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The performance of an orthogonal frequency-division multiplexing (OFDM) system can be significantly increased by using adap-
tive modulation and transmit diversity. An accurate estimate of the channel, however, is required at the transmitter to realize this
benefit. Due to the time-varying nature of the channel, this estimate may be outdated by the time it is used for detection. This
results in a mismatch between the actual channel and its estimate as seen by the transmitter. In this paper, we investigate adaptive
OFDM with transmit and receive diversities, and evaluate the detrimental effects of this channel mismatch. We also describe a
robust scheme based on using past estimates of the channel. We show that the effects of the mismatch can be significantly reduced
with a combination of diversity and multiple channel estimates. In addition, to reduce the amount of feedback, the subband ap-
proach is introduced where a common channel estimate for a number of subcarriers is fedback to the transmitter, and the effect of
this method on the achievable rate is analyzed.
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1. INTRODUCTION

The performance of wireless communication systems can be
significantly improved by adaptively matching the transmis-
sion parameters such as rate, power level, or coding type
to the channel frequency response [1–3]. When OFDM is
used in a wideband frequency-selective channel, different
subchannels usually experience different channel gains. The
system capacity can then be maximized if the data rate and
power level of each subcarrier are adjusted according to the
channel gain of that subcarrier. To take advantage of this
property of OFDM, bit-loading algorithms that adaptively
distribute the input bits over the available subcarriers have
been proposed [4–6].

To achieve the performance gain of adaptive modula-
tion, an accurate estimate of the channel response, as seen
at the receiver, is required at the transmitter. One approach
to accomplish this is to measure the channel state at the re-
ceiver and feedback the estimate to the transmitter. Due to
the time-varying nature of the wireless channel, however, if
the Doppler is large enough, this information may be out-
dated by the time it is used for detection resulting in an im-
perfect channel state information (CSI) at the transmitter.
Channel estimation errors or errors introduced in the feed-

back channel might also cause imperfections in the CSI. The
performance of adaptive loading algorithms degrades when
imperfect CSI is used to compute the bit distribution over
the subcarriers and this degradation has been investigated by
several authors [7–9]. Another method to improve the per-
formance is to increase the diversity by using multiple anten-
nas. One of the options is to use an antenna array at the trans-
mitter to form a beam in a specific direction to maximize the
signal power at the receiver. This type of transmit diversity is
called beamforming and it also requires an accurate estimate
of the channel response. The performance of beamforming
degrades when there is a mismatch between the actual chan-
nel characteristics and the estimate [10].

It is common formost high-speed wireless systems to suf-
fer from imperfections in CSI due to Doppler, constraints
on the size of the CSI data that can be fedback to the trans-
mitter, or channel estimation errors. This has led many re-
searchers to investigate the robust optimization of trans-
mission strategies with imperfect CSI for single-carrier and
OFDM systems, possibly with multiple antennas, and sev-
eral solutions have been presented [11–18]. Robust opti-
mization techniques can be classified as stochastic or worst-
case approaches [19, 20]. In the stochastic approach, the
optimization parameter is modeled as a random variable
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with a known distribution, and the expectations of the ob-
jective and constraint functions with respect to the parame-
ter are used to compute the solution [21]. In the worst-case
approach, the error in the optimization parameter is given
to lie in a set and the solution is computed by solving the
optimization problemwith the worst-case objective and con-
straint functions for any parameter error in the given set [22].
In [13], the stochastic approach is used to optimize a system
with multiple transmitter antennas, and in [15] the approach
is used to design a general MIMO transmission system. An
adaptive MIMO-OFDM system with imperfect CSI is de-
signed with the stochastic approach in [12]. The worst-case
approach has been studied widely and, in [23, 24], the theory
and applications of this approach are discussed. A worst-case
MSE precoder for MIMO channels with imperfect CSI is de-
signed in [25]. This approach is also used in [26, 27] to design
robust adaptive beamformers, and in [28] to design a robust
minimum variance beamformer.

In this paper, we propose a robust adaptive modulation
scheme for OFDM with transmit and/or receive diversity.
The scheme is based on the idea of using outdated estimates
of the channel, as suggested in [12, 21], to characterize the
statistics of the current channel more reliably. This scheme
is an example of a stochastically robust design method. The
outline of the paper is as follows: in Section 2, we introduce
the system model. In Section 3, adaptive OFDM with trans-
mit diversity is studied, the detrimental effects of a time-
varying channel is investigated, and the proposed robust
scheme is introduced. Then, in Section 4, the scheme is ex-
tended to the case where the receiver is also equipped with
multiple antennas to provide receive diversity. It is shown
with simulations that multiple outdated channel estimates
and transmit/receive diversity significantly reduce the degra-
dation due to channel mismatch. To reduce the amount of
feedback, the subband approach is introduced in Section 5
where a common channel estimate for a number of subcarri-
ers is fedback to the transmitter, and the effect of this method
on the achievable rate is analyzed. Finally, in Section 6, con-
clusions are presented.

2. SYSTEMMODEL

We assume that the system is free of any intersymbol interfer-
ence (ISI) or intercarrier interference (ICI). The time index
for an OFDM block is denoted as n, k is the frequency index
for a given subcarrier, and the information symbol on this
subcarrier of the nth OFDM block is denoted as S[n, k]. The
number of transmit antennas is denoted by Nt, and we ini-
tially assume one receive antenna. The channel between each
transmit and receive antenna pair is independent and ismod-
eled as a multipath with an exponential power delay profile.
The channel frequency response at time n and for subcar-
rier k between the transmit antenna array and the receiver is
denoted by theNt×1 vectorH[n, k]. Any individual ith com-
ponent ofH[n, k] represents the frequency response between
the ith transmit antenna and the receiver and can be mod-
eled as an independent complex Gaussian random variable
with zero mean and unit variance. Each information symbol

S[n, k] is sent over all of the transmit antennas after being
weighted by a beamforming vectorW which has unit norm.

When there are also Nr receive antennas, the channel be-
tween the transmitter and the receiver will be denoted as a
Nr × Nt matrix H[n, k]. Each entry in H[n, k] is modeled
as an independent complex Gaussian random variable with
zero mean and unit variance. If the beamforming vector is
again denoted as W, then the equivalent channel response
between the transmitter and the receiver becomesH[n, k]W.

3. ADAPTIVEMODULATIONWITH TRANSMIT
DIVERSITY ONLY

3.1. Adaptationwith a single channel estimate

The received signal on subcarrier k in block n is r = HTWS+
n, where n denotes the additive white Gaussian noise with
zero mean and variance N0, and where we have omitted the
OFDM block and subcarrier indices for the sake of simplic-
ity. When there is a single receive antenna, the weight vector
W that maximizes the SNR is H∗/‖H‖ where ∗ denotes the
complex conjugate. This choice of the weight vector is equiv-
alent to performing maximal ratio combining at the trans-
mitter. As described in [29], the probability of error for QAM
modulation on each subcarrier can be approximated by

Pe = c1 exp
(−c2 SNR

2R − 1

)
, (1)

where in this case, SNR = |HTW|2(Es/N0), c1 = 0.2, c2 = 1.6,
R is the number of bits transmitted per symbol on the kth
subcarrier, and Es is the signal energy. Let us assume that
there is a time delayD between when the channel is estimated
and when it is actually used to compute the beamforming
vector. Then, if the channel response at time n is given by
H(n), where we have omitted the subchannel index k, the
beamforming vector is derived from the outdated channel es-
timateH(n−D) and it becomesW = H(n−D)∗/‖H(n−D)‖,
that is, a mismatch occurs in the coefficients of the optimal
beamforming vector and the actual one due to the delay ofD.

The relation between the channel vector at two different
time instances can be studied with Jakes’ model [30]. Using
this model, the relation between the channel vectors at times
n and n−D can be written asH(n) = ρH(n−D)+ε, where ρ
is the correlation coefficient, ε is white and Gaussian with co-
variance matrix (1−ρ2)I, and I is the identity matrix with di-
mension Nt ×Nt. The correlation coefficient ρ = J0(2π fmD),
where J0(·) is the zeroth-order Bessel function and fm is the
maximum Doppler frequency.

For a given error probability, the achievable bit rate is
computed from (1) and then the corresponding subcarrier is
loaded accordingly. When there is time variation in the chan-
nel, however, this approach results in degraded performance
due to the outdated channel estimate. One robust approach
is then to compute the average probability of error, E(Pe),
conditioned on the outdated estimates of the channel, and



E. Bala and L. J. Cimini, Jr. 3

then find the achievable bit rate R for the given E(Pe) [12].
To this end, let us denoteX = HTW. Then,

X = [
ρH(n−D) + ε

]T H(n−D)∗∥∥H(n−D)
∥∥

= ρ
∥∥H(n−D)

∥∥ + εT
H(n−D)∗∥∥H(n−D)

∥∥ .
(2)

Conditioned onH(n−D),X is a complex Gaussian random
variable with mean mX = ρ‖H(n − D)‖ and variance σ2X
given by

σ2X = E
{(

εT
H(m−D)∗∥∥H(m−D)

∥∥
)(

εT
H(m−D)∗∥∥H(m−D)

∥∥
)∗}

= 1− ρ2.

(3)

Then, the average probability of error given by H(n − D) is
calculated as

E
(
Pe
) =

∫
c1 exp

(−c2|X|2(Es/N0
)

2R − 1

)
fX(x)dx, (4)

where fX(x) is the distribution function of the complex ran-
dom variableX. Evaluating (4), we get

E
(
Pe
) = c1

2R − 1
a +

(
2R − 1

) exp
( −b
a +

(
2R − 1

)
)
, (5)

where the constants are defined as a = c2σ
2
X(Es/N0) and

b = c2|mX|2(Es/N0) with X = HTW, mX = ρ‖H(n − D)‖
and σ2X = 1 − ρ2. For a target E(Pe), the achievable rate R
(b/s/Hz) can be determined from (5) by resorting to numeri-
cal methods. In this work, the fsolve function from theMatlab
Optimization Toolbox [31] was used for this computation.

3.2. Adaptationwithmultiple channel estimates

One approach for reducing the degradation caused by the
channel mismatch problem is to use multiple past estimates
of the channel to obtain a more reliable overall statistical
characterization of the channel. This approach was effectively
used in [12] for adaptive OFDM with a single transmit an-
tenna. To elaborate this idea, let us assume that we have two
outdated estimates of the current channel H(n) with delays
D and 2D given as H(n − D), and H(n − 2D). Then, H(n),
H(n−D), andH(n−2D) are jointly Gaussian with the mean
vectorM and covariance matrix Σ given as

M =
⎡
⎢⎣
0
0
0

⎤
⎥⎦ , Σ =

⎡
⎢⎣
ΣH1H1 ΣH1H2 ΣH1H3

ΣH2H1 ΣH2H2 ΣH2H3

ΣH3H1 ΣH3H2 ΣH3H3

⎤
⎥⎦ , (6)

where 0 is a vector of zeros with dimension Nt × 1, H1 =
H(n),H2 = H(n−D), andH3 = H(n− 2D).

If the correlation coefficients are defined as ρ1 =
J0(2π fmD) and ρ2 = J0(2π fm2D), thenH(n) = ρ1H(n−D)+
ε1, H(n) = ρ2H(n − 2D) + ε2, and H(n − D) = ρ1H(n −
2D) + ε3, where ε1 and ε3 are complex Gaussian with covari-
ance (1 − ρ21)INt×Nt , ε2 is complex Gaussian with covariance

(1− ρ22)INt×Nt , and INt×Nt is the identity matrix of dimension
Nt × Nt. With these equalities, we can easily show that the
elements of the covariance matrix are

ΣH1H1 = ΣH2H2 = ΣH3H3 = INt×Nt ,

ΣH1H2 = ΣH2H1 = ΣH2H3 = ρ1INt×Nt ,

ΣH1H3 = ΣH3H1 = ρ2INt×Nt .

(7)

Now from (6),
⎡
⎢⎣

H(n)
H(n−D)
H(n− 2D)

⎤
⎥⎦ ∼ CN

⎧⎪⎨
⎪⎩

⎡
⎢⎣
0
0
0

⎤
⎥⎦ ,

[
Σ11 Σ12

Σ21 Σ22

]⎫⎪⎬
⎪⎭ , (8)

where we have defined

Σ11 =
[
INt×Nt

]
, Σ12 =

[
ρ1INt×Nt ρ2INt×Nt

]
,

Σ21 =
[
ρ1INt×Nt

ρ2INt×Nt

]
, Σ22 =

[
INt×Nt ρ1INt×Nt

ρ1INt×Nt INt×Nt

]
.

(9)

Conditioned onH(n−D) andH(n− 2D),H(n) is Gaus-
sian with meanMH and covariance matrix ΣH, given by [32]

MH = Σ12Σ
−1
22

[
H(n−D)
H(n− 2D)

]

= ρ1
(
1− ρ2

)
1− ρ21

H(n−D) +
−ρ21 + ρ2
1− ρ21

H(n− 2D),

ΣH = Σ11 − Σ12Σ
−1
22 Σ21 = 1− 2ρ21 + 2ρ21ρ2 − ρ22

1− ρ21
INt×Nt .

(10)

Therefore, X = HTW is a complex Gaussian random vari-
able with meanmX and variance σ2X, where

mX = ρ1
(
1− ρ2

)
1− ρ21

∥∥H(n−D)
∥∥

+
−ρ21 + ρ2
1− ρ21

H(n− 2D)T
H(n−D)∗∥∥H(n−D)

∥∥ ,

σ2X =
1− 2ρ21 + 2ρ21ρ2 − ρ22

1− ρ21
.

(11)

The average bit error probability in this case can similarly be
computed from (5) by using (11).

3.3. Simulation results

In this section, simulation results are presented to quantify
the performance of an adaptive system which has multiple
transmit antennas and uses outdated channel estimates as
proposed previously. Here, we set the average target error
probability to 10−3 and calculate the achievable rate for a
large number of channel realizations. We assume that there
are no errors due to noise in the receiver estimate of the chan-
nel. A sample simulation result for the achievable rate as a
function of Es/N0 is provided in Figure 1 where a single out-
dated estimate has been used. The number of transmit an-
tennas, Nt , and the Doppler-delay product, fmD, are param-
eters. When fmD = 0, the actual and estimated channel re-
sponses are the same and the best performance is achieved.
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Figure 1: Achievable rate with multiple transmit antennas only and
one outdated channel estimate.

When fmD > 0, a mismatch occurs and a degradation results
as expected. A sample value of fmD = 0.1 is used in the sim-
ulations. This could correspond to a Doppler frequency of
165Hz (e.g., a carrier frequency of 2GHz and a vehicle speed
of 55mph), and a delay of about 600 microseconds (e.g., 3
OFDM blocks composed of 1024 subchannels and occupy-
ing 5MHz of bandwidth). From Figure 1, we see that delay
causes significant degradation when one antenna is used at
the transmitter. When the number of antennas is increased to
three, the relative degradation is smaller and the achievable
rate with mismatch is even better than the single transmit-
antenna case with no mismatch. So, either a power saving
can be achieved or a higher Doppler-delay product term can
be tolerated.

To investigate the additional benefits of using multiple
past estimates, simulation results for a system similar to
that of Figure 1 are presented in Figure 2. The results from
Figure 2 show that with two estimates, the loss in achievable
bit rate due to channel mismatch is minimized even with
a single transmit antenna. The system with multiple trans-
mit antennas can, of course, tolerate much higher Doppler
rates or longer packets. For example, with three antennas and
fmD = 0.2, the performance is close to that of one transmit-
ter antenna with no delay. The results show that the detri-
mental effects of delay can be significantly reduced with a
combination of transmitter diversity and the use of multiple
channel estimates.

4. ADAPTIVEMODULATIONWITH TRANSMIT
AND RECEIVE DIVERSITIES

In this section, we extend the above analysis to the case where
multiple antennas are deployed at the receiver as well as
at the transmitter. To maximize the SNR, the receiver per-
forms maximal ratio combining (MRC). With MRC, the
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Figure 2: Achievable rate with multiple transmit antennas only and
two outdated channel estimates.

received SNR becomes SNR = (HW)H(HW)(Es/N0) =
WHHHHW(Es/N0) = |HW|2(Es/N0), where the superscript
H denotes the Hermitian. The received SNR is maximized if
the beamforming vectorW is chosen to be the eigenvectorΛ,
corresponding to the largest eigenvalue λmax ofHHH [33].

Similar to the previous analysis, we need to compute the
average error probability conditioned on the outdated esti-
mates of the channel. Let us denote g = HΛ so that the re-
ceived SNR can be written as SNR = (Es/N0)gHg, and as-
sume that we have a single outdated estimate of the channel,
H(n−D). Then, the current channel is H = ρH(n−D) + ε,
where each element of ε is white and Gaussian with variance
1 − ρ2, and g = HΛ = ρH(n − D)Λ + εΛ. From this, we see
that given the past estimate of the channel, g is a complex
Gaussian random vector with mean and covariance given as
g ∼ CN(ρH(n−D)Λ, σ2ε INr×Nr ), where σ

2
ε = 1− ρ2.

We already know that the bit error probability can be
computed as

Pe = c1 exp
(−c2(Es/N0

)
gHg

2R − 1

)
. (12)

To find the expectation of (12) given the past channel es-
timate, we use the following identity from [16, 34]: if z ∼

CN(μ,Σ), then Ez(exp(−zHAz)) = exp(−μHA(I + ΣA)−1μ)/
det(I + ΣA).

Substituting z = g and A = (c2(Es/N0)/(2R − 1))I with
matching dimensions, and after making the necessary com-
putations, we find the resulting average error probability as

E
(
Pe
)=c1

1(
1+σ2

εK
)Nr

exp
(
− K

1+σ2
εK

ρ2
∣∣H(n−D)Λ∣∣2

)
,

(13)

where |H(n−D)Λ|2 = λmax andK = (c2Es/N0)/(2R−1). The
achievable bit rate for a target E(Pe) in this case is computed
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Figure 3: Achievable rate with multiple transmit-receive antennas
(Nt = 2, Nr = 2) and one outdated channel estimate.
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Figure 4: Achievable rate with multiple transmit-receive antennas
(Nt = 3, Nr = 3) and one outdated channel estimate.

by averaging (13) over λmax with Monte Carlo simulations
and inverting (13) numerically to compute R. If we havemul-
tiple channel estimates, computing the achievable bit rate fol-
lows a similar route.

The effect of having multiple antennas at the receiver as
well as at the transmitter is also studied with simulations and
the results are presented in Figures 3 and 4 for the case where
a single outdated channel estimate is used. The results show
that, as expected, the performance and robustness of the sys-
tem against channel delays are increased as more antennas

are used at the receiver. When Figures 2 and 3 are compared,
we see that if fmD = 0 or fmD = 0.1, the performance of
the system with two transmit and two receive antennas with
a single outdated channel estimate is similar to the perfor-
mance of the system with three transmit antennas and one
receive antenna, but with two outdated channel estimates.
However, the increase in performance is more considerable
when the delay gets larger. As an example, when fmD = 0.2,
the achievable rate is about 6.8 bits/s/Hz in Figure 2. The
achievable rate increases to about 7.8 bits/s/Hz in Figure 3,
which means a gain of 1 bit/s/Hz. It is interesting to note
that the increase in achievable bit rate is larger when the
system experiences larger delays. This observation illustrates
that the robustness of the system against the time variance of
the channel increases as more receive antennas are added.

5. ADAPTIVEMODULATIONWITH
SUBBAND FEEDBACK

In the previous discussion, we assumed that a channel esti-
mate for each single subcarrier is sent back to the transmitter
by the receiver. In practice, this increases the amount of feed-
back significantly. A possible method to decrease the amount
of feedback is to use a single channel estimate for a number
of subcarriers in a subband. For example, the average of the
channel estimates of a number of highly correlated subcar-
riers in a subband might be used as an estimate for all these
subcarriers. In this case, the channel estimate of the subcar-
rier k at the nth OFDM block can be written as

Ĥ(n, k) = 1
2M + 1

M∑
Δk=−M

H(n + Δn, � + Δk), (14)

where S = [� − M, . . . , �, . . . , � + M] denotes the subband
that consists of 2M + 1 subcarriers, k ∈ S, and Δn specifies
the amount of feedback delay in OFDM blocks.

As we have seen before, the achievable rate depends on
the correlation between the actual channel and its estimate.
To quantify this correlation, assume that the multipath chan-
nel has P paths, where τp(t) and γp(t) are the delay and at-
tenuation factors of the pth path at time t, respectively [35].
Given this, the frequency response of the kth subcarrier at the
nth OFDM block can be written as

H(n, k) =
P∑

p=1
γp(nT) exp

(− j2πkτp
KTs

)
, (15)

where Ts denotes the sampling period, T is the duration of
an OFDM block, and K is the number of subcarriers. We
also have assumed that path gains remain constant over an
OFDM block and the path delays do not change with time.
Then, the correlation between the actual channel of the kth
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Figure 5: Achievable rate with one transmit antennas and one out-
dated channel estimate.

subcarrier at the nth OFDM block and its estimate can be
computed as

ρ = E
{
Ĥ(n, k)H∗(n, k)

}

= 1
2M + 1

M∑
Δk=−M

P∑
p=1

γp
(
(n + Δn)T

)

× exp
(− j2π(� + Δk)τp

KTs

) P∑
p′=1

γ∗p′(nT) exp
(2πkτ∗p′

KTs

)

= 1
2M + 1

M∑
Δk=−M

P∑
p=1

E
{
γp
(
(n + Δn)T

)
γ∗p′(nT)

}

× exp
(− j2π(� + Δk − k)τp

KTs

)

= 1
2M + 1

M∑
Δk=−M

P∑
p=1

σ2γp J0
(
2π fmΔnT

)

× exp
(− j2π(� + Δk − k)τp

KTs

)

= 1
2M + 1

J0
(
2π fmΔnT

) P∑
p=1

σ2γp

M∑
Δk=−M

× exp
(− j2π(� + Δk − k)τp

KTs

)
.

(16)

Note that when Δk = 0, by
∑P

p=1 σ2γp = 1, the correlation re-
duces to ρ = J0(2π fmD) and the feedback delay is D = ΔnT

resulting in Ĥ(n, k) = H(n − D, k), as in the previous sec-
tions. Equation (16) implies that increasing the subband size
decreases the correlation that results in a less reliable channel
estimate. This, in turn, is expected to reduce the achievable
rate.
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Figure 6: Achievable rate with multiple transmit antennas only and
one outdated channel estimate.

The effect of the subband approach on the achievable rate
is also studied with simulations. In the simulations, a mul-
tipath channel with an exponential power delay profile and
an RMS delay spread of 5 microseconds is used resulting in
a coherence bandwidth of about 44 kHz. It is also assumed
that Ts = 1 microsecond and K = 128; with these numbers,
the subcarrier spacing is about 8 kHz. Figures 5 and 6 illus-
trate the achievable rate for various M values when a single
channel estimate is used with fmD = 0.1. The number of
transmit antennas is 1 for Figure 5 and 3 for Figure 6. From
the figures, we can see that when M = 0, the results are the
same as in Figure 1. Increasing M, however, results in a re-
duction of the achievable rate due to the less reliable channel
estimate. For example, for M = 0, 1, 2, 3, 4, the correlation
values are ρ = 0.9037, 0.8623, 0.7870, 0.6911, 0.5895, respec-
tively. We see that although using multiple antennas results
in higher achievable rates, the rate of reduction in R with in-
creasingM is faster than when a single antenna is used. This
is due to the fact that in this case, the channel estimates for
all antennas start to become less reliable.

6. CONCLUSIONS

In this paper, a robust bit-loading algorithm for an adaptive
OFDM systemwith transmit and/or receive diversity that op-
erates in time-varying channels is proposed. The time vari-
ation causes the channel estimates to be outdated resulting
in a mismatch between the actual and estimated channels
and decreasing the performance significantly. The proposed
method exploits the correlation between the actual channel
and its outdated estimate(s) to increase the robustness of the
link adaptation. It is shown that creating diversity with mul-
tiple transmit and receive antennas and using more past esti-
mates of the channel is helpful in decreasing the performance
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degradation due to channel mismatch, even though this mis-
match has a detrimental effect on the effectiveness of the
transmit diversity. In addition, to reduce the amount of feed-
back, a method that uses a single channel estimate for a num-
ber of subcarriers in a subband is introduced and the tradeoff
between the subband size and achievable rate is analyzed.
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