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Abstract

Subcarrier mapping (SCM) is considered to be crucial for capacity-maximization in an orthogonal frequency division
multiplexing (OFDM) relaying network. Although SCM in an OFDM system has been investigated extensively,
nevertheless, the outage probability and outage capacity analysis of the system is not yet available in the literature.
This paper presents the outage analysis of a dual-hop OFDM relay system with ordered subcarrier paring schemes, i.e.,
worst-to-best (WTB) SCM and best-to-best (BTB) SCM. Accurate close-form expressions are derived for end-to-end
outage while considering a dual-hop fixed gain amplify-and-forward (AF) relaying system with Rayleigh fading
channel model. The first and second moments of end-to-end signal-to-noise ratio (SNR) and capacity are derived for
WTB SCM and BTB SCM schemes while approximating the probability distribution function (PDF) of total capacity of
each subcarrier pair by Gaussian distribution. The outage performances of these schemes are compared with
balanced links, i.e., when the SNR is same for both hops, as well as unbalanced links, i.e., when the SNR of the second
hop is one half of the SNR of the first hop. The numerical results validate the analysis in Rayleigh fading channel.
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1 Introduction
Orthogonal frequency division multiplexing (OFDM)
is the key element of long-term evolution (LTE)
while a multi-hop network increases the coverage area
of transmission and provides significant performance
improvement as a result of cooperative diversity. An
OFDM relaying network is, therefore, supported in LTE-
advance and is expected to be enhanced in 5G of wireless
communications [1-3]. In a relaying system, the source
node transmits data to one or more intermediate nodes.
These intermediate nodes or relays retransmit the sig-
nal that is received from a source to a destination after
some reprocessing. Various types of relays are known in
the literature wherein the amplify-and-forward (AF) and
decode-and-forward (DF) are most common among the
researchers [4]. In an AF relaying system, the relay node
amplifies the received signal before forwarding it to the
destination node. In a DF relaying system, the received
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signal is decoded at the relay and regenerated before for-
warding to the destination node. The performance analy-
sis of these relays is presented in [5]. An AF relay is less
complex as compared to a DF relay as it does not require
decoding or demodulation of transmitted symbols. In this
paper, we focus on the analysis of a two-hop AF relaying
system.
Subcarrier mapping (SCM), which is considered to be

a capacity-maximization scheme for a dual-hop OFDM
relay system, is studied extensively in the literature [6-16].
Two types of ordered SCM schemes, i.e., worst-to-best
(WTB) and best-to-best (BTB) are commonly considered.
For the purpose of pairing the subcarriers of a source-
to-relay link or hop-1 to the subcarriers of a relay-to-
destination link or hop-2, the subcarriers of each hop are
ordered in ascending/descending order of magnitudes of
their channel frequency response (CFR). In WTB SCM,
the received signal on a subcarrier of hop-1 with a worst
CFR, i.e., the subcarrier with lowest magnitude of CFR
is forwarded on the best subcarrier, i.e., the subcarrier
with greatest magnitude of CFR, of hop-2. The second
worst subcarrier of hop-1 is mapped to the second best
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subcarrier of hop-2 and so on. In BTB SCM, the received
signal on subcarrier of hop-1 with best CFR is forwarded
on the best subcarrier of hop-2. The second best subcar-
rier of hop-1 is mapped to the second best subcarrier of
hop-2 and so on. In particular, the mapping of subcarriers
for an OFDMAF relay system is initially introduced in [6].
In [7], numerical analysis for SCM with reduced signaling
overhead, by using the subsets of subcarriers, is presented.
In [8], close-form expressions for end-to-end signal-to-
noise ratio (SNR) and capacity are derived for a downlink
dual-hop orthogonal frequency division multiple access
(OFDMA) AF relay system by considering Rayleigh fading
on hop 2. In [9], close-form capacity analysis is presented
by considering Rayleigh fading on both hops. In [10], anal-
ysis of a dual-hop OFDM relay system is presented for
AF as well as DF relay. In [11], ergodic capacity com-
parison is presented for different mapping schemes and
relaying protocols. In [12], SCM is studied for the bit-error
rate (BER) minimization. In [13], different SCM schemes
are compared and close-form expressions are derived for
BER and capacity in Rayleigh fading. An interesting recent
work on SCM-based opportunistic relaying, presented in
[14,15], is worth mentioning. Specifically, [14] presents an
optimized solution to minimize the sum power subject to
sum rate constraint for the dual-hop OFDM system. In
[15], capacity maximization subject to total power con-
straint is investigated. It is shown that a proposed scheme
achieves maximum capacity for various positions of relay
in a dual-hop system. Although [14,15] share valuable
recent contributions, yet these consider a DF relaying sys-
tem while this paper focuses on AF relaying. In [16], BER
and capacity analysis of an OFDM fixed gain AF relay
system with SCM is presented for Nakagami-m fading.
In the literature above, it has been shown that for

the dual-hop OFDM relay system, system-capacity can
be maximized with a BTB SCM scheme. The BER and
ergodic capacity analysis are available for Rayleigh as well
as Nakagami-m channel models; however, none of these
present performance analysis based on the outage proba-
bility and outage capacity of the system.
The outage probability and outage capacity analysis

for a single-carrier system provide the basis for anal-
ysis of a multicarrier system. The outage analysis for
single-carrier and OFDM systems has been studied in the
literature. In particular, [17] presents the outage behav-
ior of fundamental relaying protocols, i.e., AF and DF
relaying for high SNR. In [18], close-form expressions are
derived for the AF as well as DF relaying system for all
SNR regimes. In [19], cooperative communication pro-
tocol is proposed for multiuser OFDM network while
considering relay-assignment based on outage probability
analysis for uplink transmission. In [20], outage proba-
bility bounds are derived for a multicarrier cooperative
AF relaying system. In [21], asymptotic approximation for

the upper bound of outage probability for an OFDM sys-
tem in Rayleigh fading is presented. In [22], the outage
probability and outage capacity analysis for a dual-hop
OFDM DF relay system is presented while approximating
the probability distribution function (PDF) of total capac-
ity by Gaussian distribution for a single-user scenario. In
[23], outage probability analysis for an OFDM half-duplex
relaying system is presented. In [24], outage probabil-
ity analysis presented by [22] is extended for a multiuser
OFDMA DF relaying system. Although the above liter-
ature provides analysis of outage probability and outage
capacity for an OFDM system, yet these do not consider
ordered SCM schemes in a dual-hop OFDM relaying sys-
tem which is challenging due to its inherited complexity.
In [25], the outage probability and outage capacity analysis
is presented while considering ordered SCM; neverthe-
less, it is limited to the BTB SCM scheme only.
The specific contribution of this paper is the derivations

of analytical expressions for WTB SCM schemes such as

• derivation of higher moments of end-to-end SNR for
a dual-hop OFDM AF relay system with ordered
SCM,

• close-form expression for outage probability,
• close-form approximation for higher moments of

channel capacity for a dual-hop OFDM relay system
and

• close-form approximation for outage capacity.

Besides the above contribution, a thorough compari-
son on the basis of outage probability and outage capacity
for the dual-hop OFDM relay system with BTB SCM and
WTB SCM is presented which is not available in the pre-
vious literature. Although the expression for PDF of end-
to-end SNR for dual-hop OFDM relay system with SCM
was derived earlier, yet its cumulative distribution func-
tion (CDF) was not known which limited the researchers
to analyze the dual-hop system with SCM on the basis of
BER and ergodic capacity only. We provide an alternate
solution to derive close-form expressions for outage to
completely analyze the system performance with ordered
SCM schemes. As the outage probability and outage
capacity are important performance measuring parame-
ters of a wired/wireless communication system; therefore,
in this paper we focus on the performance comparison of
the dual-hop OFDMAF relay system withWTB SCM and
BTB SCM schemes on the basis of outage probability and
outage capacity.
Remark 1: The CFR of each subcarrier of hop-1 and

hop-2 are considered as i.i.d random variables for deriva-
tion of close-form expressions. However, for a practical
OFDM relay system, adjacent subcarriers possess certain
degree of correlation. Therefore, the uncorrelated groups
of subcarriers should be determined based on coherence
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bandwidth of channel to carry out block/chunk-based
SCM as suggested in [7,9].
The remaining paper is organized as follows. Section 2

introduces the system model. Close-form expressions for
outage probability with WTB SCM and BTB SCM are
derived in Section 3. Accurate close-form approximation
for outage capacity with ordered SCM schemes is pre-
sented in Section 4. Section 5 presents the numerical
results and discussion. Finally, the paper is concluded in
Section 6.

2 Systemmodel
The system model for the dual-hop OFDM AF relay sys-
tem is shown in Figure 1 with a source node S, relay node
R, and a destination node D. It is assumed that each node
is equipped with a single antenna and there is no direct
communication between S and D. Consider L taps chan-
nel impulse response (CIR) for hop-j, where hj(n), with
n = 0, 1, . . . , L−1, denotes the nth channel tap coefficient
and j ∈ {1, 2}. The CFRs forN OFDM subcarriers of hop-j
can be expressed as

Hop j channel: H1
j ,H2

j , . . . ,HN
j (1)

where Hk
j denotes the CFR for kth OFDM subcarrier of

hop-j and k ∈ {1, 2, . . . ,N}. Hk
j is assumed to be known

at relay. A fixed gain relay R receives the signal that
is transmitted from source S in the first time slot and
retransmits an amplified signal to destination D in the
second time slot after performing SCM.
Subcarrier mapping: The OFDM relay performs

FFT/IFFT operations for mapping the subcarriers to
achieve WTB SCM or BTB SCM configuration. For
hop-1, consider an ordered set {Sk : k ∈ {1, . . . ,N}} of
indexes such that CFR of subcarrier with index Sk+1 is
better than CFR of subcarrier with index Sk . Similarly,
for hop-2, consider an ordered set {Dk : k ∈ {1, . . . ,N}}
of indexes such that CFR of subcarrier with index Dk is
better than CFR of subcarrier with index Dk+1. A one-
to-one mapping of Sk and Dk , i.e., Sk → Dk results in a
WTB SCM scheme, while the mapping SN−k+1 → Dk
results in a BTB SCM scheme. For notation simplicity, we
drop S andD and use the subscript k only when referring
to the kth subcarrier pair in the context of WTB or BTB
mapping.

Figure 1 Dual-hop OFDM relay system.

As it is not possible to carry out the analysis for
the dual-hop OFDM relay system without imposing cer-
tain assumptions on source-to-relay (S-R) and relay-to-
destination (R-D) links, we, therefore, consider same
assumptions as in [8,9,13]. The CFRs of subcarriers for
both hops are assumed to be independent and identi-
cally distributed random variables. This assumption gives
exact results for a full-diversity OFDM system, i.e, when
L = N and provides approximate analysis for large L, i.e.,
when L ≥ 6 for the dual-hop OFDM relay system with
SCM [16]. The CDF and PDF of SNR for kth subcarrier
of hop-j can be expressed as F

γ k
j
(x) = 1 − e−λjx and

f
γ k
j
(x) = λje−λjx respectively where λj = 1

γ j
. Symbol

γ j = EjE
(
|Hk

j |2
)
/σ 2

nj defines the average SNR of hop-j
where Ej and |Hk

j | define average symbol power and CFR
for kth subcarrier of hop-j. E(∗) denotes the expectation
operation. Symbol σ 2

nj represents noise variance of addi-
tive white Gaussian noise for kth subcarrier of hop-j. For
kth subcarrier pair, the end-to-end SNR for the dual-hop
OFDM AF fixed gain relay system with SCM, denoted by
γ k
end, can be expressed as [13]

γ k
end = γ k

1 γ k
2

γ k
2 + ε

(2)

where γ k
j represents the SNR of hop-j for kth subcarrier

and constant ε = E1
G2σ 2

nj
depends on relay gain G [5,13].

Using the knowledge of order statistics, the PDF γ k
1 for kth

weakest subcarrier can be expressed as [13]

f w
γ k
1
(γ ) =

k−1∑
i=0

αiλ1e−ρiγ . (3)

where αi = N
(N−1
k−1

)(k−1
i
)
(−1)k−i−1 and ρi = λ1(N − i).

Similarly, the PDF of γ k
2 for kth strongest subcarrier can

be expressed as

f s
γ k
2
(γ ) =

N−k∑
d=0

αdλ2e−ρdγ . (4)

where αd = N
(N−1
k−1

)(N−k
d
)
(−1)N−k−d and ρd = λ2(N−d).

The PDF f s
γ k
1
(γ ) for kth strongest subcarrier of hop-1 can

be obtained as (4). Equations (3) and (4) can be used to
derive the close-form expressions for outage probability
and outage capacity analysis.

3 Outage probability
Outage probability is defined as the probability that
instantaneous end-to-end SNR falls below certain prede-
termined threshold value, i.e., γth. Therefore, the outage
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probability for kth subcarrier pair can be expressed
as

Pkout = Pr
(
γ k
end ≤ γth

)
= Pr

(
γ k
1 γ k

2
γ k
2 + ε

≤ γth

)
(5)

Equation (5) can be simplified to get a close-form expres-
sion for outage probability in terms of CDF of γ k

1 and
PDF of γ k

2 which upon further simplification results in the
following propositions.

Proposition 1. The close-form expression for end-to-

end outage probability with WTB SCM, i.e.,
(
Pkout

)WTB

can be expressed as

(
Pkout

)WTB = 1 −
N−k∑
d=0

αd
1

N − d
e−ρdγth +

k−1∑
i=0

N−k∑
d=0

αiαd
λ2

N − i
e−ρdγth

×
[
1
ρd

− 2
√

ρiεγth
ρd

K1
(
2√ρiρdεγth

)]
(6)

Proof. See Appendix A.

Proposition 2. The close-form expression for end-to-

end outage probability with BTB SCM, i.e.,
(
Pkout

)BTB
can

be derived as
(
Pkout

)BTB = 1 −
N−k∑
d=0

αd
1

N − d
e−ρdγth +

N−k∑
i=0

N−k∑
d=0

α′
iαd

λ2
N − i

e−ρdγth

×
[
1
ρd

− 2
√

ρiεγth
ρd

K1
(
2√ρiρdεγth

)]
(7)

where α′
i = N

(N−1
k−1

)(N−k
i
)
(−1)N−k−i.

Proof. See Appendix A.

4 Outage capacity analysis
The q% outage capacity (Cq) is defined as the transmission
rate that is guaranteed for 1-q/100 of channel realizations
[26,27]. Considering Gaussian distribution for the chan-
nel capacity

(
Ck), the close-form expression for outage

capacity, i.e., Ck
q can be derived. For the kth subcarrier

pair, close-form expression for outage capacity can be
expressed as

Ck
q = E

[
Ck
]

+
√
2
(
E
[(
Ck)2]− (

E
[
Ck])2)erfc−1

(
2 − q

50

)
(8)

where erfc−1 denotes the inverse of complementary error
function. E

[
Ck] and E

[(
Ck)2] denote the first and

second moments of channel capacity for kth subcarrier

pair respectively and Ck = 1
2 log2

(
1 + γ k

end

)
. The exact

solution of E
[
Ck] and E

[(
Ck)2], hence, (8) is not

known in the literature; nevertheless, the second-order
approximation of ergodic capacity can be expressed in the
form of first and second moments of γ k

end as [26,28],

E
[
Ck
]

≈ 1
2
log2e

⎡⎢⎢⎣ln (1 + E
[
γ k
end

])
−

E
[(

γ k
end

)2]−
(
E
[
γ k
end

])2
2
(
1 + E

[
γ k
end

])2
⎤⎥⎥⎦

(9)

and

E
[(

Ck
)2] ≈ 1

4
(
log2e

)2⎡⎣(ln (1 + E
[
γ k
end

]))2

+
E
[(

γ k
end

)2]−
(
E
[
γ k
end

])2
(
1 + E

[
γ k
end

])2
× ln

⎛⎝ e

1 + E
[
γ k
end

]
⎞⎠⎤⎦ (10)

respectively, where e is the Neper’s number. Equations (9)
and (10) can be used to solve (8). It remains to find

E
[
γ k
end

]
and E

[(
γ k
end

)2]
for WTB SCM and BTB SCM

schemes.

Proposition 3. The close-form expression for q% out-
age capacity with WTB SCM scheme can be expressed in
compact form as
(
Ck
q

)WTB = EWTB
[
Ck
]

+
√
2
(
EWTB

[(
Ck)2]− (

EWTB [Ck])2)
× erfc−1

(
2 − q

50

)
(11)

where EWTB [Ck] and EWTB
[(
Ck)2] represent the first

and second moments of ergodic capacity for WTB SCM,
respectively.

Proof. See Appendix B.

Proposition 4. The close-form expression for q% out-
age capacity with BTB SCM scheme can be expressed in
compact form as

(
Ck
q
)BTB = EBTB

[
Ck
]

+
√
2
(
EBTB

[(
Ck)2]−

(
EBTB

[
Ck])2)

× erfc−1
(
2 − q

50

)
(12)
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where EBTB [Ck] and EBTB
[(
Ck)2] represent the first

and second moments of ergodic capacity for BTB SCM,
respectively.

Proof. See Appendix C.

5 Numerical results and discussion
This section presents numerical results of outage prob-
ability and outage capacity for the dual-hop OFDM AF
relay system with ordered SCM schemes in Rayleigh fad-
ing. Although the derived expressions compute the outage
for any values of γ 1 and γ 2, we limit the discussion to two
special cases, i.e., the balanced links case (γ 1 = γ 2, i.e.,
λ1 = λ2) and the unbalanced links case (γ 1 = 2γ 2, i.e.,
2λ1 = λ2). Numerical results for each figure are obtained
by considering 106 channel realizations. The threshold,
i.e., γth is set to 0 dB while N = 16.

5.1 Outage probability
To describe the outage probability, three subsets, i.e., B =
{k : k ∈ {1, . . . ,N} ∧ Pkout ≤ 0.1,∀k}, M = {k : k ∈
{1, . . . ,N} ∧ 0.1 < Pkout < 0.9,∀k}, and P = {k : k ∈
{1, . . . ,N} ∧ Pkout ≥ 0.9,∀k} of indexes are defined as best,
moderate, and poor subsets of subcarrier pairs, respec-
tively. Similarly, low, medium, and high SNR regimes are
defined as SNR ≤ 6 dB, 6dB < SNR < 12dB and SNR ≥
12 dB, respectively. The performance of system with BTB
SCM and WTB SCM is compared for two special cases,
i.e., γ 1 = γ 2 and γ 1 = 2γ 2.

5.1.1 Special case 1: balanced links
(
γ 1 = γ 2;λ1 = λ2

)

Figure 2 presents numerical results for outage probabil-
ity with a BTB SCM scheme and γ 1 = γ 2. The analytical
results are computed using (7). The subcarrier pair with
index k = 1 refers to the best subcarrier pair which maps
the best subcarrier of hop-1 to the best subcarrier of hop-
2. Similarly k = 2 refers to the second best pair and so
on. For γ 1 = γ 2 = 4 dB, the subsets B = {1, . . . , 5},
M = {6, . . . , 9} and P = {10, . . . , 16} can be updated from
Figure 2. These share 31%, 25%, and 44% of total subcar-
rier pairs, respectively. High outage can be observed in
a low SNR regime as the subset P outnumber B and M.
For γ 1 = γ 2 = 8 dB, these subsets can be updated as
B = {1, . . . , 9}, M = {10, . . . , 13}, and P = {14, . . . , 16}
which share 56%, 25%, and 19% of total pairs, respectively.
It shows that the number of high reliable pairs increases in
amedium SNR regime asB outnumberM andP. For γ 1 =
γ 2 = 12 dB, the subsets B = {1, . . . , 12}, M = {13, 14},
and P = {15, . . . , 16} share 75%, 13%, and 12% of total
subcarriers, respectively. Hence, the number of pairs in
outage decreases further as only 12% of total pairs belong
to P.
It is worth mentioning that BTB SCM makes it possi-

ble to identify subcarrier pairs with lower outage prob-
ability or high reliability even at low SNR. Although
the subcarriers of each hop experience different chan-
nel fading, yet sorting on the basis of fading then
mapping in such a way that lower faded subcarrier
of hop-1 mapped to lower faded subcarrier of hop-2
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Figure 2 BTB SCM: Outage probability for the kth best subcarrier pair, γ 1 = γ 2.
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yields a large number of reliable end-to-end subcarrier
pairs.
Figure 3 depicts numerical results for outage probability

with the WTB SCM scheme and γ 1 = γ 2. The analyt-
ical results are computed using (6). The subcarrier pair
with index k = 1 refers to the pair with worst subcarrier
of hop-1 and best subcarrier of hop-2. Similarly, k = 2
refers to a subcarrier pair with the secondworst subcarrier
of hop-1 mapped to the second best subcarrier of hop-
2 and so on. For γ 1 = γ 2 = 4 dB, the subsets B = {},
M = {1, . . . , 10} and P = {11, . . . , 16} share 0%, 62%,
and 38% of total subcarrier pairs. The system experiences
high outage in the low SNR regime as it is mostly dom-
inated by moderate and poor subsets of subcarrier pairs.
For γ 1 = γ 2 = 8 dB, the subsets B = {3, . . . , 10}, M =
{1, 2, 11, 12, . . . , 15}, and P = {16} share 50%, 44%, and 6%
of total subcarrier pairs, respectively. The outage perfor-
mance is dominated by best and moderate subsets in this
regime. For γ 1 = γ 2 = 12 dB, the subsetsB = {1, . . . , 13},
M = {14, 15, 16}, and P = {} share 81%, 19%, and 0% of
total subcarrier pairs, respectively. Interestingly, there is
no poor pair for the WTB SCM scheme in the high SNR
regime. For any k, the variation of outage probability with
γ 1 is worth noting, e.g., for k = 1 the outage probability
is 0.87, 0.41, 0.13, and 0.04 at γ 1 = γ 2 = 4, 8, 12, 16 dB,
respectively.
It should be noted that, for WTB SCM, the pairs with

lower outage probability or high reliability can only be

identified in the medium and high SNR regimes. At low
SNR, e.g., γ 1 = γ 2 = 4 dB, highly reliable links can not
be identified. The reason is mapping of hop-1’s subcarrier
with the lowest channel fading to the subcarrier of hop-
2 that experience the highest channel fading and so on.
It reduces the number of end-to-end reliable subcarrier
pairs in low SNR regime.

5.1.2 Special Case 2: Unbalanced links
(γ 1 = 2γ 2; 2λ1 = λ2)

Figure 4 presents numerical results for outage probability
with BTB SCM and γ 1 = 2γ 2, i.e., 2λ1 = λ2. It should be
noted that theoretical results for any values of γ 1 and/or
γ 2 can be computed using (6) and/or (7). Higher outage
can be observed for γ 1 = 2γ 2 by comparing Figure 2
and Figure 4, e.g., for k = 5 the outage probability is 0.03
in Figure 2 which increases to 0.38 in Figure 4. The rea-
son for this increase is γ 2 which equals one half of γ 1 in
Figure 4. For γ 1 = 2γ 2 = 4 dB, the subsets B = {1, . . . , 3},
M = {4, . . . 7}, and P = {8, . . . , 16} share 25%, 19%,
and 56% of total subcarrier pairs, respectively. The outage
performance in low SNR regime is dominated by worst
subcarrier pairs as P share highest percentage of total
pairs. For γ 1 = 2γ 2 = 8 dB, the subsets B = {1, . . . , 6},
M = {7, . . . 10}, and P = {11, . . . , 16} share 38%, 24%,
and 38% of total subcarrier pairs, respectively. The outage
reduces significantly in this regime as compared to the low
SNR. For γ 1 = 2γ 2 = 12 dB, the subsets B = {1, . . . , 8},
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Figure 3WTB SCM: Outage probability for the kth subcarrier pair, γ 1 = γ 2.
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Figure 4 BTB SCM: Outage probability for the kth best subcarrier pair, γ 1 = 2γ 2.

M = {9, . . . 12}, and P = {13, . . . , 16} share 50%, 25%,
and 25% of total subcarrier pairs, respectively. Significant
reduction in the outage can be observed in this regime as
compared to medium SNR.
Figure 5 depicts numerical results for outage probabil-

ity with WTB SCM and γ 1 = 2γ 2. Higher outage can
be observed for any k in case of γ 1 = 2γ 2 as compared
to γ 1 = γ 2 scenario due to lower γ 2. For γ 1 = 2γ 2 =
4 dB, the two subsets B and M are empty. Highest outage
can be observed in this SNR regime as all the subcarrier
pairs belong to P. For γ 1 = 2γ 2 = 8 dB, the subsets
M = {1, . . . 11} and P = {12, . . . , 16} share 69% and 31%
of total subcarrier pairs, respectively. The outage is dom-
inated by moderate subcarrier pairs in this regime. For
γ 1 = 2γ 2 = 12 dB, the subsets B = {4, . . . , 8}, M =
{1, . . . , 3, 9, . . . 14}, and P = {15, 16} share 31%, 56%, and
13% of total subcarrier pairs, respectively, i.e., outage in
this regime is dominated by themoderate subcarrier pairs.

5.1.3 Variation of outage probability with SNR
This subsection describes special case 2 further for a
wide range of SNR. The variation of outage probability
with the BTB SCM scheme is depicted for γ 1 = 2γ 2 ∈
{0, 2, . . . , 20} dB in Figure 6. Two subcarrier pairs are
selected from the best, moderate, and poor subsets for
performance comparison. From B, the pairs k = 2, 4
are selected which experience lower channel fading as
compared to other subcarrier pairs. These pairs have low

outage probability even in the low SNR regime. Their
outage probability approaches 10−2 for γ 1 = 4.2 dB and
γ 1 = 6.6 dB, respectively. The pairs k = 7, 9 are selected
fromM. These achieve outage probability of 10−2 at γ 1 =
9.5 dB and γ 1 = 12 dB, respectively. The subcarrier pairs
k = 12, 13 are selected from P. These show high outage
probability at low and medium SNR. Their outage proba-
bility approaches 10−2 at γ 1 = 16.8 dB and γ 1 = 19.5 dB,
respectively.
Variation of outage probability with the WTB SCM

scheme is depicted for γ 1 = 2γ 2 ∈ {0, 2, . . . , 20} dB in
Figure 7. The subcarrier pairs k = 7, 5 are selected from B.
These pairs achieve 10−2 outage probability at γ 1 = 10.8
dB and γ 1 = 11 dB, respectively. The subcarrier pairs
k = 11, 2 are selected from M and achieve 10−2 outage
probability at γ 1 = 13.2 dB and γ 1 = 15.2 dB, respec-
tively. The subcarrier pairs k = 14, 15 are selected from
P. The pair k = 14 achieve 10−2 outage probability at
γ 1 = 19 dB.
Figures 6 and 7 lead to important conclusion, i.e.,

the BTB SCM scheme outperforms the WTB SCM
scheme on the basis of outage probability performance
for the best and moderated subcarrier pairs, e.g., k =
2, 4, 7, 9 in Figure 6 and k = 7, 5, 11, 2 in Figure 7.
The performance of poor pairs k = 12, 13 and k =
14, 15 is approximately similar for both schemes as these
show high outage probability except in the high SNR
regime.
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Figure 5WTB SCM: Outage probability for the kth subcarrier pair, γ 1 = 2γ 2.
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Figure 6 BTB SCM: Variation of outage probability for unbalanced link, γ 1 = 2γ 2.
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Figure 7WTB SCM: Variation of outage probability for unbalanced link, γ 1 = 2γ 2.

5.2 Outage capacity
Figure 8 depicts theoretical and simulation results for
10% outage capacity with the BTB SCM scheme for
k = 1, 5, 8, 12, 14, 15 while γ 1 = γ 2 and γ 1 = 2γ 2. The
theoretical results are obtained using (12). Considering 1
bit/sec/Hz as the threshold, it can be observed that, for
γ 1 = γ 2, the pairs k = 1, 5 achieve the threshold at
γ 1 = 1.5 dB and γ 1 = 6 dB, respectively. These subcarrier
pairs are selected from B and contribute to higher capac-
ity even in low SNR regime as compared to other pairs.
The subcarrier pairs k = 8, 12 are selected fromM. These
achieve unity threshold at γ 1 = 8.3 dB and γ 1 = 12.8 dB,
respectively. The subcarrier pairs k = 14, 15 are selected
from P. These achieve the threshold at γ 1 = 16.5 dB and
γ 1 = 20.1 dB, respectively. It can be observed that for any
γ 1, higher value of k corresponds to a lower outage capac-
ity. It is according to the theory as the subcarrier pair with
index k − 1 is better than the subcarrier pair k for BTB
SCM. A similar trend can be observed for γ 1 = 2γ 2. It
is worth mentioning that, for any γ 1, the outage capacity
of any k is slightly lower for γ 1 = 2γ 2 than its value for
γ 1 = γ 2. This difference of capacities for any k decreases
as k → 1 and increases as k → 16. Specifically, at SNR
= 20 dB, the difference of capacities for γ 1 = γ 2 and
γ 1 = 2γ 2 is much less for k = 1 as compared to k = 15.
Figure 9 depicts theoretical and simulation results for

10% outage capacity of subcarrier pairs k = 1, 2, 4, 5, 10, 14

for the WTB SCM scheme. The theoretical results are
obtained using (11). It can be observed that unity thresh-
old is achieved by k = 14, 10 at γ 1 = 8.5 dB. These are
selected from B for γ 1 = γ 2 and contribute to higher
outage capacity in medium and high SNR regimes as com-
pared to other subcarrier pairs. The outage capacity of
these pairs approaches 5 Bits/sec/Hz at γ 1 = 30 dB.
For γ 1 = 2γ 2, a slightly lower outage capacity can be
observed for these pairs. The threshold is achieved at
γ 1 = 2γ 2 = 10 dB by these pairs. Hence, 1.5 dB SNR
degradation is observed in the case of unbalanced links.
A similar effect can be observed for all subcarrier pairs,
e.g., for k = 14, approximately 1 dB SNR degradation can
be observed at 4.5 Bits/sec/Hz due to unbalanced links.
From M, the selected pairs k = 5, 4 achieve threshold at
11 dB and 12 dB respectively for γ 1 = γ 2. From P, the
selected pairs k = 2, 1 achieve threshold at 15 dB and 19
dB, respectively for γ 1 = γ 2. It is worth mentioning that,
although for any k, the outage capacity in case of γ 1 = γ 2
is greater than γ 1 = 2γ 2, yet unlike BTB SCM, this dif-
ference is more prominent in best subcarrier pairs than
the poor ones, e.g., by observing the plots for γ 1 = γ 2
and γ 1 = 2γ 2, it reveals that the difference almost van-
ishes for k = 1 while it is more obvious for k = 5 and
k = 14.
The comparison of total outage capacity for BTB SCM

and WTB SCM schemes is presented in Figure 10 for the
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Figure 8 BTB SCM: 10% outage capacity comparison for γ 1 = γ 2 and γ 1 = 2γ 2.
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Figure 10 Comparison of BTB SCM andWTB SCM on the basis of outage capacity for γ 1 = γ 2.

dual-hopOFDM relay system. It can be observed that BTB
SCM outperforms WTB SCM on the basis of total out-
age capacity for the given range of SNR. It can be readily
verified that at SNR = 0,4,8 dB, BTB SCM provide 206%,
155%, and 126% increase in outage capacity respectively as
compared toWTB SCM. It shows that BTB SCM achieves
significantly high outage capacity in lower and medium
SNR regimes as compared to WTB SCM. For high SNR,
i.e., SNR = 16,20 dB, the increase in outage capacity is
105% and 102%, respectively. It is, therefore, concluded
that BTB SCM outperforms WTB SCM on the basis of
total outage capacity in all SNR regimes.

6 Conclusions
The outage performance of the dual-hop OFDM fixed
gain AF relay system is analyzed in Rayleigh fading with
BTB SCM and WTB SCM. The analysis is done on the
basis of outage probability and outage capacity perfor-
mances. Accurate close-form expressions for the outage
probability and outage capacity are derived. The analysis
shows that ordered SCM schemes results in categoriza-
tion of subcarrier-pairs into best, moderate, and poor
subsets of pairs. The BTB SCM scheme outperforms the
WTB SCM scheme on the basis of outage probability for
best and moderate sets of subcarrier pairs. The outage
performance of poor set of subcarrier pairs is comparable
in both schemes and show lower outage only in the high
SNR regime. On the basis of outage capacity performance
comparison, it is concluded that the BTB SCM scheme

outperforms the WTB SCM scheme for all range of SNR.
Specifically, in low andmedium SNR regimes, a significant
gain in outage capacity can be achieved. Furthermore, it is
shown that the percentage increase in outage capacity due
to BTB SCM decreases as the SNR increases.

Appendix A
Proof of outage probability expressions
The expression for Pkout in (5) can be rewritten as [29]

Pkout =
∫ ∞

0
Pr

(
γ k
1 γ

γ + ε
≤ γth

)
f
γ k
2
(γ )dγ (13)

which can be expressed as the sum of two integrals as

Pkout =
∫ γth

0
Pr

(
γ k
1 (γ − γth) ≤ εγth

)
f
γ k
2
(γ )dγ

+
∫ ∞

γth

Pr
(
γ k
1 (γ − γth) ≤ εγth

)
f
γ k
2
(γ )dγ

(14)

It should be noted that the term Pr
(
γ k
1 (γ − γth) ≤ εγth

)
in the first integral of (14) equals unity for 0 ≤ γ ≤ γth,
therefore (14) can be simplified as

Pkout =
∫ γth

0
f
γ k
2
(γ )dγ +

∫ ∞

γth

F
γ k
1

(
εγth

γ − γth

)
f
γ k
2
(γ )dγ

(15)
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Using the identity F ′
X(x) = 1 − FX(x) where FX(x) =∫ x

−∞ fX(x)dx, (15) can be rewritten as

Pkout = 1 −
∫ ∞

γth

F ′
γ k
1

(
εγth

γ − γth

)
f
γ k
2
(γ )dγ (16)

The change of variable y = γ −γth allow us to rewrite (16)
after some simple algebraic steps as

Pkout = 1 −
∫ ∞

0
f
γ k
2

( y + γth) dy

+
∫ ∞

0

(
F

γ k
1

(
εγth
y

))
fγ2 (y + γth) dy.

(17)

where F
γ k
1
(x) ∈

{
Fw

γ k
1
(x), Fs

γ k
1
(x)
}
. The symbols Fw

γ k
1
(x) and

Fs
γ k
1
(x) denote the CDF of kth weakest and kth strongest

subcarrier of hop-1, respectively. It remains to find the
expressions for the PDF of γ k

2 and the CDF of γ k
1 to solve

(17) for the close-form expression of Pkout.

WTB SCM
For WTB SCM, (17) can be rewritten as(

Pkout
)WTB = 1 − I1 + I2 (18)

where I1 = ∫∞
0 f s

γ k
2

(y + γth) dy and I2 = ∫∞
0

(
Fw

γ k
1

(
εγth
y

))
fγ2(y + γth)dy.
Using (3), the expression for Fw

γ k
1
(γ ) can be derived by

solving a simple integral as

Fw
γ k
1
(γ ) =

k−1∑
i=0

αi
1

N − i
(
1 − e−ρiγ

)
. (19)

Similarly, using (4), the PDF f s
γ k
2
(y+ γth) can be expressed.

f s
γ k
2

(y + γth) =
N−k∑
d=0

αdλ2e−ρd(y+γth) (20)

Using (20), the integral I1 can be simplified to

I1 =
N−k∑
d=0

αd
1

N − d
e−ρdγth . (21)

Using (19) and (20) allows us to write I2 in the form of two
integrals I3 and I4 as

I2 =
k−1∑
i=0

N−k∑
d=0

αiαdλ2
1

N − i
e−ρdγth [I3 − I4] (22)

where I3 = ∫∞
0 e−ρdydy and I4 = ∫∞

0 e−
ρiεγth

y −ρdydy. The
integral I3 simplifies to

I3 = 1
ρd

(23)

The integral I4 can be solved using the identity ([30], eq.
(3.471.9) as

I4 = 2
√

ρiεγth
ρd

K1
(
2√ρiρdεγth

)
(24)

where K1(x) is the modified Bessel function of second
kind. The integral I2 can be expressed with the help of (23)
and (24) as

I2 =
k−1∑
i=0

N−k∑
d=0

αiαd
λ2

N − i
e−ρdγth

[
1
ρd

− 2
√

ρiεγth
ρd

K1
(
2√ρiρdεγth

)]
(25)

Substituting (21) and (25) into (18) allows us the write
the close-form expression of outage probability for WTB
SCM as (6).

BTB SCM
For BTB SCM, (17) can be rewritten as(

Pkout
)BTB = 1 − I1 + I5 (26)

where

I5 =
∫ ∞

0

(
Fs

γ k
1

(
εγth
y

))
fγ2(y + γth)dy.

Using (4), the expression for the CDF of kth strongest sub-
carrier of hop-1, i.e., Fs

γ k
1
(γ ) can be derived by solving a

simple integral as

Fs
γ k
1
(γ ) =

N−k∑
i=0

α′
i

1
N − i

(
1 − e−ρiγ

)
. (27)

Using (20) and (27) allows us to write I5 in the form of
integrals I3 and I4 as

I5 =
N−k∑
i=0

N−k∑
d=0

α′
iαdλ2

1
N − i

e−ρdγth [I3 − I4] (28)

The solutions for I3 and I4 from (23) and (24) respectively
can be used to express I5 as

I5 =
N−k∑
i=0

N−k∑
d=0

α′
iαd

λ2
N − i

e−ρdγth

[
1
ρd

− 2
√

ρiεγth
ρd

K1
(
2√ρiρdεγth

)]
(29)

Substituting (21) and (29) into (26) allows us to express the
close-form expression of outage probability for BTB SCM
as (7).

Appendix B
Proof of outage capacity expression for WTB SCM
To derive the close-form expression for outage capacity,
the first and second moments of end-to-end SNR, i.e.,
EWTB

γ k
end

[γ ] and EWTB
γ k
end

[
γ 2] respectively are required for the
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WTB SCM scheme. The close-form expression of end-to-
end SNR for the dual-hop OFDM relay system with WTB
SCM can be derived as [9,13].

fWTB
γ k
end

(γ ) =
k−1∑
i=0

N−k∑
d=0

Bide−ρiγ
[
ηid

√
γK1(ξ(γ )) + K0(ξ(γ ))

]
(30)

where Bid = 2αiαdλ1λ2ε, ξ(γ ) = 2βid
√

γ , βid =
√

ρiρdεand ηid =
√

ρi
ρdε

and K0(x),K1(x) are the modi-
fied Bessel functions of the second kind. The first moment
EWTB

γ k
end

[γ] can be expressed as

EWTB
γ k
end

[γ] =
∫ ∞
0

γ f WTB
γ k
end

(γ)dγ = 2Bid

∫ ∞
0

×
[
ηidγ

3
2 e−ρiγK1(ξ(γ)) + γ e−ρiγK0(ξ(γ))

]
dγ

(31)

The integrals in (31) can be solved with the help of ([30],
eq. (6.643.3)) as

EWTB
γ k
end

[γ]=
k−1∑
i=0

N−k∑
d=0

Bideρdε/2
1

ρ2i ρdε

×
[
W−2, 12

(
ρdε

)+ 1
2
√

ρdεW− 3
2 ,0

(
ρdε

)]
(32)

where Wa,b(x) denotes the confluent hyper-geometric
function as defined in ([30], eq. (9.220.4)). The second
moment EWTB

γ k
end

[
γ 2] can be expressed as

EWTB
γ k
end

[
γ 2
]

=
∫ ∞
0

γ 2f
γ k
end

(γ )dγ = 2Bid

∫ ∞
0

×
[
ηidγ

5
2 e−ρiγK1(ξ(γ ))+γ 2e−ρiγK0(ξ(γ ))

]
dγ

(33)

which can be solved with the help of ([30], Equation
(6.643.3)) as

EWTB
γ k
end

[
γ 2] =

N−k∑
i=0

N−k∑
d=0

6Bideρdε/2
1

ρ3
i ρdε

×
[
W−3, 12

(ρdε) + 1
3
√

ρdεW− 5
2 ,0

(ρdε)

]
(34)

Substituting (32) and (34) into (9) and (10) gives the first
and second moments of ergodic capacity, i.e., EWTB [Ck]
and EWTB

[(
Ck)2] respectively for WTB SCM. Substitut-

ing these into (8) gives the expression for outage capacity
which can be expressed in compact form as (11).

Appendix C
Proof of outage capacity expression for BTB SCM:
To derive the close-form expression for outage capacity
the knowledge of first and second moments of end-to-end
SNR, i.e, EBTB

γ k
end

[γ] and EBTB
γ k
end

[
γ 2] respectively is required

for the BTB SCM scheme. The PDF of γ k
end for the dual-

hop OFDMAF fixed gain relay system with BTB SCM can
be derived as [9,13]

f
γ k
end

(γ ) =
N−k∑
i=0

N−k∑
d=0

B̃ide−ρiγ
[
ηid

√
γK1(ξ(γ )) + K0(ξ(γ ))

]
(35)

where B̃id = 2α′
iαdλ1λ2ε. The expressions for EBTB

γ k
end

[γ]

and EBTB
γ k
end

[
γ 2] can be written as

EBTB
γ k
end

[γ] =
∫ ∞

0
γ f

γ k
end

(γ )dγ = 2B̃id

∫ ∞

0

×
[
ηidγ

3
2 e−ρiγK1(ξ(γ ))+γ e−ρiγK0(ξ(γ ))

]
dγ

(36)

and

EBTB
γ k
end

[
γ 2
]

=
∫ ∞
0

γ 2f
γ k
end

(γ )dγ = 2B̃id

∫ ∞
0

×
[
ηidγ

5
2 e−ρiγK1(ξ(γ ))+γ 2e−ρiγK0(ξ(γ ))

]
dγ .

(37)

respectively. The integrals in (36) and (37) can be solved
with the help of identity ([30], eq. (6.643.3)), which can be
expressed as

EBTB
γ k
end

[γ] =
N−k∑
i=0

N−k∑
d=0

B̃ideρdε/2
1

ρ2
i ρdε

×
[
W−2, 12

(ρdε) + 1
2
√

ρdεW− 3
2 ,0

(ρdε)

]
(38)

and

EBTB
γ k
end

[
γ 2] =

N−k∑
i=0

N−k∑
d=0

6B̃ideρdε/2
1

ρ3
i ρdε

×
[
W−3, 12

(ρdε) + 1
3
√

ρdεW− 5
2 ,0

(ρdε)

]
(39)

respectively. Substituting (38) and (39) into (9) and (10)
give the first and second moments of ergodic capacity, i.e.,
EBTB [Ck] and EBTB

[(
Ck)2] respectively for BTB SCM.

Substituting these into (8) gives the expression for outage
capacity which can be expressed in compact form as (12).
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