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Abstract

In this paper, a receiver scheme for a cooperative multi-relay system with non-orthogonal multiple access
(CMRS-NOMA) in cellular networks is proposed. In our proposed system, the base station (BS) would like to
communicate with multiple users via multiple relays, and direct links between the BS and users are not considered.
Specifically, we assume that the relays in the approaching range are allowed to assist the transmission since other
relays are out of the cooperation range. In this way, each user and the corresponding relays can be implemented as
one group. In addition, the source simultaneously transmits the superposition coded signals to all relay nodes. After
receiving the signals, all the relay nodes decode the symbols by applying successive interference cancellation (SIC)
and then reconstruct them into new NOMA signals, which will be forwarded to the users and decoded in a linear
combination way. Note that the proposed reconstructions at the relay nodes are practical and simple, which leads to
an advantageous decoding for the receivers. Moreover, the closed-form expressions in terms of the sum rate (SR) and
the outage performance of the system are derived. Qualitative numerical results corroborating our theoretical analysis
show that the proposed scheme significantly improves the performance in terms of the SR and outage probability
compared with the existing works.

Keywords: Cooperative multi-relay system (CMRS), Non-orthogonal multiple access (NOMA), Sum rate (SR), Outage
performance

1 Introduction
Recently, non-orthogonal multiple access (NOMA) has
received considerable attention as a promising candidate
for 5G systems, to realize an aggregate goal, such as supe-
rior spectral efficiency, balanced user fairness, intense
connections, and low access latency [1, 2]. In contrast to
the traditional orthogonal multiple access (OMA) scheme
and recent studies [3–6], the NOMA technique allows
multiple users to share time/frequency radio resources
and allows distinguishing users by the different power lev-
els [7–9]. In addition, a cooperative relaying system with
the NOMA technique (i.e., CRS-NOMA) is proposed in
[2], which not only improves spectral efficiency but also
reduces the system complexity based on some special
approaches. To further improve the system performance

*Correspondence: gzhang@ntu.edu.cn
1School of Information Science and Technology, Nantong University, Seyuan
Road, Nantong, China
Full list of author information is available at the end of the article

in CRS-NOMA, the authors in [10] investigated a novel
receiver design, where the performance in terms of the SR
and outage probability are significantly improved. Since
the distributions have an important impact, a new CRS-
NOMA protocol is proposed in [11], in which the appli-
cations of simultaneous wireless information and power
transfer (SWIPT) to NOMA networks are considered.
Moreover, the works focusing on the power allocation
schemes and different channel models, such as Rician
fading channels and Nakagami-m fading channels in the
NOMA technology, have also been studied in [12–14].
Due to the various advantages promised by NOMA

technology in existing and future wireless communi-
cations systems, NOMA technology has been shown
to be compatible with many other potential 5G tech-
niques, such as massive multiple-input multiple-output
(MIMO) and millimeter-wave (mmWave), as well as
some applications in Internet of Things (IoT), such as
vehicle-to-vehicle (V2V) communication scenarios and
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machine-type communications (MTC). As an effective
means to improve spectral efficiency, MIMO has been
widely studied [15–18]. In [19–22], various algorithmic
frameworks and performance optimization problems in
MIMO-NOMA scenarios were also studied. However,
most of the existing NOMA schemes rely on a key
assumption that the channel conditions for the users are
heterogeneous. To ensure that the potential of NOMA
technology can be realized even if the users’ channel con-
ditions are similar, a MIMO-NOMA downlink transmis-
sion scenario has been considered, with one transmitter
sending data to two users, e.g., an access point is serving
two IoT devices [23]. Particularly, the authors considered
that one user needs to be served quickly for small packet
transmission, i.e., with a low targeted data rate, and the
other user is to be served with the best effort. However,
due to the scarcity of traditional wireless communication
frequency resources, mmWave is slowly becoming popu-
lar because it has more bandwidth resources in the high-
frequency band [24]. The authors in [25] investigated spa-
tial and frequency wideband effects, called dual-wideband
effects in massive MIMO systems, from the array signal
processing perspective. By taking millimeter-wave-band
communications into account, they described the trans-
mission process to address the dual-wideband effects. In
[26], to avoid the requirement that the base station (BS)
should know all the channel state information (CSI) of
the users, the applications of random beamforming to
mmWave-NOMA systems were considered. In the appli-
cation scenarios of IoT, such as V2V communications,
since multiple antennas can be accommodated, large-
scale MIMO becomes quite attractive [27, 28]. Inspired by
the robustness of spatial modulation (SM) against chan-
nel correlation and the benefits of NOMA technology, the
authors in [29] combined them into NOMA-SM to handle
the effects of wireless V2V environments and to support
the improvement in bandwidth efficiency.
The studies of NOMA technology and its compatibil-

ity with other technologies used in certain scenarios have
clearly received considerable attention. For a scenario with
multiple receiving nodes, both the transmission strategies
and performance analysis are more practical and challeng-
ing for wireless communication systems. In addition, to
the best of our knowledge, there are no relevant studies
that focus on cellular networks with a multi-relay node
transmission model with NOMA technology. Although
the NOMA systems over Rician fading channels and/or
Nakagami-m fading channels are more interesting and
challenging, they are beyond the scope of this paper. Based
on the above considerations, in this paper, a new transmis-
sion model named cooperative multi-relay system using
NOMA (CMRS-NOMA) technology over Rayleigh fading
channels is studied. To jointly decode the desired signals
for each user, the new superposition coded signals are

reconstructed and broadcast by the multiple relay nodes.
For assisting the multiple relay nodes in completing the
transmission of the new superposition signals, a simple
and practical decoding scheme with high efficiency and
low complexity is investigated.
The implementations and main contributions of our

proposed work are summarized as follows:

• A new CMRS-NOMA transmission scenario is
proposed, in which the relays within the cooperation
range are allowed to assist the transmissions from the
BS to the users. Meanwhile, the direct transmission
channels are not considered. After receiving signals,
the relay nodes reconstruct the received signals into a
new superposition code in a practical way, and the
coded signal will be simply decoded with linear
combinations at the receiver. Moreover, we also
introduce a two-stage NOMA power allocation
scheme at the BS and relay nodes, which is
interesting and challenging.

• We investigate a new decoding method that can be
described as a simple algorithm at each user after the
relay nodes forward the reconstructed signals from
the BS. Thanks to the reconstructions at the relay,
each user can decode the desired signals with linear
combinations, where the signals are forwarded from
the corresponding relays. In addition, we qualitatively
analyze a low-complexity, multi-stage power
allocation strategy.

• The performance of the cooperative multi-relay
NOMA technology in cellular networks is analyzed in
terms of the ergodic SR and outage probability.
Considering independent Rayleigh fading channels,
we first derive the closed-form expressions of the
ergodic SR and outage probability for a single-relay
case. By extending the single-relay case into the
remaining multi-relay node pair cases, a generalized
reconstruction strategy is investigated, where all relay
nodes follow the same regularity feature. For the
remaining multi-relay node pair cases, in this
manner, the power allocation factors of the proposed
CMRS-NOMA should be changed in a circular
manner, which is completely different from the
traditional single-relay cooperative networks.

• Compared to the TDMA and CRS-NOMA schemes,
the proposed CMRS-NOMA has better
performances in terms of outage probability and
spectral efficiency in both the analytical and
numerical results. It is also observed that NOMA
technology offers better fairness when multiple users’
quality of services (QoS) are satisfied.

The remainder of this paper is organized as follows.
In Section 2, the proposed new system model, power
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allocation strategies, and decoding scheme of multi-relay
cooperative NOMA for cellular networks are described.
In Section 3, we analyze the performance in terms of the
ergodic SR, outage probability, and some auxiliary indica-
tors. In addition, closed-form expressions for the ergodic
SR and outage performance are derived. In Section 4,
we present and discuss the simulation results for our
proposed works. This paper is concluded in Section 5.

2 Systemmodel and the proposed scheme
Consider a cooperative relaying communication system
that consists of one source S; multiple relay nodes, i.e.,
R1 . . .RM; and multiple users, D1 . . .DN , as shown in
Fig. 1. We further consider that the BS wants to commu-
nicate with the users via the relay nodes since there are
no direct links between them. In addition, the relays in
the approaching range are allowed to assist the transmis-
sion, while the other relays are beyond the transmission
range. It is assumed that all nodes are operating in a
half-duplex mode and that each one is equipped with a
single antenna. The channels between S-Ri and Ri-Dj are
denoted as hSRi and hRiDj , respectively, which are assumed
to be Rayleigh fading channels with variances βSRi and

βRiDj . Furthermore, the CSI is assumed to be perfectly
known to each receiving node.
There are two phases involved in our proposed scheme.

In the first phase, the source broadcasts N symbols (s1,
s2, · · · , sN ) simultaneously to the relays. By adopting
the superposition code, the transmitted signal from the
source is given as

∑N
k=1

√
akPtsk , where sk is the symbol

for the kth (1 ≤ k ≤ N) user, ak with
∑N

k=1 ak = 1
denotes the power allocation coefficient, and Pt is the total
transmit power. Similar to the traditional NOMA technol-
ogy, the power coefficients are determined by the qualities
of the S-Ri channels. The observation at the ith(1 ≤ i ≤
M,M = N) relay in multiple relay nodes is given by

yRi = hSRi
N∑

k=1

√
akPtsk + nRi , (1)

where nRi ∼ CN (0, σ 2
Ri) are the additive white Gaussian

noises (AWGNs). Without loss of generality, following the
NOMA decoding principle, sj(1 ≤ j ≤ N − 1) is decoded
first and allocated with more transmit power, and then
sj+1 is subsequently decoded. Successive detection will be
performed at the ith relay at the end of this phase. Because

Fig. 1 The proposed multi-relay cooperative system with NOMA (MCRS-NOMA)
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of the cellular distribution, all the S-Ri channels are spa-
tially disparate and have distinct transmission qualities at
this stage, i.e.,

hSR1 �= hSR2 �= · · · �= hSRN , (2)

In the second phase, with the superposition coding (SC)
and successive interference cancellation (SIC), all the relay
nodes are available to successively decode the symbols.
In this manner, the received signal-to-interference-plus-
noise ratio (SINR) at the ith relay node is given by

γ
(sk)
Ri =

∣
∣hSRi

∣
∣2 akPt

∣
∣hSRi

∣
∣2

⎛

⎝
N∑

m=k+1
am

⎞

⎠Pt + σ 2

, (3)

and

γ
(sN )
Ri =

∣
∣hSRN

∣
∣2 aNPt
σ 2 . (4)

To provide a simple and practical decoding, the relays
will reconstruct and forward new superposition coded
signals, and the user jointly decodes the information sym-
bols from the received signals by employing the linear
combination. In fact, only the signals that come from
the approaching relays need to be provided for decoding
the desired signal. Indeed, when transmitting the recon-
structed signals, the power allocation strategy at the relay
needs to be designed, which means that a power alloca-
tion is still required at each node. As shown in Fig. 1, there
are N relay nodes, and the corresponding power alloca-
tion coefficients bRi with

∑N
i=1 bRi = 1 are considered in

the system. At this time, considering the power realloca-
tion at each relay node for transmission, third stage power
allocation will occur with coefficients ck with

∑N
k=1 ck =

1, which will make the system analysis complex and not
suitable for research. For simplicity, the information trans-
mitted at each relay node will no longer be allocated in the
relay layer but rather sent out with full power.

2.1 Single-relay scenario
To successfully analyze the multi-relay case, we first con-
sider a single-relay case, which is a simple CRS consisting
of only one source, one relay, and one destination. Assume
that a direct link between the source and the destination
exists, the destination jointly decodes the received signals
from both the source and the relay.
At the first time slot, the BS simultaneously transmits

the signal
√
a1Pts1 +√

a2Pts2 to the relay and destination,
where sk denotes the broadcast symbol at the source and
a1 and a2 with a1+a2 = 1 are the power allocation factors.
At the second time slot, a new symbol sr with superposi-
tion coding sr = √

b1Pts1 − √
b2Pts2 is forwarded from

the relay node to the destination, where b1 and b2 with
b1 + b2 = 1 are new power allocation coefficients. Note

that the subtraction is necessary, and it can perfectly can-
cel the interference signals at the destination. The received
signals at the destination can be written as

y(1)
D = hSD

(√
a1Pts1 + √

a2Pts2
)

+ n(1)
D , (5)

y(2)
D = hRD

(√
b1Pts1 −

√
b2Pts2

)
+ n(2)

D , (6)

where n(i)
D is the AWGN at the destination during the

ith time slot with zero mean and variance σ 2. To jointly
decode s1 and s2 at the destination, a linear combi-
nation is employed to produce interference-free signals
y(1)
D

√
b2hRD + y(2)

D
√a2hSD and y(1)

D
√
b1hRD − y(2)

D
√a1hSD.

Therefore, the target signals can be expressed as

Ts1 = hSDhRDζ
√
Pts1+

√
b2hRDn(1)

D +√
a2hSDn(2)

D , (7)

and

Ts2 = hSDhRDζ
√
Pts2+

√
b1hRDn(1)

D −√
a1hSDn(2)

D , (8)

where ζ = √
a1b2 + √

a2b1. With (7) and (8), the cor-
responding effective SNRs for s1 and s2 are given by

γ
(s1)
D = |hSD|2 |hRD|2 ζ 2ρ

b2 |hRD|2 + a2 |hSR|2
, (9)

and

γ
(s2)
D = |hSD|2 |hRD|2 ζ 2ρ

b1 |hRD|2 + a1 |hSR|2
, (10)

respectively, where ρ = Pt
σ 2 denotes the transmit SNR.

2.2 Proposedmulti-relay scheme
In this subsection, we extend the single-relay case into the
case with multiple users and relays, i.e., CMRS-NOMA.
Note that direct links between the BS and the users are not
considered since such consideration will lead to extreme
complexity for the power allocation. Moreover, in this
study, our aim is to demonstrate that our proposed recon-
struction at the relay node has advantages compared with
the directly forwarding one.
In this scheme, in the first phase, the source broadcasts

N symbols
∑N

k=1
√
akPtsk only to the relay nodes and the

received signal at the ith relay in multiple relay nodes, as
shown in Eq. (1). By employing SIC, all the relay nodes can
decode the symbols successively. In the second phase, the
relay nodes reconstruct new superposition coded signals
by using linear operations. In contrast to the single-relay
case, there are multiple relay nodes, where different relay
nodes will reconstruct in a different way by using differ-
ent linear operations and forward them to the user in a
short-range circular communication area. In this process,
a two-stage NOMA power allocation scheme at the BS
and the relay nodes is introduced. The choice of decod-
ing method at each user after the relay nodes forward
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new NOMA signals directly affects whether the interfer-
ence signals are perfectly cancelled. Because the relays in
the approaching range are allowed to assist the transmis-
sion, each user and the corresponding relay nodes can be
implemented as one group. By using simple addition and
division, all the other signals except the desired one will
be removed.
Our proposed linear operations at the relay nodes can

be described as a simple algorithm. The detailed steps of
the linear algorithm are as follows:

• Step 1 : We first choose a relay in the direction of 90°
of the coordinate axis and mark it as the number 1
relay; then, along the clockwise direction, we mark
the remaining relays as 2,3. . . until the last relay is
marked as N. Assume that multiple relay nodes are
distributed in a cellular around the BS with equal
distances from the relays to the BS and that the last
relay node is connected with the first one.

• Step 2 : To handle the operational demands in the
distributed relay nodes, we place all the adjacent relay
node pairs into a node pair list (NPL) and identify the
corresponding users within the overlapping area of
the relay node pairs at the destinations that are
outside of the BS service area. The NPL and CU of
step 2 are given in Table 1.

• Step 3 : For the node pairs that have been served, we
obtain each new symbol sRi(1 ≤ i ≤ N) from a
simple linear combination in sequence and forward
them to the area with the full power of a single
antenna. The reconstructed signal combinations for
each relay are shown in the following group.

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

sR1 = √
bR1a1Pts1 + √

bR1a2Pts2 + √
bR1a3Pts3 + · · · + √

bR1aNPtsN (a)
sR2 = √

bR2a1Pts1 − √
bR2a2Pts2 − √

bR2a3Pts3 − · · · − √
bR2aNPtsN (b)

sR3 = √
bR3a1Pts1 + √

bR3a2Pts2 − √
bR3a3Pts3 − · · · − √

bR3aNPtsN (c)
sR4 = √

bR4a1Pts1 + √
bR4a2Pts2 + √

bR4a3Pts3 − · · · − √
bR4aNPtsN (d)

...
sRN = √

bRN a1Pts1 + √
bRN a2Pts2 + √

bRN a3Pts3 + · · · − √
bRN aNPtsN (·)

(11)

• Step 4 : After we finish reconstructing the new signals
for each relay and send them out, we can jointly
decode the received signals from two adjacent relays

Table 1 RNP and corresponding user

Relay node pair Corresponding user

(R1, R2) (D1, user1)

(R2, R3) (D2, user2)

· · · · · ·
(RN−1, RN) (DN−1, userN−1)

(RN , R1) (DN , userN)

by employing a simple linear combination method at
the users. As shown in the above expressions, for
example, signal 1 is obtained by adding

(
sR1 · √bR2

)

to
(
sR2 · √bR1

)
and then dividing by

(
2 · √bR1bR2a1Pt

)
. Signal 2 is achieved by

subtracting
(
sR2 · √bR3

)
from

(
sR3 · √bR2

)
and then

dividing by
(
2 · √bR2bR3a2Pt

)
. The remainder can be

achieved in the same manner, and the last signal N
will be acquired by also deducting the end equation,
i.e.,

(
sRN · √bR1

)
, from the first, i.e.,

(
sR1 · √bRN

)
,

and then dividing by
(
2 · √bRN bR1aNPt

)
. Afterwords,

all the signals will have been successfully decoded.

Taking signal 1 as an example, we analyze the received
signal of user1 that is cooperated by the number 1 and
number 2 relays. Because ak and bRi in group (11) are
power allocation factors that meet their respective condi-
tions, i.e.,

∑N
k=1 ak = 1 and

∑N
i=1 bRi = 1, group (11) can

be simplified by allowing cik = bRi × ak , and formulae
(11-a) and (11-b) can be described as

sR1 = √
c11Pts1 + √

c12Pts2 + · · · + √
c1(N−1)PtsN−1 + √

c1NPtsN ,

(12)

and

sR2 = √
c21Pts1 − √

c22Pts2 − · · · − √
c2(N−1)PtsN−1 − √

c2NPtsN .

(13)

In our proposed system, the relay nodes forward new
reconstructed symbols sRi with superposition signals to
users as shown in the above formulae. Note that signals
from two adjacent relay nodes only need to be processed
simply to obtain the desired signal. With (12) and (13), the
received signal at user1 can be written as

y(R1)
D1

= hR1D1 × sR1 + n(R1)
D1

= hR1D1 ×
(
√
c11Pts1 +

N∑

k=2

√
c1kPtsk

)

+ n(R1)
D1

, (14)

y(R2)
D1

= hR2D1 × sR2 + n(R2)
D1

= hR2D1 ×
(
√
c21Pts1 −

N∑

k=2

√
c2kPtsk

)

+ n(R2)
D1

,(15)

where n(Ri)
D1

is the AWGN at user1 from the ith relay
node during the second time slot with zero mean and
variance σ 2. From the above, we find that there are
two signals received at user1, which are y(R1)

D1
and y(R2)

D1
.

As the single-relay model scheme, user1 jointly decodes
s1. With a simple linear combination, we could produce
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interference-free signal y(R1)
D1

√
bR2hR2D1 + y(R2)

D1

√
bR1hR1D1

for s1 at user1, with the target signal Ts1 as

Ts1 =hR1D1hR2D1ς
√
Pts1+

√
bR2hR2D1n

(R1)
D1

+√
bR1hR1D1n

(R2)
D1

,
(16)

where ς = √
c11bR2 + √

c21bR1 = 2
√
bR1bR2a1. If we

perform symbol-by-symbol detection based on the out-
put signals (16), the corresponding effective SNR for s1 is
given by

γ
(s1)
D1

=
∣
∣hR1D1

∣
∣2

∣
∣hR2D1

∣
∣2 ς2ρ

bR2
∣
∣hR2D1

∣
∣2 + bR1

∣
∣hR1D1

∣
∣2
, (17)

where ρ = Pt
σ 2 denotes the transmit SNR.

Clearly, signal 2 to signal N − 1 can be obtained
in a similar manner, i.e., for sk (2 ≤ k ≤ N − 1) at
user i, the interference-free signals y(Ri+1)

Di

√
bRihRiDi −

y(Ri)
Di

√
bRi+1hRi+1Di could also be generated by employ-

ing the same method. As described in step 4 above, the
interference-free signal for sN at user N (the last signal N
) will be generated by y(R1)

DN

√
bRN hRNDN −y(RN )

DN

√
bR1hR1DN .

Similar to the previous descriptions, the target signal
Tsi(2 ≤ i ≤ N − 1) can be expressed as

Tsi = hRiDihRi+1Diς
√
Ptsi +

√
bRi+1hRi+1Din

(Ri)
Di

+ √
bRihRiDin

(Ri+1)
Di

,

(18)

where ς = 2
√
bRibRi+1ai; hence, the expressions of

interference-free signal for Tsi(1 ≤ i ≤ N − 1) are the
same. However, the last one is slightly different from the
ones in front; it is

TsN = hR1DN hRNDN ς
√
PtsN + √

bRN hRND1n
(R1)
DN

+ √
bR1hR1DN n

(RN )
DN

,

(19)

where ς = 2
√
bRN bR1aN . Therefore, the corresponding

effective SNRs for si(1 ≤ i ≤ N − 1) and sN are given as

γ
(si)
Di

= 4
∣
∣hRi+1Di

∣
∣2

∣
∣hRiDi

∣
∣2 (bRibRi+1ai)ρ

bRi+1

∣
∣hRi+1Di

∣
∣2 + bRi

∣
∣hRiDi

∣
∣2

, (20)

and

γ
(sN )
DN

= 4
∣
∣hR1DN

∣
∣2

∣
∣hRNDN

∣
∣2 (bRN bR1aN )ρ

bRN
∣
∣hRND1

∣
∣2 + bR1

∣
∣hR1DN

∣
∣2

, (21)

where ρ = Pt
σ 2 denotes the transmit SNR.

3 Performance analysis
In this section, we will analyze the performance of the
achievable ergodic SR and the outage probability to char-
acterize the superiority of our proposed scheme.

3.1 Ergodic SR analysis
According to Shannon’s theorem, the achievable rate for
symbol s1 can be obtained from γ

(s1)
R1 , γ (s1)

R2 , and γ
(s1)
D as

Cs1 = 1
2
log2

(
1 + min

{
γ

(s1)
R1 , γ (s1)

R2 , γ (s1)
D1

})
, (22)

where 1
2 results from the two-hop transmission. Without

loss of generality, the received signals corresponding to
the relay node pairs can be described as

Csi = 1
2
log2

(
1 + min

{
γ

(si)
Ri , γ (si)

Ri+1
, γ (si)

Di

})
. (23)

Therefore, the achievable SR can be expressed as

Csum =
N∑

i=1
Csi . (24)

Denoting
∣
∣hSRi

∣
∣2 = νSRi ,

∣
∣hRiDj

∣
∣2 = νRiDj , di =

bRibRi+1ai, and τ =
N∑

m=i+1
am, we have

min
{
γ

(si)
Ri , γ (si)

Ri+1
, γ (si)

Di

}

=min
{ ∣

∣hSRi
∣
∣2aiρ

∣
∣hSRi

∣
∣2τρ+1

,
∣
∣
∣hSRi+1

∣
∣
∣
2
aiρ

∣
∣
∣hSRi+1

∣
∣
∣
2
τρ+1

,
4
∣
∣hRiDi

∣
∣2
∣
∣
∣hRi+1Di

∣
∣
∣
2
diρ

bRi+1

∣
∣
∣hRi+1Di

∣
∣
∣
2+bRi

∣
∣hRiDi

∣
∣2

}

=min
{

νSRi aiρ
νSRi τρ+1 ,

νSRi+1aiρ
νSRi+1 τρ+1 ,

4νRiDiνRi+1Didiρ
bRi+1νRi+1Di+bRiνRiDi

}
,

(25)

where i ∈[ 1,N − 1] and i �= m. For the case of i = N , the
achievable rate CsN can be written as

CsN = 1
2
log2

(
1 + min

{
γ

(sN )
RN , γ (sN )

R1 , γ (sN )
DN

})
. (26)

According to (21), dN = bRN bR1aN , for i = N , we have

min
{
γ

(sN )
RN , γ (sN )

R1 , γ (sN )
DN

}

=min
{∣
∣hSRN

∣
∣2aNρ,

∣
∣hSR1

∣
∣2 aNρ, 4

∣
∣hRNDN

∣
∣2
∣
∣hR1DN

∣
∣2dNρ

bR1
∣
∣hR1DN

∣
∣2+bRN

∣
∣hRNDN

∣
∣2

}

=min
{
νSRN aNρ, νSR1aNρ, 4νRNDN νR1DN dNρ

bR1νR1DN +bRN νRNDN

}
.

(27)

Letting X = min {γ (si)
Ri , γ (si)

Ri+1
, γ (si)

Di
}, from (25) in which

i �= N , the complementary cumulative distribution func-
tion(CCDF) of X can be formulated as

FX(x)=Pr
{

νSRi aiρ
νSRi τρ+1 >x, νSRi+1 aiρ

νSRi+1 τρ+1 >x, 4νRiDi νRi+1Di diρ
bRi+1 νRi+1Di+bRi νRiDi

> x
}
. (28)

Note that the CCDF of Fν(δ) = e−
x
βδ , for δ ∈ {SRi,RiDj},

Eq. (28) is equivalent to (29), as shown at the top of the
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next page, where Pr{A|B} denotes the conditional proba-
bility of event A on event B, and E[ ·] stands for statistical
expectation.

FX(x) = FSRi

(
x

aiρ − τρx

)

FSRi+1

(
x

aiρ − τρx

)

(
EνRi+1Di

[

Pr
{

νRiDi >
bRi+1νRi+1Dix

4νRi+1Didiρ − bRix
|νRi+1Di >

bRix
4diρ

}]

+ EνRi+1Di

[

Pr
{

νRiDi <
bRi+1νRi+1Dix

4νRi+1Didiρ − bRix
|νRi+1Di <

bRix
4diρ

}])

=
{

1
βRi+1Di

e
− x

[aiρ−τρx]βSRi
− x

[aiρ−τρx]βSRi+1
− bRi x

4diρβRi+1Di

∫ ∞
bRi x
4diρ

e
− bRi+1 ux

(4diρu−bRi x)βRiDi
− u

βRi+1Di du
}

+
{

e
− x

[aiρ−τρx]βSRi
− x

[aiρ−τρx]βSRi+1

(

1 − e
− bRi x

4diρβRi+1Di

)

∫ bRi x
4diρ

0
1 − 1

βRi+1Di
e
− bRi+1 ux

(4diρu−bRi x)βRiDi
− u

βRi+1Di du
}

,

(29)

Since Eq. (29) is too complex to calculate, the high trans-
mit SNR case is considered to simplify the calculation, i.e.,
ρ >> 1, and we have the following approximations

νSRiaiρ
νSRiτρ + 1

∼ ai
τ
, (30)

and
νSRi+1aiρ

νSRi+1τρ + 1
∼ ai

τ
. (31)

Letting t = 4diρu − bRix and using
∫ ∞
0 e− A

x −Bxdx =
2
√

A
BK1(2

√
AB) [30]—Eq. (3.324.1), when x < ai

τ⎛

⎝τ =
N∑

m=i+1
am

⎞

⎠, (29) can be equivalently written as

FX(x)= e
− x

4diρ

(
bRi+1
βRiDi

+ bRi
βRi+1Di

)

4βRi+1Didiρ

∫ ∞

0
e
− bRi bRi+1 x

2

4diρtβRiDi
− t
4diρβRi+1Di dt

= x
ξ
e−xφK1

(
x
ξ

)

,

(32)

where ξ = 2diρ
√

βRiDi ·βRi+1Di
bRi ·bRi+1

, φ = 1
4diρ

( bRi+1
βRiDi

+ bRi
βRi+1Di

)
,

and K1(·) denotes the first-order modified Bessel func-
tion of the second kind [31]. For the case x > ai

τ⎛

⎝τ =
N∑

m=i+1
am

⎞

⎠, FX(x) = 0 always holds due to

Eqs. (30) and (31). With (32), the achievable ergodic rate
can be calculated as (33).

C̃si =
∫ ai

τ

0

1
2
log2(1 + x)dFX(x)+ 1

2
log2

(
1+ ai

τ

) (
1−FX

(ai
τ

))

=1
2
log2

(
1+ ai

τ

)
− 1
2 ln 2

∫ ai
τ

0

1
1+x

(
1− x

ξ
e−xφK1

(
x
ξ

))
dx

=
∫ ai

τ

0

1
2 ln 2(1 + x)

x
ξ
e−xφK1

(
x
ξ

)

dx.

(33)

Using the equality of
∫ ∞
0

1
2 log2(1 + x)fX(x)dx =

1
2 ln 2

∫ ∞
0

1−FX(x)
1+x dx and FX(x) = 1−FX(x) and the approx-

imation Kv(x) ≈ (v)
2

( 2
x
)v [32]—Eq. (9.69) in the case of

small x, where (·) denotes the gamma function, (33) can
be approximately rewritten as

C̃si ∼ 1
2 ln 2

∫ ai
τ

0

1
1 + x

e−xφdx

= eφ

2 ln 2

[

Ei
(

− φ
ai
τ

− φ
)

− Ei
(

− φ
)]

, (34)

where
∫ u
0

e−μxdx
x+ψ

= eμψ [Ei(μu − μψ) − Ei(−μψ)] [31]—
Eq. (3.352.1) is used, and Ei(·) denotes the exponen-
tial integral function. The approximate closed expression
obtained from the above analysis only satisfies the case
where i ∈[ 1,N − 1].
By using a similar analysis method, letting Y =

min
{
γ

(sN )
RN , γ (sN )

R1 , γ (sN )
DN

}
, from (27) in which i = N , the

CCDF of Y can be formulated as

FY (y) = Pr
{
νSRN aNρ > y, νSR1aNρ >y,

4νRNDN νR1DN dNρ

bR1νR1DN + bRN νRNDN
> y

}

= F(1)
Y (y) × F(2)

Y (y) × F(3)
Y (y)

= e
− y

aN βSRN ρ × e
− y

aN βSR1 ρ × F(3)
Y (y),

(35)

where F(1)
Y (y)=Pr{νSRN aNρ>y}, F(2)

Y (y)=Pr{νSR1aNρ>y}
and F(3)

Y (y)=Pr{ 4νRNDN νR1DN dNρ

bR1νR1DN +bRN νRNDN
>y}. Letting λ1= 2bRN

4dNρβR1DN

and λ2 = 2bR1
4dNρβRNDN

, since F(3)
Y (y) could be written as

F(3)
Y (y) = Pr

{
2dNρ
bRN bR1

× 2(bRN νRNDN )(bR1νR1DN )

bRN νRNDN +bR1νR1DN
> y

}
, with

the help of the cumulative distribution function(CDF)
of the harmonic mean of two exponential variables, i.e.,
assuming that Z1 and Z2 are two independent exponential
variables with parameters λ1 and λ2 respectively, the CDF
of Z = 2Z1Z2

Z1+Z2
, PZ(z), is given by

PZ(z) = 1 − z
√

λ1λ2e−
z
2 (λ1+λ2)K1(z

√
λ1λ2). (36)

Thus, the CCDF of Z can be written as

1 − PZ(z) = z
√

λ1λ2e−
z
2 (λ1+λ2)K1(z

√
λ1λ2). (37)

Hence, we have

F(3)
Y (y) = y

ξ ′ e
−yφ′

K1

(
y
ξ ′

)

, (38)
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where ξ ′ = 2dNρ

√
βRNDN ·βR1DN

bRN ·bR1 and φ′ =
1

4dNρ

( bR1
βRNDN

+ bRN
βR1DN

)
. Note that the analysis result of

the method is consistent with the extended form of (32),
which verifies the correctness of our analysis idea. There-
fore, by substituting (38) into (35), the CCDF of Y can
finally be expressed as

FY (y) = y
ξ ′ e

−yφ′− y
aN ρ

(
1

βSRN
+ 1

βSR1

)

K1

(
y
ξ ′

)

. (39)

Lettingψ = φ′+ 1
aNρ

(
1

βSRN
+ 1

βSR1

)
and employing [31]—

Eq. (3.352.2), the result (the achievable ergodic rate) of the
case i = N (C̃sN ) can be obtained as (40).

C̃sN = 1
2ξ ′ln2

∫ ∞

0

ye−ψyK1
(

y
ξ ′
)

1 + y
dy

∼ − eψ

2ln2
Ei(−ψ). (40)

Finally, considering all the cases of i where i ∈[ 1,N]
together, we can describe the ergodic SR of our proposed
system in a closed form as (41).

C̃sum ∼ eφ

2 ln 2

[

Ei
(
−φ

ai
τ

−φ
)
−Ei

(
−φ

)]

− eψ

2ln2
Ei(−ψ).

(41)

3.2 Outage probability analysis
According to the QoS rates required by users, each user
has a predetermined target data rate. When the link
capacity cannot meet the required user data rate, com-
munication interruption will occur. Thus, the analysis of
outage probability is one of the important performance
metrics in our proposed system. In this section, we will
analyze the closed-form solutions of the outage proba-
bility with its asymptotic expressions. Assume that for
si the user’s target rate is Rsi and the predefined tar-
get rate threshold is RTsi , the outage probability can be
described as

Pout = 1 − Pr
{
Rs1 > 22RTs1 − 1, · · · ,Rsi > 22RTsi − 1, · · · ,RsN > 22RTsN − 1

}

= 1 − Pr
{(
Rs1 > 22RTs1 − 1

) ∩ · · · · · · ∩ (
RsN > 22RTsN − 1

)}

= 1 −
N∏

i=1
Pr

(
Rsi > 22RTsi − 1

)

︸ ︷︷ ︸
ui

.

(42)

Assume thatωi = 22RTsi −1 for the sake of simplicity and
convenience of analysis, and refer to the above analysis of
ergodic SR; therefore, the exact expressions of ui where

i ∈[ 1,N − 1] can be described as

ui = Pr
{
min

(
γ

(si)
Ri , γ (si)

Ri+1
, γ (si)

Di

)
> ωi

}

= Pr
{
γ

(si)
Ri > ωi

}
Pr

{
γ

(si)
Ri+1

> ωi
}
Pr

{
γ

(si)
Di

> ωi
}
.(43)

i.e.,

ui =
⎧
⎨

⎩
e
− ωi

4diρ

(
bRi+1
βRiDi

+ bRi
βRi+1Di

)

for ωi < ai
τ

0 for ωi > ai
τ

. (44)

For the case uN , it can be written as

uN = Pr
{
min

(
γ

(sN )
RN , γ (sN )

R1 , γ (sN )
DN

)
> ωN

}

= Pr
{
γ

(sN )
RN > ωN

}
Pr

{
γ

(sN )
R1 > ωN

}
Pr

{
γ

(sN )
DN

> ωN
}
.

(45)

similarly,

uN =
{

e
− ωN

4dN ρ

(
bR1

βRNDN
+ bRN

βR1DN

)

− ωN
aN ρ

(
1

βSRN
+ 1

βSR1

)

for ωN < aN
τ

0 for ωN > aN
τ

.

(46)

By substituting (44) and (46) back into (35), with the con-
dition ωi < ai

τ
where i ∈[ 1,N], the outage probability can

be obtained in the closed-form expression as

Pout = 1 −
N∏

i=1
Pr

(
Rsi > 22RTsi − 1

)

︸ ︷︷ ︸
ui

= 1 − e
−
[
∑N−1

i=1
ωi
4diρ

(
bRi+1
βRiDi

+ bRi
βRi+1Di

)]

e
−
[

ωN
4dN ρ

(
bR1

βRNDN
+ bRN

βR1DN

)

− ωN
aN ρ

(
1

βSRN
+ 1

βSR1

)]

. (47)

4 Numerical results
In this section, we examine the performance of our pro-
posed CMRS-NOMA scheme in terms of ergodic SR and
outage probability. Taking the number of signals N as 3
as an example, we study the ergodic rates of three signals
(s1, s2, and s3) and the corresponding sum rate through
a Monte Carlo simulation, and we compare the obtained
analytical results with the simulated ones. Eight rates of
both types match better with the increase in transmit
SNR, as shown in Figs. 2 and 3. We also investigate the
ergodic SR performance with respect to power allocation
factors ai and bi for our proposed scheme with different
transmit SNRs ρ, as seen in Figs. 4, 5, 6, 7, 8, and 9. In
addition, we investigate the outage performance of our
proposed scheme, as demonstrated in Fig. 10, and also
compare the simulations with the analysis results in three
cases.
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Fig. 2 The ergodic SRs achieved by our proposed MCRS-NOMA scheme with fixed νSR1 = 7, νSR2 = 9, νSR3 = 10, νR1D = 3, νR2D = 4, and νR3D = 2

4.1 Ergodic SR
Figure 2 presents the average rates of the proposed algo-
rithm with fixed νSRi , νRiDj and corresponding βSRi , βRiDj
for the transmission when a1 = 0.9, a2 = 0.07, a3 =
1 − a1 − a2, and bi = 1

3 (i ∈ [ 1, 3]). Clearly, due to
the approximation of the analytical formula, at low trans-
mit SNR, the theoretical analysis of the exact average rate
is not in perfect agreement with the simulation results.

However, in the high SNR region, the asymptotic results
match the simulation results well, which is consistent with
the practical situation. In Fig. 3, the power allocation fac-
tors are modified, i.e., a1 = 0.88, a2 = 0.09, and a3 =
1 − a1 − a2, and the graphic shows the same trend: the
simulated results and analytical results are almost identi-
cal. Thus, as shown in the figures, the differences of power
allocation factors and signal-to-noise ratio have an effect
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Fig. 3 The ergodic SRs achieved by modifying power allocation factors with fixed νSR1 = 7, νSR2 = 9, νSR3 = 10, νR1D = 3, νR2D = 4, and νR3D = 2
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Fig. 4 The ergodic SRs achieved by our proposed scheme versus different power allocation factors a1 for transmit SNR as ρ = 25 dB

on the average rates. In sum, the ergodic SR of our pro-
posed case has an advantage over the TDMA scheme in
which the ergodic SR can be described as (48).

CST = ∑N
i=1

1
2N log2(

1 + 1
2N min

{
νSRiρ, νSRi+1ρ, νRiDiρ + νRi+1Diρ

})
. (48)

Figures 4 and 5 depict the ergodic SR performance with
respect to power allocation factor a1 for our proposed
scheme with different transmit SNRs as ρ={25, 30} dB. For

both figures, we have set fixed νSRi = 10 and νRiDj = 2,
and we have a predetermined value range for different
power allocation factors, i.e., a1 ∈[ 0, 0.997), a2 = 0.6 ∗
(1 − a1), and a3 = 0.4 ∗ (1 − a1). Particularly, to simplify
the analysis, we further assume that bi = 1

3 (i ∈ [ 1, 3]), and
then di = bRi ∗bRi+1 ∗ai = 1

9 ∗ai(i ∈ [ 1, 3]) will be taken in
the simulation. As shown in the figures, an optimal value
of a1 exists that maximizes the ergodic SR. Meanwhile,
with the increase in the power ratio a1 of NOMA symbols,
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Fig. 5 The ergodic SRs achieved by our proposed scheme versus different power allocation factors a1 for transmit SNR as ρ = 30 dB
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Fig. 6 The ergodic SRs achieved by our proposed scheme versus power allocation factors a1 and b1 with fixed νSR1 = 3, νSR2 = 5, νSR3 = 6,
νR1D = 10, νR2D = 18, νR3D = 25, and ρ = 25 dB

the rate of data symbol s1 increases while those of data
symbols s2 and s3 decrease. In addition, comparing these
figures, the corresponding a1 for the optimal ergodic SR
will be close to 1 with an increasing SNR.
Figures 6 and 7 show the ergodic SR performance of

our proposed scheme versus the power allocation factors

a1 and b1 with fixed νSR1 = 3, νSR2 = 5, νSR3 = 6,
νR1D = 10, νR2D = 18, νR3D = 25, and ρ ={25, 35} dB.
We have a predetermined value range for power alloca-
tion factors ai, i.e., a1 ∈ (0.801, 0.999), a2 = 0.8 ∗ a1,
and a3 = 1 − a1 − a2. The maximum results of the
ergodic SR are obtained with a1 approaching to 1. In Fig. 6,
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Fig. 7 The ergodic SRs achieved by our proposed scheme versus power allocation factors a1 and b1 with fixed νSR1 = 3, νSR2 = 5, νSR3 = 6,
νR1D = 10, νR2D = 18, νR3D = 25, and ρ = 35 dB
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Fig. 8 The ergodic SRs achieved by our proposed scheme versus power allocation factors a1 and b1 with fixed νSR1 = 3, νSR2 = 5, νSR3 = 6,
νR1D = 10, νR2D = 18, νR3D = 25, and ρ = 25 dB

the maximum result is 5.194 bps/Hz with a1 as 0.996,
whereas these values are 6.114 bps/Hz and 0.996, respec-
tively, for Fig. 7. As shown, the surfaces of ergodic SR in
the above figures are relatively flat. This phenomenon can
be explained by assuming that the value of bi is uniform.
Figures 8 and 9 are the results of non-uniform values of bi,
e.g., b1 ∈ (0.701, 0.999), b2 = 0.7∗b1, and b3 = 1−b1−b2.
Hence, the surface of ergodic SR presents a process of

changes in values. Accordingly, the maximum value in
Fig. 8 is 5.586 bps/Hz with b1 as 0.701, which is beyond the
range shown in Fig. 6. By using the data cursor in Fig. 9,
we can observe that the maximum SR is 6.338 bps/Hz.

4.2 Outage probability
Figure 10 demonstrates the outage performance of our
proposed scheme in terms of the simulation and analytical
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Fig. 9 The ergodic SRs achieved by our proposed scheme versus power allocation factors a1 and b1 with fixed νSR1 = 3, νSR2 = 5, νSR3 = 6,
νR1D = 10, νR2D = 18, νR3D = 25, and ρ = 35 dB
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Fig. 10 The outage probability for our proposed scheme with ρ = {15, 30} dB in three cases. Case 1 versus the target rate as 0.6 with fixed νSR1 = 10,
νSR2 = 18, νSR3 = 25, νR1D = 3, νR2D = 3, and νR3D = 3. Case 2 versus the target rate as 0.6 with fixed νSR1 = 10, νSR2 = 18, νSR3 = 25, νR1D = 5,
νR2D = 5, and νR3D = 5. Case 3 versus the target rate as 0.8 with fixed νSR1 = 10, νSR2 = 18, νSR3 = 25, νR1D = 5, νR2D = 5, and νR3D = 5

results with three cases, where the power allocation fac-
tors are a1 = 0.88, a2 = 0.09, a3 = 1−a1−a2, and bi = 1

3
(i ∈ [ 1, 3]). The following system setups are considered:
(1) ω = 0.6, ρ = {15, 30}dB, νSR1 = 10, νSR2 = 18, νSR3 =
25, and νR1D = νR2D = νR3D = 3 for case 1; (2) ω = 0.6,
ρ = {15, 30}dB, νSR1 = 10, νSR2 = 18, νSR3 = 25, and
νR1D = νR2D = νR3D = 5 for case 2; and (3) ω = 0.8,
ρ = {15, 30}dB, νSR1 = 10, νSR2 = 18, νSR3 = 25, and
νR1D = νR2D = νR3D = 5 for case 3. The results reveal
that a good match exists between the simulation and ana-
lytical results. The outage probabilities of the above three
cases change with the transmission SNR (ρ). For example,
the values are respectively {0.2997, 0.2118, 0.3110}, where
ρ = 20 dB and {0.1065, 0.0724, 0.1111} where ρ =25 dB.
It is clear that the performance of the outage probability
improves as the channel gains increase and the threshold
decreases. The former can be observed by comparing case
1 with case 2, while the latter can be shown by comparing
case 2 with case 3. The values of the previous examples
reveal this rule well.

5 Conclusions and future work
In this paper, a new transmission model, CMRS-NOMA,
in cellular networks has been proposed. In the proposed
scheme, SIC is employed to decode the receptions from
the source to multiple relay nodes, and the exact and
asymptotic expressions for the achievable SR and outage
probability of the proposed system over the independent
Rayleigh fading channels are presented. In addition, we
qualitatively analyze the complexity of the multi-stage

power allocation strategy. It is easy to observe that all the
signals can be simply and practically decoded. Numerical
results have been presented to corroborate the theoretical
analyses, and the results have shown that the perfor-
mance of the ergodic SR for the proposed CMRS-NOMA
case gains a significant improvement and outperforms
the TDMA. For a high SNR case, the proposed CMRS-
NOMA technology can also provide a greater spectral
efficiency. Even that the NOMA systems over Rician fad-
ing channels and/or Nakagami-m fading channels are
more interesting and challenging, our paper considers
providing the mentality to study the receiver strategies for
cooperative relaying cellular networks. Therefore, investi-
gating different channel models and efficient power allo-
cation methods for the receiving nodes with different QoS
requirements are remained as the future works.
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