
Li et al. EURASIP Journal on Wireless Communications and Networking
 (2018) 2018:88 
https://doi.org/10.1186/s13638-018-1096-3
RESEARCH Open Access
Nearfield target localization with a few
snapshots for sonar array

Zhuo Li1,2, Deliang Liu3*, Xiwei Guo3 and Peng He3
Abstract

Sonars can be used for detection of targets located on the sea floor where the signal undergoes multipath propagations
which may arise large localization errors. Besides, underwater environment is often highly unstable so that a large number
of snapshots which means long time sampling are not reliable. In sonar systems, the wideband chirp signals are usually
used. This paper presents a nearfield target localization method for underwater environments. First, the time of arrival
(TOA) and the direction of arrival (DOA) for nearfield wideband chirp signals are estimated with only a few snapshots
by using the fractional Fourier transform (FRFT) and the SPICE algorithm. Then, the virtual station method which
is proposed in our previous work is used so that the multipath problems can be converted into line-of-sight (LOS) problem
and its Cramer-Rao lower bound (CRLB) is also analyzed. Finally, simulation results demonstrate the effectiveness of the
proposed method.
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1 Introduction
Sonar systems have been widely used for decades to
detect an underwater target [1–3]. The active sonar
transmits an acoustic signal at a predetermined inter-
val and then receives signals using a sensor array to
find echoes that are reflected from a target, while the
passive sonar which contains sensor array receives the
acoustic signal which is transmitted from the target.
The received signal usually contains an echo signal,
ambient noise, and reverberation signals induced by
underwater environments [4–6] which is also called
multipath problem. The conventional localization
methods for free space environment are limited in
underwater environment because of the multipath sig-
nal propagation. To mitigate these impacts, a variety
of algorithms have been proposed in the literatures. A
detection scheme in [7] is used to detect and discard
multiple-bound scattering paths, which will not work
when all signal paths are multiple-bound scattering
paths. Joint iterative phase reconstruction and
weighted localization algorithm is used in [8], but the
transmitted and received signal paths at the same
reader may be different which may cause large errors.
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Robust schemes in [9, 10] derive the line of possible
mobile device (LPMD) but they cannot apply to the
multiple-bound scattering conditions. In our previous
work [11], a virtual station (VS) method has been
proposed to solve the multipath problem and it will
be directly used in this paper.
Another challenge emerges when the number of

snapshots available for the estimation of the location
parameters such as time of arrival (TOA) and direc-
tion of arrival (DOA) is limited. In underwater condi-
tions, a large number of snapshots are not reliable
due to the motion of the target and the highly non-
stationary of the environment which is caused by
complex electromagnetic environment and the people
who appear randomly. Therefore, the performance of
the conventional array processing methods, such as
MUSIC and ESPRIT, which require a large amount of
snapshots to provide super-resolution DOA and TOA
estimation, will be dramatically degraded. Several
methods have been proposed in the literature to solve
this problem. IAA, SLIM, and SPICE algorithms [12]
are sparsity-based techniques that can estimate the
DOA depending on a few snapshots with high reso-
lution and low sidelobes. But they only apply to nar-
rowband signals, because the steering vector of the
received wideband signal model is time-variant. So
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some extensions to this method have been proposed
to deal with the wideband signals, such as spatial re-
sampling (SR) method [13], the accuracy of which is
not high due to using an approximate model for
wideband chirp signals.
In this paper, a joint TOA and DOA localization

method for wideband chirp signals which is able to
locate underwater targets with only a few snapshots is
proposed. First, wideband chirp signal was trans-
formed with a specific transform order into sine wave
with a single frequency in fractional Fourier transform
(FRFT) domain, so that the time-invariant steering
vector of the wideband chirp can be obtained. Then,
the SPICE algorithm is utilized to estimate the TOA
and DOA of the targets with two snapshots. Finally,
the VS method is used to estimate the target location
using the hybrid TOA and DOA values and its
Cramer-Rao lower bound (CRLB) is also analyzed.
The rest of this paper is organized as follows. In

Section 2, the SPICE method is developed in the
FRFT domain to estimate the nearfield TOA and
DOA of wideband chirp signal. In Section 3, the VS
method which utilizes the TOA and DOA measure-
ments is directly used and the CRLB is also analyzed.
Section 4 presents the experimental results. The
paper is concluded in Section 5.

2 Joint DOA and TOA estimation with a few
snapshots
2.1 Sonar array model
Considering a passive sonar array system as shown in
Fig. 1. A nearfield model is used in this paper. The
linear array of the sonar has M sensors uniformly
placed along the x-axis. The distance between two ad-
jacent sensors is d. T1, T2, …, TK are K targets at [r,
θ], where r = [r1, r2,…, rK] represent the distances of
the targets and θ = [θ1, θ2,…, θK] represent the direc-
tions of the targets. Here, K is usually unknown, so it
Fig. 1 Passive sonar array model
is considered to be the amount of potential targets
(scanning points) in the region and it is much larger
than the amount of actual ones. Only a few signal
power estimates of the potential targets will be non-
zero, so sparsity-based algorithm can be used in array
processing applications.
The target emits a chirp signal that can be

expressed as [14]

x tð Þ ¼ a exp j2π f 0t þ jπμt2
� � ð1Þ

where a is the signal amplitude, f0 is the center fre-
quency, and μ is the chirp rate.
The received signal at the sensor m can be

expressed as the sum of K delayed versions of x(t),
given by [14]

xm tð Þ ¼
XK
k¼1

ρkxk t−τmk
� �þ em tð Þ ð2Þ

where em(t) for m = 1, 2, …, M is the additive white
Gaussian noise at the sensor m, ρk is the path loss
coefficient of target k for k = 1,2,…,K. τmk is the time
delay of the kth signal traveling to the sensor m relative
to the reference sensor (the first sensor), which can be
expressed as [14]

τmk ¼
rk−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rk sinθk− m−1ð Þd½ �2 þ r2k cosθk

q
c

ð3Þ

where c is the wave speed.
Ignoring the high-order terms from the Taylor expan-

sion, Eq. (3) can be given as [14]

τmk ≈
− m−1ð Þd sinθk þ 1

2
m−1ð Þ2d2 cos2θk=rk

c
ð4Þ

The received signals at the sensors can be written in
matrix form as [14]

x tð Þ ¼ as tð Þ þ e tð Þ ð5Þ
where s(t) = [s1(t), s2(t), …, sK(t)]

T is the waveform
vector and a = [a(θ1), a(θ2),…, a(θK)]

T is the steering
vector with

a θkð Þ ¼ ½ exp − j2π f 0τ1 þ jπμτ21
� �

exp − j2πμτ1tð Þ;…;

exp − j2π f 0τM þ jπμτ2M
� �

exp − j2πμτMtð Þ�T

ð6Þ
When the narrowband signal is used in the system,

a(θk) can be considered as time-invariant (i.e., the
term exp.(−j2πμτmt) in (6) can be neglected). In this
paper, we focus on wideband chirp, so the steering
vector a(θk) depends on the time t, and the SPICE al-
gorithm for narrowband signals cannot be applied
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directly to wideband signals. To solve this problem,
we derive the FRFT method.

2.2 The FRFT of wideband chirp
The FRFT of x(t) in (1) about angle α can be repre-
sented as

X α; uð Þ ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j tanα
1þ μ tanα

s

� exp jπ
u2 μ− tanαð Þ þ 2uf 0 secα− f 20 tanα

1þ μ tanα

� �
ð7Þ

When α = αd = arctan(μsc
2), we can get

X αd; uð Þ ¼ C exp j2π f 0 cosαdu½ � ð8Þ
where sc ¼

ffiffiffiffi
N

p
= f s is the scale factor to normalize sig-

nals [15] with N which denotes the number of snap-
shots and fs is the sampling frequency.
C ¼ a cosαd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j tanαd

p
exp½−jπ f 20 sinαd cosαd� is a

constant. By taking the FRFT, the chirp signal be-
comes a sine wave with a single frequency f = f0
cos αd.
At the sensor m, the received chirp from target k in

the FRFT domain according to the time shift charac-
teristic of FRFT can be given as

Xm
k αd; uð Þ ¼ Fp x t−τmk

� �� �
¼ ρkaC exp j2π f 0 cosαd−τmk sinαd

� �
u

� �
� exp jπ τmk

� �2
sinαd cosαd−2 f cos2αdτ

m
k

h in o
ð9Þ

Because τmk sinαdis very small, we can get

Xm
k αd; uð Þ ≈ ρkaC exp j2π f 0 cosαduð Þ

� exp jπ τmk
� �2

sinαd cosαd−2 f cos2αdτ
m
k

h in o
ð10Þ

Therefore, the FRFT of (5) can be given as

X ¼ ASþ E ð11Þ
where

S ¼ diag S1 uð Þ; S2 uð Þ;…; SK uð Þf g; X

¼ X1;X2;…;XM
� �T

; A ¼ A1;A2;…;AK½ �T

with

Xm ¼ Xm
1 αd; uð Þ;Xm

2 αd; uð Þ;…;Xm
K αd;uð Þ� �T

;

Ak ¼ A1
k θkð Þ;A2

k θkð Þ;…;AM
k θkð Þ� �T
Am
k ¼ exp jπ τmk

� �2
sinαd cosαd−2 f cos2αdτmk

h in o
ð12Þ

Sk uð Þ ¼ ρkaC exp j2π f 0 cosαduð Þ ð13Þ
E in (11) is the FRFT of e in (5) which is usually

assumed to be white Gaussian noise. The power
spectrum density of a random signal x(t) in FRFT do-
main with angle α is

P α;uð Þ ¼ lim
T→∞

E X α; uð Þj j2
2T

ð14Þ

The observation time is [−T, T].
Considering the relationship between the power

spectrum density and the autocorrelative function,
we can get

P α; uð Þ ¼ lim
T→∞

1
2T

E½Aα

Z T

−T
x t1ð Þ exp

jπt21 cotα−2jπt1u cscαþ jπu2 cotα
� �

dt1

�A−α

Z T

−T
x� t2ð Þ exp −jπt22 cotαþ 2jπt2u cscα−jπu2 cotα

� �
dt2�

¼ lim
T→∞

1
2T

EfAαA−α

Z T

−T
dt1

Z T

−T
exp jπ cotα t21−t

2
2

� �� �
exp

− j2π t1−t2ð Þ½ u cscα�x t1ð Þx� t2ð Þdt2g
ð15Þ

where Aα ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− j cotα

p
.

Making t1 − t2 = τ, we can get

P α; uð Þ ¼ AαA−α lim
T→∞

1
2T

Z T−t2

−T−t2
dτ
Z T

−T

exp 2jπt2 þ jπτð Þτ cotα½ � exp − j2πτu cscαð ÞR t2 þ τ; t2ð Þdt2

¼ AαA−α

Z ∞

−∞
exp − j2πτu cscαð Þ exp jπτ2 cotα

� �

lim
T→∞

1
2T

Z T

−T
exp j2πt2τ cotαð ÞR t2 þ τ; t2ð Þdt2

� �
dτ

¼ A−α exp −jπu2 cotα
� �

Fα R α; τð Þ½ � uð Þ
ð16Þ

where

R α; τð Þ ¼ lim
T→∞

1
2T

Z T

−T
exp j2πt2τ cotαð ÞR t2 þ τ; t2ð Þdt2

When P(α, u) =N0, x(t) is the white noise in FRFT do-
main with angle α.
Considering the correlation function of white noise in

the FRFT domain, we can get

R α; τð Þ ¼ N0 exp − jπτ2 cotαð Þ
cscα

δ τð Þ ð17Þ

According to the definition of FRFT, the power
spectrum density in the FRFT domain with angle β of
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the white noise in FRFT domain with angle α can be
given as

P β; uð Þ ¼ N0 ð18Þ
We can see that the power spectrum density in the

FRFT domain of the white noise is changeless, so the
FRFT will not change the statistical characteristics of the
white noise, and E in (17) is still Gaussian.

2.3 Joint TOA and DOA estimation by SPICE
The discrete form of (11) can be given as

X nð Þ ¼ AS nð Þ þ E nð Þ ð19Þ
where n = 1, 2,…, N is the number of snapshots.
Let P be a K×K diagonal matrix, whose diagonal contains

the power at each angle on the scanning grid. The initial es-

timates P̂
ð0Þ
k can be obtained using the SFLS method [16]

P̂
0ð Þ
k ¼

XN
n¼1

Ak
HX nð Þ		 		2

Ak
HAk

� �2
N

ð20Þ

The noise covariance matrix R of X(n) can be given as

R ið Þ ¼ E XXH
� � ¼ AP̂

i−1ð Þ
AH ð21Þ

Then, in the i + 1 iteration, the power at each angle on
the scanning grid can be updated as

p iþ1ð Þ
k ¼ j β ið Þ

k j

w1=2
k

XK
l¼1

w1=2
l j β ið Þ

l j
ð22Þ

where

wk ¼ akk k2
tr Rð Þ ;

βk
		 		2 ¼ QX XHX

� �
XHQH

� �
kk=N

2;

Q ¼ PAR‐1

Then, iterate (21)–(22) until P̂k will not change obviously.
Finally, we search the 2-D positions of the spectral

peak of P̂k , the coordinates r and θ of which are the dis-
tances and DOA estimates of the targets. r/c are the
TOA estimates. The details of SPICE algorithm can be
found in [12].

3 Target localization in underwater environment
In underwater environment where the seafloor is smooth
and the water is stable, the target location can be ob-
tained with TOA and DOA estimates using one sensor
array. But there are ocean currents, rocks, and undersea
mountains, which may cause multipath and non-line-of-
sight (NLOS) propagations and will dramatically degrade
the performance of the localization method for LOS
conditions. In our previous work [11], a virtual station
(VS) method was proposed to solve the NLOS and mul-
tipath problems with TOA and DOA measurements.
Therefore, it can be directly used in this work when
more sensor arrays which can be seen as base stations
(BSs) are used. In order to make it simple, the details of
the VS method will not be stated in this paper.
To calculate the CRLB of the proposed method, we as-

sume that the underwater environment is simple that
the signals undergo no more than two-bound scattering
(reflection or diffraction), and multi-bound scattering
can be ignored as they suffer from severe fading and
may be too weak to be observed.
There are several signal paths between the BS and the

target. The first and second detectable paths are utilized
in the proposed localization method. We use a new par-

ameter pkii to represent the probability of that the first or
second detectable path is the path ki (ki = 1, 2, …, Ki)
which represents the VS number, where i = 1, 2,…,N de-
notes the BS number.
When the underwater signal channel is stable, the first

and second detectable paths are stable too. The two path
numbers are q1 and q2. We can get

pkii ¼ 1 ki ¼ q1 or q2
0 ki≠q1 or q2



ð23Þ

When the underwater signal channel is complicated
with relatively large flow of fish, the first and second de-
tectable paths may be not the same in every measure-

ment, so pkii needs to be practically measured.
The probability that the paths q1 and q2 are the first

and second detectable paths can be obtained as

Pq1q2
i ¼ pq1i þ pq2i −1 ð24Þ

The Fisher information matrix of the proposed method
can be given as

J0 ¼ E
∂
∂w

ln f Λjwð Þ
� �

∂
∂w

ln f Λjwð Þ
� �T( )

¼
XK1!�K2!�…�KN !

j¼1

P j
∂
∂w

ln f Λ jjw
� �� �

∂
∂w

ln f Λ jjw
� �� �T

ð25Þ

where
w = [xm, ym]

T
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P j¼1 ¼ P1;2
1 � P1;2

2 �…� P1;2
N

P j¼2 ¼ p2;11 � p1;22 �…� p1;2N
…

P j¼K1! ¼ pK1;K1−1
1 � p1;22 �…� p1;2N

…
P j¼K1!�K2!�…�KN ! ¼ pK1;K1−1

1 � pK2;K2−1
2 �…� pKN ;KN−1

N

Λ is the measurement vector with

Λ j¼1 ¼ Λ1;2
1 ;Λ1;2

2 ;…;Λ1;2
N

� �
Λ j¼2 ¼ Λ2;1

1 ;Λ1;2
2 ;…;Λ1;2

N

� �
…

Λ j¼K1! ¼ ΛK1;K1−1
1 � Λ1;2

2 �…� Λ1;2
N

� �
…

Λ j¼K1!�K2!�…�KN ! ¼ ΛK1;K1−1
1 � ΛK2;K2−1

2 �…� ΛKN ;KN−1
N

� �
Λ ¼ ΛT

TOAjΛT
DOA

� �T
ΛTOAi ¼ di þ ni ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xm−xBið Þ2 þ ym−yBið Þ2

q
þ ni

ΛDOAi ¼ θi þ ni ¼ arctan
ym−yBi
xm−xBi

þ ni

The CRLB can be given as

σ2
CRLB ¼ tr J−10

� � ¼ tr
XK1!�K2!�…�KN !

j¼1

P j H j
TQH j

� �−1 !
ð26Þ

where Q is the covariance matrix and H is the Jacobian
matrix of μ(w) and can be given as

H ¼ ∂μ wð Þ
∂wT

ð27Þ

H j¼1 ¼

x−x11
d1
V1

x−x21
d2
V1

y−y11
d1
V1

y−y21
d2
V1

x−x12
d1
V2

x−x22
d2
V2
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V2

y−y22
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V2

… …

x−x1N
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VN
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VN

−
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V1

� �2
−
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d2
V2

� �2
…

−
y−y1N
d1
VN

� �2
−

y−y2N
d2
VN
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;…;H j¼K1!�
4 Simulation results
4.1 Simulation of TOA and DOA estimation
We investigate the performance of our algorithm about
angular resolution, sidelobe level, and accuracy in the an-
gular spectrum. We also compare it with FrFT-MUSIC al-
gorithm [14] which utilizes MUSIC algorithm combined
with FrFT. But in order to apply for passive sonar, the ro-
tation angle α has been changed from -arccotμ to arctanμ.
The chirp signal with a center frequency of 1500 Hz and

a bandwidth of 100 Hz is used in the simulation. The array
contains eight sensors which are uniformly spaced at half
wavelength. The number of snapshots is 2. We consider
two targets at (14°, 14 m) and (16°, 16 m). The noise is as-
sumed to be Gaussian random processes with zero mean
and the SNR is 20 dB. The scanning grid for the both
algorithms is 1° and 1 m. The number of iterations is 10.
One hundred independent runs are simulated to obtain
the angular spectrum. We can see from Fig. 2a that the
FrFT-MUSIC method can approximately detect the
targets but it suffers from lower angular resolution than
the other two with low snapshots so that it cannot separ-
ate the two targets and consider them as one target at
(14°, 34 m). From Fig. 2b, our FrFT-SPICE algorithm has
exactly estimated the TOA and DOA of the two targets
and produces the angular spectrum with lower sidelobe
levels, higher angular resolution, and higher accuracy in
low snapshots conditions.

4.2 Simulation of the VS method
The simulations in our previous work [11] have already
demonstrated the effectiveness of the proposed VS



Fig. 2 Comparison of the angular spectrum. a FrFT-MUSIC. b FrFT-SPICE

Fig. 3 CRLB of the VS method. a Point A. b Point B. c Point C
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method for the NLOS and multipath underwater
environments, so there is no need to simulate it again in
this paper. The CRLB of the proposed VS method which
has not been analyzed in previous works will be simu-
lated in this section.
The CRLB in Fig. 3 is obtained in the same situations

as in [11]. The target is located at three different places
at A, B, and C where the multipath problem becomes
more and more complicated. Most of the paths are dir-
ect paths when the target is located at point A. At point
B, all paths are one-bound scattering paths. At point C,
almost all paths are multiple-bound scattering paths. We
assume that p1i ¼ p2i ¼ … ¼ pKi

i . It can be seen that our
VS method is close to the CRLB, but the distance be-
tween the RMSE and the CRLB has a slow increase as
the multipath conditions become more serious.
5 Conclusions
This paper has presented a nearfield target localization
method for sonar system which uses wideband chirp sig-
nal. In underwater conditions, the signal channel is not
stable and there exists multipath problem which can
cause large localization errors when the traditional
localization methods are used. We extend the SPICE al-
gorithm in the FrFT domain so that the TOA and DOA
of wideband chirp signals can be estimated with a few
snapshots. The proposed method has high angular reso-
lution and low sidelobe levels. We also utilize the pro-
posed VS method to solve the multipath problem. The
simulation results have demonstrated the effectiveness
of the proposed method.
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