reasons ex-
plained above and hence an increase of average waiting
time. Similarly, when the arrival rate increases, the number
of packets to be stored in the buffer increases as well and
await transmission. On the other hand, as the transmission
rate is restricted due to the peak interference power con-
straint, the packets have to stay longer in the buffer before
they are transmitted.
Figure  provides insights into the stable transmission

condition as a function of the peak interference power,Qpk,
with the number of PUs given as M = , ,  and arrival
rates being λ = ,  packets/s. The results show that for
a given value of the number of PUs, M, and fixed value of
the peak interference power Qpk, the channel utilization
ρ = λE[T] for arrival rate λ =  packets/s outperforms the
result for λ =  packets/s. In other words, the significant
lower channel utilization for λ =  packets/s compared to
λ =  packets/s provides a more stable transmission with
respect to the service rateμ in terms of the stable condition
formulated in (). Clearly, the service rate μ of an SU-Tx
is restricted for a fixed value of the peak interference power
Qpk while a higher arrival rate causes more packets to be
processed by the buffer expecting timely transmission. Ac-
cordingly, the ratio of arrival rate to service rate, relating to
the stable transmission condition λ/μ < , has to be care-
fully considered in order to not exceed the capacity of the
secondary system. It can also be observed from the figure

that the stable transmission condition can be easily satis-
fied in the high regime of the peak interference power, say
Qpk ≥ . dB, as the channel utilization is sufficiently low.

5.2 Point-to-multipoint communications
We now focus on the impact of the peak interference
power on the outage probability of the point-to-multipoint
communications as shown in Figure . In particular, we
set the number of SUs and PUs as N =M =  and plot the
outage probability as a function of the peak interference
power, Qpk, under the condition that k = , , , ,  out of
the total ofN =  SU-Rx cannot receive the common pack-
ets successfully. Clearly, we can deduce from the results
that the probability of exactly k out of theN =  SU-Rx not
being able to receive the common packet successfully de-
creases as k increases. In addition, the outage performance
improves as the peak interference power increases as ex-
pected.
Figure  presents the probability that all SU-Rx can re-

ceive the common packets successfully as a function of the
peak interference power for the number of PUs fixed to
M =  and the number of SUs given asN = , , . This sce-
nario relates to the best channel condition as outlined in
Section .. It can be seen from the figure that the prob-
ability of the SBS transmitting the common packets suc-
cessfully to all SUs is quite high (above .) in the high
regime of the peak interference power, Qpk ≥  dB. The

http://jwcn.eurasipjournals.com/content/2012/1/9
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Figure 11 Impact of the peak interference power Qpk on the probability of successful packet transmission for the best channel condition
(number of PU-Rx,M = 8; number of SU-Rx, N = 3,5, 8).

figure also indicates that for number of PUs fixed atM = ,
the probability of successful transmission decreases with
an increase of the number of SU-Rx, N = , , . Similar
to point-to-point communications, an increasing number
of SUs leads to an increase of the peak interference power
constraint at the SBS. Thus, the time it takes to transmit
the common packet may be longer while the probability of
successful transmission decrease for the best channel con-
dition.

6 Conclusions
In this paper, we have analyzed the delay performance of
spectrum sharing systems for point-to-point and point-
to-multipoint communications. In particular, we have as-
sumed that each packet has a delay threshold, transmis-
sion channels undergo Rayleigh fading, SUs posses per-
fect CSIs and ACKs are transmitted without error and
delay. Closed-form expressions for the outage probability
and average transmission time for point-to-point commu-
nications are obtained. In addition, we have utilized the
M/G/ queuing model to analyze the queueing charac-
teristics of such systems including the average transmis-
sion time, the packet waiting time and the stable transmis-
sion condition of an SU. Based on the analytical frame-
work established for point-to-point communications, we
have also derived closed-form expressions for the outage
probability and the successful transmission probability for
point-to-multipoint communications under best channel

conditions. Numerical results for representative scenarios
have been provided to quantify the impact of an increase
of the number of SUs and PUs on system performance.
In particular, it has been shown that an increasing num-
ber of SUs or PUs significantly increases packet delay if
the peak interference power is constraint by the PUs to
be low while small performance degradation is observed
if the PUs tolerate sufficiently large peak interference
power. Accordingly, the developed analytical framework
for point-to-point and point-to-multipoint communica-
tions in spectral sharing systems may serve to efficiently
examine system performance. For example, it may be used
to deduce a trade-off between QoS requirements of the
secondary system and interference constraints posed by
the primary system.
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