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Abstract

We investigate the uplink and downlink achievable rates of full-duplex (FD) massive multi-input multi-output (MIMO)
systems with low-resolution analog-digital converters/digital-to-analog converters (ADCs/DACs), where maximum
ratio combining/maximum ratio transmission (MRC/MRT) processing are adopted and imperfect channel state
information (CSI) is assumed. In this paper, the quantization noise is encapsulated as an additive quantization noise
model (AQNM). Then, employing the minimummean-square error (MMSE) channel estimator, approximate
expressions of the uplink and downlink achievable rates are derived, based on the analysis of the quantization error,
loop interference (LI), and the inter-user interference (IUI). It is shown that the interference and noise can be
eliminated by applying power scaling law properly and increasing the number of antennas. Moreover, given the
number of antennas, it is found that the uplink and downlink approximate achievable rates will converge to a
constant when the number of quantization bit tends to infinity. Therefore, the system performance that can be
improved by increasing ADC/DAC resolution is limited, implying that it is reasonable to adopt low-resolution
ADCs/DACs in FD massive MIMO systems.
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1 Introduction
Equipped with a large number of antennas, massive
MIMO system can effectively exploit the space resources
to enhance the system spectral efficiency. On the other
hand, full-duplex (FD) technology can double spectral
efficiency theoretically since it simultaneously transmits
and receives signals on the same frequency resources
and enables two-way communication. However, how to
eliminate the loop interference (LI) caused by FD is one
of the major problems. In order to reap the benefits
of these two key techniques, many papers have studied
one massive MIMO system that is endowed with the FD
functionality [1–5].
However, the base station (BS) with a large number

of antennas will incur excessive hardware cost and radio

*Correspondence: daijx@njupt.edu.cn
†Juan Liu and Jianxin Dai contributed equally to this work.
2School of Science, Nanjing University of Posts and Telecommunications,
Wenyuan Road, 210023 Nanjing, China
Full list of author information is available at the end of the article

frequency (RF) circuit power consumption. In particu-
lar, each receive antenna needs to be equipped with one
analog-digital converter (ADC) unit, and each transmit
antenna needs to be equipped with one digital-to-analog
converter (DAC) unit. A typical flash ADC with b-bit
and the sampling frequency fs operates fs2b conversion
steps per second [6]. Therefore, using high-resolution
ADCs can result in excessive overhead and power con-
sumption, which is a major bottleneck in implement-
ing massive MIMO systems. One way to deal with this
issue is to adopt low-resolution ADCs [7]. Recently, many
papers have studied the impact of low-resolution ADCs
on massive MIMO systems. In [8], massive MIMO sys-
tems with low-resolution ADCs was studied and the
uplink achievable rate was derived under Rayleigh fading
channel. Then, this work was extended to the Rician fad-
ing channel in [9], where the uplink spectral efficiency
(SE) was derived. Jia et al. [10] considered a more gen-
eral FD massive MIMO relaying system where the relay
is equipped with low-resolution ADCs, and the authors
derived the approximated expression of the sum rate.
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Jiao et al. [11] assume that the receive antennas of the
FD mode relay are equipped with low-resolution ADCs
and [12] consider that low-resolution ADCs are used at
both the relay and users. Kong et al. [13] studied the
transmit processing with low-resolution DACs based on
a minimum mean-square error (MMSE) approach. How-
ever, the low-resolution ADCs are not used at the transmit
antennas of the relay in the above literature.
The main contributions of our works are as follows:
• We consider a FD massive MIMO system where the

receive and transmit antennas are equipped with
low-resolution ADCs/DACs is proposed in this
paper. With the aid of additive quantization noise
model (AQNM) and MMSE criterion, the uplink and
downlink asymptotic achievable rates under
imperfect channel state information (CSI)
environment are derived.

• However, when the low-resolution ADCs/DACs are
used at the receive and transmit antennas of the FD
mode BS simultaneously, it is urgent to suppress the
influence of the LI and study the effect of the
quantization error on the system performance. In
order to analyze the uplink and downlink asymptotic
achievable rates intuitively, we study the effect of the
quantization error, LI, and the inter-user interference
(IUI). The following three cases are considered as
follows: (1) with fixed PU , PD, and M, when b → ∞
(αu = αd = 1); (2) with fixed b and M, when
PU = PD → ∞; (3) assuming that the transmission
power of BS and each user are scaled with M, i.e.,
PU = EU/M and PD = ED/M, where EU and ED are
fixed values.

• Based on the derived asymptotic expressions of the
uplink and downlink achievable rates, we show that
the multi-user interference, LI, quantization noise,
and additive white Gaussian noise (AWGN) can be
eliminated by applying power scaling law properly,
increasing the number of antennas and ADC/DAC
resolution. However, the system performance that
can be improved by increasing ADC/DAC resolution
is limited, implying that it is reasonable to adopt
low-resolution ADCs/DACs in FD massive MIMO
systems.

This paper is organized as follows. Section 2 introduces
the FD massive MIMO system model, where the receive
and transmit antennas are equipped with low-resolution
ADCs/DACs. We derive a approximate expression of the
uplink and downlink achievable rates for imperfect CSI in
Section 3. Then, we analyze the impact of several interfer-
ences/noise including multi-user interference (MUI), LI,
and noise on achievable rates. The numerical simulation
results is analyzed in Section 4. Conclusions are drawn in
Section 5.

Notations: The symbols used in this paper are as
follows: (A)T , (A)H , tr (A), ‖A‖, E {•} represent the
matrix transpose, conjugate transpose, matrix trace, the
Euclidean norm, and expectation, respectively; [A]nn rep-
resents the n × n diagonal entry of matrix A; IM denotes
M × M identity matrix; and xi ∼ CN

(
0, σ 2

i
)
denotes the

ith entry of a circularly symmetric complex-Gaussian vec-
tor x, whose mean and variance are 0 and σ 2

i , respectively.

2 Systemmodel
As shown in Fig. 1, we study a single-cell FD massive
MIMO system, which has N users, assuming that BS is
equipped with 2M antennas (M antennas for transmis-
sion and M antennas for reception) and each user has
two antennas (one for transmission and one for recep-
tion) [14]. The downlink and uplink channel matrices are
denoted as GD = [

gD,1, · · · , gD,N
] ∈ C

M×N and GU =[
gU ,1, · · · , gU ,N

] ∈ C
M×N , respectively. For simplicity, we

decompose the downlink and uplink channel matrices as
Ga = HaD1/2

a (a ∈ {D,U}), where Ha ∈ C
M×N repre-

sents the M × N fast fading channel matrix, which has
independent and identically distributed (i.i.d.) elements,
each of which follows the distribution of CN (0, 1), Da is
the N × N diagonal matrix and its nth diagonal entry is
[Da]nn = βa,n, which represents the large-scale channel
fading. The LI channel matrix between transmit anten-
nas and receive antennas of the BS are denoted as GLI ∈
C
M×M , whose entries are i.i.d. and follow the distribution

of CN
(
0,μ2

LI
)
. Let us denote GIU = [

gIU ,1, · · · , gIU ,N
] ∈

C
N×1 as IUI channel with [GIU ]i,j representing the chan-

nel coefficient from the ith user to the jth user. All the
elements in GIU are assumed to be i.i.d. with the distri-
bution of CN

(
0, δ2ij

)
. Moreover, [GIU ]nn = gnn denotes

the coefficient of self-interference channel of the nth user.
To reduce the hardware cost and the power consump-
tion, it is assumed that the receive antennas and transmit
antennas at the BS are both equipped with low-resolution
ADCs/DACs as shown in Fig. 1.
It is difficult to obtain the perfect CSI in the practical

massive MIMO system. Therefore, the imperfect CSI is
assumed in this paper. We consider a transmission within
the coherence interval T and use τ symbols for pilots. The
power of pilot symbols is Pp, while the MMSE estimate of
Ga is Ĝa. The channel estimation error matrix which is
independent of Ga can be expressed as

�Ga
�= Ga − Ĝa. (1)

The variance of element of �Ga are defined as �o2a,n =
βa,n

1+τPpβa,n [13].
The uplink received signal yU at the BS before the ADCs

and the downlink un-quantized transmit signal yD can be
expressed as
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Fig. 1 System model

yU = √PUGUxU + √
η
√
PDGLI ỹD + nU , (2)

yD = WxD, (3)

where ỹD is the quantized signal of the transmit anten-
nas at the BS, and PU and PD are the transmission power
of the users and BS, respectively. W = [w1, . . . ,wN ] ∈
C
M×N represents the downlink precoding matrix. And

xD =[ xD,1, · · · , xD,N ]T , xU =[ xU ,1, · · · , xU ,N ]T are the
transmit signal vectors of the BS and users, respectively,
satisfying E

{
xaxHa

} = IN (a ∈ {D,U}). nU ∼ (
0, σ 2

UIM
)

denotes the AWGN vector at the BS. η is the factor that
depends upon the extent to which the LI is eliminated.
In this paper, we adopt the AQNM which has been

applied widely, and the uplink received signal at the
BS yU and the downlink transmit signal yD after the
ADCs/DACs can be processed as

ỹU = αuyU + qU , (4)

ỹD = αdyD + qD, (5)

with αu = 1 − ρu and αd = 1 − ρd, where ρu and
ρd are the inverse of the signal-to-noise and quantiza-
tion noise ratios for the uplink and downlink, respectively,
which depend on the number of quantization bits. For the
non-uniform MMSE quantizer, the values of ρu and ρd

are given in Table 1 for the number of quantization bits
b ≤ 5. For b > 5, ρu and ρd can be approximated by
ρu (ρd) = π

√
3

2 · 2−2b [14, 15]. qU and qD denote the addi-
tive Gaussian quantization noise (AGQN) for uplink and
downlink signals, respectively. For given channel matrices
Ga (a ∈ {D,U}), GLI , GIU , and precoding matrix W, the
covariance matrices of qU and qD are respectively given
by [10]

RqU = E
{
qUqHU

} = αu (1 − αu) diag
(
PU
(
ĜU + �GU

)(
ĜU+�GU

)H+T
)
,

(6)

RqD = E
{
qDqHD

} = αd (1 − αd) diag
(
WWH) , (7)

where T = ηPDGLI
(
α2
dWWH + RqD

)
GH
LI + σ 2

UIM .

Table 1 ρu(ρd) for different ADC quantization bits b (b ≤ 5)

b 1 2 3 4 5

ρu(ρd) 0.3634 0.1175 0.03454 0.009497 0.002499
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3 Analysis of uplink and downlink achievable
rates

The uplink and downlink asymptotic achievable rates for
imperfect CSI are derived in this section. Then, we inves-
tigate that the quantization error, LI, and the IUI can be
eliminated by applying power scaling law properly and
increasing the number of antennas based on the derived
expressions.
The maximal-ratio combining/maximum ratio trans-

mission (MRC/MRT) are considered in the paper. The
beamforming and precoding matrix of MRC/MRT are
written as [16]

⎧
⎨

⎩

F = ĜU

W = ĜD
(
tr
(
ĜH
D ĜD

))− 1
2 , (8)

where F and W denote the uplink decoding matrix at the
receiver side and the downlink precoding matrix at the
transmit side, respectively.
We first provide some results that will be used in the

following derivations.

Lemma 1 The following results hold:

E

{∥
∥ĝa,n

∥
∥2
}

= βa,nMκa,n,

E

{∣
∣ĝHa,nĝa,i

∣
∣2
}

=
{

β2
a,n
(
M + M2) κ2

a,n, n = i
βa,nβa,iMκa,nκa,i, n 	= i ,

(9)

where κa,n = Ppβa,n
1+Ppβa,n (a ∈ {D,U}).

Proof The proof can be readily proved by using
Lemma 3 in [17], when Rician K-factor is set as zero.

Lemma 2 The following results hold:
1
M

ĜH
a Ĝa → D̂a, (10)

where D̂a = diag
(
βa,1κa,1, · · · ,βa,nκa,n, · · · ,βa,Nκa,N

)
is a

diagonal matrix.

Proof The proof can be readily proved by using
Lemma 5, (70) and (92) in [17], when Rician K-factor is
set as zero.

3.1 Analysis of uplink achievable rate
With the help of (4) and (8), the quantized signal vector
after the MRC receiver is processed as

rU = ĜH
U ỹU . (11)

Then, the processed quantized signal vector rU can be
rewritten as

rU = αu
√
PUĜH

U

(
ĜU + �GU

)
xU + αuĜH

UnU

+ ĜH
UqU + αu

√
η
√
PDĜH

UGLI
(
αdWxD + qD

)
.

(12)

From (12), the received signal of nth user is given by

rU ,n = αu
√
PU ĝHU ,nĝU ,nxU ,n

+ αu
√
PU

N∑

i=1,i	=n
ĝHU ,nĝU ,ixU ,i

+ αu
√
PU

N∑

i=1
ĝHU ,n�gU ,ixU ,i

+ αuαd
√

η
√
PD

N∑

i=1

ĝHU ,nGLI ĝD,i
√
tr
(
GH
DGD

)xD,i

+ αu
√

η
√
PDĝHU ,nGLIqD + αuĝHU ,nnU

+ ĝHU ,nqU ,

(13)

where gU ,n is the nth column vector of GU .
With the help (13), the uplink achievable rate expression

of the nth user with imperfect CSI is expressed as

RU ,n = T − τ

T
E

{

log2

(

1 +
∣
∣AU ,n

∣
∣2

�U ,n + α2
u
∣
∣ĝHU ,n

∣
∣2 σ 2

U

)}

,

(14)

where

AU ,n = αu
√
PU ĝHU ,nĝU ,nxU ,n, (15)

�U ,n = ∣∣BU ,n
∣
∣2+∣∣CU ,n

∣
∣2+∣∣DU ,n

∣
∣2+∣∣EU ,n

∣
∣2+∣∣FU ,n

∣
∣2 , (16)

with

BU ,n = αu
√
PU

N∑

i=1,i	=n
ĝHU ,nĝU ,ixU ,i,

CU ,n = αu
√
PU

N∑

i=1
ĝHU ,n�gU ,ixU ,i,

DU ,n = αuαd
√

η
√
PD

N∑

i=1

ĝHU ,nGLI ĝD,i
√
tr
(
ĜH
D ĜD

)xD,i,

EU ,n = αu
√

η
√
PDĝHU ,nGLIqD,

FU ,n = ĝHU ,nqU .

(17)

Theorem 1 For a massive MIMO system with a FD
mode BS and multi-users, the uplink asymptotic achiev-
able rate of the nth user based on MRC receivers for
imperfect CSI can be derived as
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RU ,n ≈ T − τ

T
log2

(
1 + αuPUβU ,n (1 + M) κU ,n

ϒU ,n

)
, (18)

where ϒU ,n = PU
N∑

i=1,i	=n
βU ,iκU ,i + αdηPDμLIM2 +

2 (1 − αu)PUβU ,nκU ,n + PU
N∑

i=1
�o2U ,i + σ 2

U.

Proof By using Lemma 1 in [17], we can approximate
(14) as

RU ,n≈ T − τ

T
log2

⎛

⎝1+
E

{∣
∣AU ,n

∣
∣2
}

E
{
�U ,n

}+ α2
uE
{∣
∣ĝHU ,n

∣
∣2
}

σ 2
U

⎞

⎠ ,

(19)

where

E

{∣
∣AU ,n

∣
∣2
}

= α2
uPUβ2

U ,n
(
M + M2) κ2

U ,n, (20)

E
{
�U ,n

} = E

{∣
∣BU ,n

∣
∣2
}

+ E

{∣
∣CU ,n

∣
∣2
}

+ E

{∣
∣DU ,n

∣
∣2
}

+ E

{∣
∣EU ,n

∣
∣2
}

+ E

{∣
∣FU ,n

∣
∣2
}
,

(21)

with

E

{∣
∣BU ,n

∣
∣2
}

= α2
uPU

N∑

i=1,i	=n
βU ,nβU ,iMκU ,nκU ,i, (22)

E

{∣
∣CU ,n

∣
∣2
}

=α2
UPU

N∑

i=1
�o2U ,iβU ,nMκU ,n, (23)

E

{∣
∣DU ,n

∣
∣2
}

= α2
uα

2
dηPDμLIβU ,nκU ,nM2, (24)

E

{∣
∣EU ,n

∣
∣2
}

= α2
uαd (1 − αd) ηPDμLIβU ,nM2κU ,n, (25)

E

{∣∣FU ,n
∣∣2
}

= 2αu (1 − αu)PUβ2
U ,nMκ2

U ,n

+ αu (1 − αu)PUβU ,nMκU ,n

N∑

i=1,i	=n
βU ,iκU ,i

+ αu (1 − αu)PUβU ,nMκU ,n

N∑

i=1
�o2U ,i

+αu (1−αu)
(
ηPDαdμLIβU ,nM2κU ,n+βU ,nMκU ,nσ

2
U
)
,

(26)

E
{
�U ,n

} = αuPU
N∑

i=1,i	=n
βU ,nβU ,iMκU ,nκU ,i

+ αuαdηPDμLIβU ,nM2κU ,n

+ 2αu (1 − αu)PUβ2
U ,nMκ2

U ,n

+ αuPUβU ,nMκU ,n

N∑

i=1
�o2U ,i

+ αu (1 − αu) βU ,nMκU ,nσ
2
U .

(27)

See Appendix A for the detailed certification process.
Then, applying Lemma 1 and substituting (20), (27) into

(19), (18) can be derived.
From (18), we analyze the effect of three factors on the

rate performance, including the number of antennas M,
the number of quantization bits, and the transmission
power of BS and each user. In order to analyze Theorem 1
more intuitively, we analyze the following three approxi-
mate results, respectively.

Proposition 1 With fixed PU, PD, and M, when b → ∞
(αu = αd = 1), then RU ,n reduces to

RU ,n→ T − τ

T
log2

⎛

⎜
⎜⎜
⎜
⎝
1+ PUβU ,n (1+M) κU ,n

PU
N∑

i=1,i 	=n
βU ,iκU ,i+PDημLIM + PU

N∑

i=1
�o2U ,i + σ2

U

⎞

⎟
⎟⎟
⎟
⎠
.

(28)

Equation (28) shows that the quantization error can be
wiped out when the number of quantization bits b tends
to infinity. However, the effect of LI caused by FD mode BS
cannot be eliminated. Given a fixedM, the uplink approxi-
mate achievable rate will converge to a constant. Therefore,
the system performance that can be improved by increasing
ADC resolution is limited, implying that it is reasonable to
adopt low-resolution ADCs/DACs in FD massive MIMO
systems.

Proposition 2 With fixed b and M, when PU = PD →
∞, RU ,n converges to

RU ,n→ T − τ

T
log2

⎛

⎜⎜
⎜⎜
⎝
1+ αuβU ,n (1+M) κU ,n

N∑

i=1,i 	=n
βU ,iκU ,i+αdημLIM + 2 (1 − αu) βU ,nκU ,n+

N∑

i=1
�o2U ,i

⎞

⎟⎟
⎟⎟
⎠
,

(29)

which is consistent with Eq. (25) in [8] when the LI is elim-
inated completely and perfect CSI. Equation (29) shows
that the rate depends not only on the number of antennas
M but also on the number of quantization bits b when the
transmission power of BS and users tend to infinity. More-
over, it is found that the quantization error and the effect
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of LI caused by FD mode BS neither can be ignored by
increasing transmit power.

Proposition 3 Assuming that the transmission power of
BS and each user are scaled with M, i.e., PU = EU/M and
PD = ED/M, where EU and ED are fixed. When M → ∞,
RU ,n tends to

RU ,n → T − τ

T
log2

(

1 + αuEUβU ,nκU ,n

αdηEDμLI + σ 2
U

)

. (30)

From (30), when the number of quantization bits b →
∞, σ 2

U = 1, the LI is eliminated completely, and we can
obtain RU ,n → log2

(
1 + αuEUβU ,n

)
under perfect CSI,

which is consistent with Eq. (26) in [8]. The approximate
uplink rate only relies on the number of quantization bits
whenM tends to infinity.

3.2 Analysis of downlink achievable rate
With the help of (1), (3), (5), and (8), we can obtain the
downlink received signal at the users

rD = √PD
(
ĜH
D + �GH

D

)
ỹD +√PUGH

IU ,nxU + nD

= √PDĜH
D
(
αdWxD + qD

)+√PD�GH
D
(
αdWxD + qD

)

+√PUGH
IU ,nxU + nD.

(31)

From (31), the received signal of nth user is given by

rD,n = αd
√
PD

ĝHD,nĝD,n√
tr
(
ĜH
D ĜD

)xD,n

+ αd
√
PD

N∑

i=1,i	=n

ĝHD,nĝD,i√
tr
(
ĜH
D ĜD

)xD,i +
√
PDĝHD,nqD

+ αd
√
PD

N∑

i=1

�gHD,nĝD,i√
tr
(
ĜH
D ĜD

)xD,n +√PD�gHD,nqD

+√PUgHIU ,nxU + nD,n.
(32)

With the help of (32), the downlink achievable rate of
the nth user is expressed as

RD,n = T − τ

T
E

{

log2

(

1 +
∣
∣AD,n

∣
∣2

�D,n + σ 2
D,n

)}

, (33)

where

AD,n = αd
√
PD

ĝHD,nĝD,n√
tr
(
ĜH
D ĜD

)xD,n, (34)

�D,n = ∣∣BD,n
∣
∣2+∣∣CD,n

∣
∣2+∣∣DD,n

∣
∣2+∣∣ED,n

∣
∣2+∣∣FD,n

∣
∣2 , (35)

with

BD,n = αd
√
PD

N∑

i=1,i	=n

ĝHD,nĝD,i√
tr
(
ĜH
D ĜD

)xD,i,

CD,n = √
PDĝHD,nqD,

DD,n = αd
√
PD

N∑

i=1

�gHD,nĝD,i√
tr
(
ĜH
D ĜD

)xD,n,

ED,n = √
PD�gHD,nqD,

FD,n = √
PUgHIU ,nxU .

(36)

Theorem 2 For a massive MIMO system with a FD
mode BS andmulti-users, the downlink asymptotic achiev-
able rate of the nth user based on MRT processing for
imperfect CSI can be derived as

RD,n≈ T − τ

T
log2

⎛

⎝1+ α2
dPDβ2

D,n (M + 1) κ2
D,n

α2
dPDX1 + PDX2 + (αdPD�o2D,n + X3

)
tr
(
D̂D
)

⎞

⎠ ,

(37)

where X1 = βD,nκD,n
N∑

i=1,i	=n
βD,iκD,i, X2 = αd (1 − αd)

βD,nκD,n

(
βD,nκD,n +

N∑

i=1
βD,iκD,i

)
, X3 = PU

N∑

i=1
σin + σ 2

D,n.

Proof By using Lemma 1 in [17], we can approximate
(33) as

RU ,n ≈ T − τ

T
log2

⎛

⎝1 +
E

{∣
∣AD,n

∣
∣2
}

E
{
�D,n

}+ σ 2
D,n

⎞

⎠ , (38)

where

E

{∣∣AD,n
∣∣2
}

= α2
dPDβ2

D,n (M + 1) κ2
D,n

(
tr
(
D̂D
))−1

, (39)

E
{
�D,n

} = E

{∣
∣BD,n

∣
∣2
}

+ E

{∣
∣CD,n

∣
∣2
}

+ E

{∣
∣DD,n

∣
∣2
}

+ E

{∣
∣ED,n

∣
∣2
}

+ E

{∣
∣FD,n

∣
∣2
}
,

(40)

with

E

{∣
∣BD,n

∣
∣2
}

= α2
dPDβD,nβD,iMκD,nκD,i

(
tr
(
D̂D
))−1

, (41)

E

{∣∣CD,n
∣∣2
}

= 2PDαd (1 − αd) β2
D,nκ

2
D,n

(
tr
(
D̂D
))−1

+ PDαd (1 − αd) βD,nκD,n

N∑

i=1,i	=n
βD,iκD,i

(
tr
(
D̂D
))−1

,

(42)
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E

{∣
∣DU ,n

∣
∣2
}

= α2
dPD�o2D,n, (43)

E

{∣
∣EU ,n

∣
∣2
}

= αd (1 − αd)PD�o2D,n, (44)

E

{∣
∣FU ,n

∣
∣2
}

= PU
N∑

i=1
σin. (45)

See Appendix B for the detailed certification process.
Substituting (39), (40) into (38), (37) can be derived.
Similarly, we analyze the effect of three factors on

the downlink rate performance, including the number of
antennas M, the number of quantization bits b and the
transmission power of BS and each user.

Proposition 4 With fixed PU, PD, and M, when b → ∞
(αd = 1), RD,n reduces to

RD,n → T − τ

T
log2

⎛

⎝1 + PDβ2
D,n(1 + M)κ2

D,n

PDX1 + (PD�o2D,n + X3
)
tr
(
D̂D
)

⎞

⎠ .

(46)

Equation(46) shows that the quantization error can be
wiped out when the number of quantization bits b tends
to infinity. Given a fixed M, the downlink approximate
achievable rate will converge to a constant. Therefore, the
system performance that can be improved by increasing
DAC resolution is limited.

Proposition 5 With fixed b andM, when PU = PD → ∞,
RD,n converges to

RD,n→ T − τ

T
log2

⎛

⎜⎜⎜
⎝
1 + α2

dβ
2
D,n(1 + M)κ2

D,n

α2
dX1 + X2 +

(
αdPD�o2D,n +

N∑

i=1
σin

)
tr
(
D̂D
)

⎞

⎟⎟⎟
⎠
.

(47)

From (47), we can see that the rate depends not only
on the number of antennas M but also on the number
of quantization bits b when the transmission power of
BS and users tend to infinity. Moreover, it is found that
the quantization error and the effect of IUI caused by FD
mode users neither can be ignored by increasing transmit
power.

Proposition 6 Assuming that the transmission power of
BS and each user are scaled with M, i.e., PU = EU/M and
PD = ED/M, where EU and ED are fixed. When M → ∞,
RU ,n tends to

RD,n → T − τ

T
log2

⎛

⎝1 + α2
dEDβ2

D,nκ
2
D,n

σ 2
D,ntr

(
D̂D
)

⎞

⎠ . (48)

It is found that the IUI caused by FD can be eliminated
by applying power scaling law properly and increasing the
number of antennas M. The approximate downlink rate
only relies on the number of quantization bits when M
tends to infinity.

4 Simulation results
In this section, we analyze the simulation results of uplink
and downlink sum achievable rates of the system model
proposed in this paper by building a simulation environ-
ment where users uniformly distributed in a cell with a
radius of 1000 m. Moreover, the sum rate of this system
are defined as Csum = CU +CD [18], where CU and CD are
the uplink and downlink sum achievable rates of the sys-
tem, respectively. Assuming the minimum distance from
the user to the BS is rmin = 100 m, and rn is the distance
from the nth user to the BS. an is denoted as a log-normal
random variable with standard deviation σ = 8 dB. υ =
3.8 is the path loss exponent. The large-scale channel fad-
ing can be modeled as βn = an (rn/rmin)

−υ , [19–21]. In
this simulation, we assume that the number of users is
N = 10, the variances of the noise are σD = σU = 1, and
the residual LI power is ρ=βLI = 0dB, PU = 10 dB and
PD = NPU . The length of channel coherence time is set to
T = 300 (symbols), and the length of pilot sequence is set
to τ = 2N .
The FD sum achievable rate versus the different num-

bers of antennas at the BS is given in Fig. 2. Results are
simulated for the three different numbers of quantiza-
tion bits b with 1, 2, and ∞. The gap between these
curves decreases as b increases which means the per-
formance that is improved by increasing the number of
quantization bits b is quite finite. This proves that it is
reasonable to adopt low-resolution ADCs in FD massive
MIMO systems.
Figure 3 presents the uplink sum rate of the proposed

MIMO system with or without power scaling versus dif-
ferent residual LI power ημLI when M = 200. As shown
in Fig. 3, the uplink sum rate is constant when the residual
LI power ημLI is small. As the residual LI power grad-
ually increases, the uplink sum rate decreases and the
performance of the proposed system deteriorates.
Figures 4 and 5 depict the uplink and downlink sum

achievable rates versus different the number of quantiza-
tion bits b, respectively. In this simulation, we choose the
number of antennas M = 100. As shown in Figs. 4 and 5,
the uplink and downlink rates increase with the number
of quantization bits and converge to a constant which can
be obtained by (28) and (46) when the number of quanti-
zation bits b > 5. The figures demonstrate the rationality
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Fig. 2 FD sum rate for different b. Comparison of FD sum rate for the different numbers of quantization bits b versus the number of antennas at the BS

of adopting low-resolution ADCs/DACs in FD massive
MIMO systems.

5 Conclusions
A FD massive MIMO system where low-resolution
ADCs/DACs are equipped in the receive antennas and
transmit antennas at the FD mode BS is investigated in
this paper. With the help of MRC/MRT processing and
MMSE, the approximate uplink and downlink rates for
imperfect CSI have been derived in this paper. The theo-
retical results reveal that the loss of system performance
due to the quantization error of the low-resolution ADCs

and LI can be compensated by applying power scaling
law properly and increasing the number of antennas. This
point turns out to be reasonable to adopt low-resolution
ADCs/DACs in FD massive MIMO systems.

Appendix A Proof of Theorem 1
For calculating (19), where AU ,n is the desired signal,
BU ,n is the multi-user interference, CU ,n is the LI, DU ,n
is the AGQN at the transmit antennas of the BS, EU ,n
is the AWGN, and FU ,n is the AGQN at the receive
antennas of the BS, we compute them one by one as
follows.
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Fig. 3 Uplink sum achievable rate for power scaling and no power scaling. Comparison of uplink sum rate for the different numbers of quantization
bits b versus the residual LI power ημLI
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Eq(28),when b tends to ∞

Fig. 4 Uplink sum achievable rate when b tends to be ∞. Description of uplink sum rate for the different numbers of quantization bits b and b tends
to be ∞ which can be obtained by (28)

1. Compute E
{∣
∣AU ,n

∣
∣2
}
:

E

{∣
∣AU ,n

∣
∣2
}

= α2
uPUE

{∣
∣ĝHU ,nĝU ,n

∣
∣2
}

= α2
uPUβ2

U ,n
(
M2 + M

)
κ2
U ,n

(49)

2. Compute E
{∣
∣BU ,n

∣
∣2
}
:

E

{∣
∣BU ,n

∣
∣2
}

= α2
uPU

N∑

i=1,i	=n
E

{∣
∣ĝHU ,nĝU ,i

∣
∣2
}

= α2
uPU

N∑

i=1,i	=n
βU ,nβU ,iMκU ,nκU ,i

(50)

3. Compute E
{∣
∣CU ,n

∣
∣2
}
:

E

{∣
∣CU ,n

∣
∣2
}

= α2
uPU

N∑

i=1
E

{∣
∣ĝHU ,n�gU ,i

∣
∣2
}

= α2
uPU

N∑

i=1
E
{
ĝHU ,n�gU ,i�gHU ,iĝU ,n

}

= α2
uPU

N∑

i=1
E
{
ĝHU ,no

2
U ,iĝU ,n

}

= α2
uPUβU ,nMκU ,n

N∑

i=1
o2U ,i

(51)
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Eq(46),when b tends to ∞

Fig. 5 Downlink sum achievable rate when b tends to be ∞. Description of downlink sum rate for the different numbers of quantization bits b and b
tends to be ∞ which can be obtained by (46)
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4. Compute E
{∣
∣DU ,n

∣
∣2
}
:

E

{∣∣DU ,n
∣∣2
}

= α2uα2dηPD
N∑

i=1

E

{∣
∣
∣ĝHU ,nGLI ĝD,i

∣
∣
∣
2}

tr
(
ĜH
D ĜD

)

= α2uα2dηPD
1
M

N∑

i=1
E

{
ĝHU ,nGLI ĝD,iĝHD,iG

H
LI ĝU ,n

}
(

tr
(
ĜH
D ĜD
M

))−1

= α2uα2dηPD
1
M

N∑

i=1
E

{
ĝHU ,nGLIβD,iMκD,iGH

LI ĝU ,n
} (

tr
(
D̂D
))−1

= α2uα2dηPDμLIM
N∑

i=1
βD,iκD,iE

{
ĝHU ,nĝU ,n

} (
tr
(
D̂D
))−1

= α2uα2dηPDμLIβU ,nM2κU ,n

(52)

5. Compute E
{∣
∣EU ,n

∣
∣2
}
:

E
{
qDqHD

} = αd (1 − αd) diag
(
GDGH

D
) (
tr
(
GDGH

D
))−1

(53)

E

{∣
∣EU ,n

∣
∣2
}

= α2
uηPDE

{∣
∣gHU ,nGLIqD

∣
∣2
}

= α2
uηPDE

{
gHU ,nGLIqDqHDGH

LIgU ,n
}

= α2
uαd (1 − αd) ηPDE

{
gHU ,nGLIdiag

(
ĜDĜH

D

)
GH
LIgU ,n

}(
tr
(
ĜH
D ĜD

))−1

= α2
uαd (1 − αd) ηPDE

{

gHU ,nGLIdiag
(
ĜDĜH

D
M

)

GH
LIgU ,n

}(

tr
(
ĜH
D ĜD
M

))−1

= α2
uαd (1 − αd) ηPDE

{
gHU ,nGLI D̂DGH

LIgU ,n

} (
tr
(
D̂D
))−1

= α2
uαd (1 − αd) ηPDμLIβU ,nM2κU ,n

(54)

6. Compute E
{∣
∣FU ,n

∣
∣2
}
:

E

{∣
∣FU ,n

∣
∣2
}

= E

{∣
∣
∣ĝHU ,nqU

∣
∣
∣
2}

= αu (1 − αu)E

{
ĝHU ,ndiag

(
PU
(
ĜU+�GU

)(
ĜU+�GU

)H+T
)
ĝU ,n

}

= αu (1 − αu)E
{
ĝHU ,ndiag

(
PU ĜU ĜH

U + �GU�GH
U + T

)
ĝU ,n

}

= αu (1 − αu)E
{
ĝHU ,ndiag

(
PUGUGH

U
)
ĝU ,n

}

+ αu (1 − αu)E
{
ĝHU ,ndiag

(
�GU�GH

U
)
ĝU ,n

}

+ αu (1 − αu)
{
ĝHU ,ndiag (T) ĝU ,n

}

(55)

We can derive the first term in (55) as:

αu (1 − αu)E
{
ĝHU ,ndiag

(
PUĜUĜH

U

)
ĝU ,n

}
= αu (1 − αu)

PU

⎛

⎝2Mβ2
U ,nκ

2
U ,n + MβU ,nκU ,n

N∑

i=1,i	=n
βU ,iκU ,i

⎞

⎠

(56)

The second term in (55) can be derived as

αu (1 − αu)E
{
gHU ,ndiag

(
�GU�GH

U
)
gU ,n

}

= αu (1 − αu) βU ,nMκU ,n

N∑

i=1
�o2U ,i

(57)

The third term in (55) can be derived as

αu (1 − αu)E
{
gHU ,ndiag (T) gU ,n

}

= αu (1 − αu)E
{
gHU ,ndiag

(
ηPDα2dGLIWWHGH

LI
)
gU ,n

}

+ αu (1 − αu)E
{
gHU ,ndiag

(
ηPDGLIqDqHDGH

LI
)
gU ,n

}

+ αu (1 − αu)E
{
gHU ,nσ 2

U IMgU ,n
}

= αu (1 − αu) ηPDα2dμLIβU ,nM2κU ,n

+ αu (1 − αu) ηPDαd
(
1 − αd

)
μLIβU ,nM2κU ,n

+ αu (1 − αu) σ 2
UβU ,nMκU ,n

= αu (1 − αu) αdηPDμLIβU ,nM2κU ,n

+ αu (1 − αu) σ 2
UβU ,nMκU ,n

(58)

Combine (56), (57), and (58), we have

E

{∣
∣FU ,n

∣
∣2
}
=αu(1 − αu)PU

⎛

⎝2Mβ2
U ,nκ2U ,n+MβU ,nκU ,n

N∑

i=1,i	=n
βU ,iκU ,i

⎞

⎠

+ αu (1 − αu) βU ,nMκU ,n
N∑

i=1
�o2U ,i

+ αu (1 − αu) αdηPDμLIβU ,nM2κU ,n

+ αu (1 − αu) σ 2
UβU ,nMκU ,n

(59)

Appendix B Proof of Theorem 2
For calculating (38), where AD,n is the desired signal, BD,n
is the multi-user interference, CD,n is the LI, DD,n is the
AGQN at the transmit antennas of the BS, ED,n is the
AWGN, and FD,n is the AGQN at the receive antennas of
the BS, we compute them one by one as follows.

7. Compute E
{∣
∣AD,n

∣
∣2
}
:

E

{∣
∣AD,n

∣
∣2
}

= α2
dPDE

{∣
∣ĝHD,nĝD,n

∣
∣2
} (

tr
(
ĜH
D ĜD

))−1

= α2
dPDβ2

D,n
(
M2 + M

)
κ2
D,n

1
M

(

tr
(
ĜH
D ĜD
M

))−1

= α2
dPDβ2

D,n (M + 1) κ2
D,n

(
tr
(
D̂D
))−1

(60)
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8. Compute E
{∣
∣BD,n

∣
∣2
}
:

E

{∣
∣BD,n

∣
∣2
}

=α2
dPD

N∑

i=1,i	=n
E

{∣
∣ĝHD,nĝD,i

∣
∣2
}(

tr
(
ĜH
D ĜD

))−1

= α2
dPDβU ,nκU ,n

N∑

i=1,i	=n
βU ,iκU ,i

(
tr
(
D̂D
))−1

(61)

9. Compute E
{∣
∣CD,n

∣
∣2
}
:

E

{∣
∣CD,n

∣
∣2
}

= PDE
{∣∣
∣ĝHD,nqD

∣∣
∣
2}

= PDαd
(
1 − αd

)
E

{
ĝHD,ndiag

(
ĜDĜH

D
)
ĝD,n

} (
tr
(
ĜDĜH

D
))−1

= PDαd
(
1−αd

)
⎛

⎝2Mβ2
D,nκ2D,n+MβD,nκD,n

N∑

i=1,i 	=n
βD,iκD,i

⎞

⎠
(

tr
(
D̂D
M

))−1

= PDαd
(
1−αd

)
⎛

⎝2β2
D,nκ2D,n+ βD,nκD,n

N∑

i=1,i 	=n
βD,iκD,i

⎞

⎠
(
tr
(
D̂D
))−1

(62)

10. Compute E
{∣
∣DD,n

∣
∣2
}
:

E

{∣∣DD,n
∣∣2
}

= α2
dPD

N∑

i=1
E

{∣∣�gHD,nĝD,i
∣∣2
}(
tr
(
ĜH
D ĜD

))−1

= α2
dPD

N∑

i=1
βD,iκD,iM�o2D,n

(

tr
(
D̂D
M

))−1

= α2
dPD�o2D,n

N∑

i=1
βD,iκD,i

(
tr
(
D̂D
))−1

= α2
dPD�o2D,n

(63)

11. Compute E
{∣
∣ED,n

∣
∣2
}
:

E
{
qDqHD

} = αd (1 − αd) diag
(
GDGH

D
) (
tr
(
GDGH

D
))−1

(64)

E

{∣∣ED,n
∣∣2
}

= PDE
{∣
∣∣�gHD,nqD

∣
∣∣
2}

= PDαd
(
1 − αd

)
E

⎧
⎨

⎩
�gHD,n

diag
(
ĜDĜH

D
)

tr
(
ĜH
D ĜD

) �gD,n

⎫
⎬

⎭

= PDαd
(
1 − αd

)
E

{

�gHD,ndiag
(
ĜDĜH

D
M

)

�gD,n

}(

tr
(
ĜH
D ĜD
M

))−1

= PDαd
(
1 − αd

)
E

{
�gHD,nD̂D�gD,n

} (
tr
(
D̂D
))−1

= PDαd
(
1 − αd

)
E

{
�gHD,n�gD,n

} N∑

i=1
βD,iκD,i

(
tr
(
D̂D
))−1

= PDαd
(
1 − αd

)
�o2D,n

(65)

12. Compute E
{∣
∣FD,n

∣
∣2
}
:

E

{∣
∣FD,n

∣
∣2
}

= PU
N∑

i=1
σin (66)
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