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explains the behavior of the optimum expected end-to-end distortion varying with the numbers of antennas, source-to-channel
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1. Introduction

1.1. Background. It is well known that the functional dia-
gram and the basic elements of a digital communication
system can be illustrated by Figure 1 [3]. The source can
be either analog (continuous-amplitude) or digital (discrete-
amplitude). Whichever is the source, there is always a
tradeoff between the efficiency and the reliability. For trans-
mitting a digital sequence, the tradeoff would be between the
spectral efficiency (bit/s/Hz) [4] and the error probability.
For transmitting a bandlimited analog source, under the
assumption of a band-limited white Gaussian source, the
tradeoff would be between the source-to-channel bandwidth
ratio W/W, (SCBR) [5] and the mean squared error (MSE)
[6, 7], that is, the end-to-end distortion.

A point of distinction between digital-source transmis-
sion and analog-source transmission is as follows: in digital-
source transmission, if the spectral efficiency (bit/s/Hz) is
below the upper bound (channel capacity) subject to channel
state and the transmitter knows the instantaneous channel
state information (CSI) perfectly, the error probability would
go to zero, whereas, in analog-source transmission, no matter

how good the channel condition and the system are, the
end-to-end distortion is nonvanishing, because the entropy
of a continuous-amplitude source is infinite and thus the
exact recovery of an analog source requires infinite channel
capacity [6-9].

Regarding the end-to-end distortion, in [10, 11], Ziv
and Zakai investigated the decay of MSE with SNR for the
analog-source transmission over a noisy single-input single-
output (SISO) channel without any channel knowledge on
the transmitter side (CSIT). In [12, 13], Laneman et al. used
the distortion exponent in the asymptotic expected distortion

A2 _ jim D) (1)

p—o logp
related to SCBR as a metric to compare different source-
channel coding approaches for parallel channels. Note that
p denotes the SNR and ED denotes the expected end-to-
end distortion over all possible channel states. Choudhury
and Gibson presented the relations between the end-to-end
distortion and the outage capacity for AWGN channels [14].
Zoffoli et al. studied the characteristics of the distortions in
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FIGURE 1: Basic elements of a digital communication system.

MIMO systems with different strategies, with and without
CSIT [15, 16].

In [17-19], for tandem source-channel coding systems,
assuming optimal block quantization and SNR-dependent
rate-adaptive transmission as in [20], Holliday and Gold-
smith investigated the expected end-to-end distortion for
uncorrelated block-fading MIMO channels based on the
results in [20-22]. They gave the following upper bound on
the total expected distortion (MSE):

ED < 2—(2r/11)logp+0(1) + 27(N,7r)(Nt—r)10gp+o(logp)’ (2)

where # is the SCBR, r is the multiplexing gain (the source
rate scales like rlogp), N; is the number of transmit anten-
nas, and N, is the number of receive antennas. Considering
the asymptotic high SNR regime, they proposed that the
multiplexing gain r should satisfy

2r
Agp = (N, = r)(Ny — 1) = ;+0(1), (3)
where Ay, is the optimum distortion exponent for tandem

source-channel coding systems. The explicit expression of
A, is given by Theorem 2 in [23]:

A () = 2[jd*(j=1) = (j = 1)d*(j)]
T 2@ (-1 —d ()

c[2u=n 2
d*(j—1)"d*(j)

for j = 1,..., Nmin With Npin = min{N, N;} and d*(j) =

(N: — j)(Ny — j). Note that a factor 2 appears here and there

because the source is real whereas the channel is complex.

In [23, 24], assuming an uncorrelated block-fading
MIMO channel, perfect CSIT and joint source-channel
coding, Caire and Narayanan derived the optimum distortion
exponent:

(4)

Nnin
A*(n) = Zmin{;,zi1+|NtN,|}, (5)
i=1
which is larger than Ag,,. Concurrently, the same result as (5)
was also provided by Gunduz and Erkip [25, 26].
Caire-Narayanan’s and Gunduz-Erkip’s derivations are
extensions to the outage probability analysis in [20]. They
jointly considered the MIMO-channel mutual information

in bits per channel use (bpcu) [27]:

Iy + L HH!

N, , (6)

I = log

where H is the N, X N; complex channel matrix with N;
inputs and N, outputs, the rate-distortion function for a
N (0, 1) source [9]:

D(Ry) = 277K, (7)

where R; is the source rate, and Shannon’s rate-capacity
inequality for outage-free transmission [7]:

R; <R.. (8)

1.2. Problem Statement. Nevertheless, there is something
more than the distortion exponent in the expected end-to-
end distortion. Intuitively, for high SNR, the form of the
asymptotic optimum expected end-to-end distortion can be
written as

EDJ, = u* (p)p™, (9)

where the multiplicative optimum distortion factor u*(p)
varies less than exponentially,

logu*(p) _,
logp

For an analog-source transmission system, its perfor-
mance at a high SNR could be measured via the asymptotic
expected end-to-end distortion:

EDyyy = p(p)p 2, (11)

where the distortion exponent A and the distortion factor
u(p) could be obtained analytically.

Obviously, we cannot say that a system achieves the
optimum asymptotic expected distortion ED:Sy if what it
achieves is only the optimum distortion exponent A*. Also,
we cannot say that in the regime of practical high SNR,
the scheme with a larger distortion exponent must perform
better than the other. As illustrated by Figure 2, in the regime
of practical high SNR, the effect of the distortion factor must
be taken into consideration. In other words, for practical
cases, studying only the optimum distortion exponent is
insufficient and giving the closed-form expression of ED:SY is
more meaningful. Using ED,;, as an objective, via analyzing
both A* and p*(p), it is possible to design an analog-source
transmission system performing better than the existing
systems in the regime of practical high SNR.

For deriving ED};,, if we could obtain the analytical
expression of ED* valid for any SNR, then it would be easy
to find out the optimum distortion factor u*(p) and the
optimum distortion exponent A*.

lim

p—

(10)
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FIGURE 2: Impact of distortion factor.

1.3. Outline. In this paper, for the cases of spatially uncor-
related channel and correlated channel, we give an analytical
expression of the optimum expected end-to-end distortion
ED* in an outage-free MIMO system valid for any SNR,
based on which the optimum asymptotic expected end-to-
end distortion EDy;, is derived. The simulation results agree
with our analysis with the derived results on the joint impact
of the numbers of antennas, source-to-channel bandwidth
ratio, and spatial correlation.

The remainder of this paper is organized as follows.
The system model is given in Section 2. In Section 3, the
preliminaries such as the mathematical definitions, prop-
erties, and lemmas are presented for deriving the main
results in Section 4. Section 5 is dedicated to the simulation
results, numerical analysis, and discussions. Finally, the
contributions of this paper are concluded in Section 6, with
our perspectives on future work.

Throughout the paper, vectors and matrices are denoted
by bold characters, |A| denotes the determinant of matrix A,
and {aij}i,jzl,.“,N is an N X N matrix with entries a;j, i, j =
1,...,N. Also, E{-} denotes expectation and, in particular,
E.{-} denotes expectation over the random variable x. The
superscript T denotes conjugate transpose. (a),, denotes I'(a+
n)/T(a). log refers to the logarithm with base 2. Parts of the
work in this paper have been presented in [1, 2].

2. MIMO System Model

Assume that a continuous-time white Gaussian source s(t)
of bandwidth W, and source power P is to be transmitted
over a flat block-fading MIMO channel of bandwidth W, and
the system is working on “short” frames due to strict time
delay constraint, that is, no time diversity can be exploited.
The transmission system is supposed to be free of outage, for
example, the transmitter knows the instantaneous channel
capacity by scalar feedback and does joint source-channel
coding. Let 5(#) denote the recovered source at the receiver.

Suppose that a K-to-(N; X T) joint source-channel
encoder is employed at the transmitter [23], which maps
the source block s’ € RX onto channel codewords X €
CNxT, Herein, the source block s’ is composed of K source
samples, N; is the number of transmit antennas, and T
is the number of channel uses for transmitting one block.
The corresponding source-channel decoder is a mapping
CN>T — RK that maps the channel output Y = {yj,...,yr}
into an approximation §'. Assuming that the continuous-
time source s(t) is sampled by a Nyquist sampler, 2W;
samples per second, and the bandlimited MIMO channel
is used as a discrete-time channel at 2W, channel uses per
second [9, pages 247-250], we have the SCBR

_W._K
™= w. =T
At the tth channel use, the output of the discrete-time flat

block-fading MIMO channel with N; inputs and N, outputs
is

(12)

yt:HXt+nt, t:1)~~~)T1 (13)

where x; € CM is the transmitted signal satisfying the long-
term power constraint E[xx,] = P, H € C¥>*Nt is the
channel matrix with entries h;;’s distributed as CA (0, 1),
and n; € CV is the additive white noise vector with entries
n,;’s distributed as €V (0, 02). Note that the SNR per receive
antenna is p = P/o2.

In the case of uncorrelated channel, the h;;’s are inde-
pendent to each other. In the case of receiver-side spatially
correlated channel, we have the correlation matrix ¥ =
E(HH') which is assumed to be a full-rank matrix with
distinct eigenvalues ¢ = {01,02,...,0N,,,}, 0 < 01 < 0 <
- < ON,,,- It can be seen that in the case of uncorrelated
channel, X is an identity matrix with 0 = 0, = -+ =
ONpin = 1.

3. Mathematical Preliminaries

The mathematical properties, definitions, and lemmas in this
section will be used in the derivations for the main results.

3.1. Mathematical Properties and Definitions. We shall use
the integral of an exponential function

J e P x7 (1 +ax) Vdx = a‘ql"(q)‘l’(q,q +1-, §>,
0

Rigq} >0, R{p} >0, Ri{a} >0

(14)

as introduced in [28, page 365]. This involves the confluent
hypergeometric function

Y(a,cx) = %Q)J'O e N1+ )y Rial >0,

(15)
which satisfies (with y = V)
d’y dy
> 7 X)L = 16
xdx2+(c x)dx ay =0. (16)
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TasLE 1: ¥(a,c;x) for small x, real c.

C b 4

c>1 x'=T(c — 1)/T(a) + o(x'7°)
c= —[I(a)] " logx + o(| logx|)
c<1 I'(1—c¢)/Ta—c+1)+o(1)

Bateman has given a thorough analysis on ¥(a,c;x) [29,
pages 257-261]. In particular, he obtained the expressions on
Y(a, ¢; x) for small x as Table 1 shows. In Appendix A, we also
state some of his more general results for any x, which we will
use for the analysis in the case of spatially correlated MIMO
channel.

3.2. Mathematical Lemmas. The proofs of the mathematical
lemmas below can be found in Appendices B-H.

Lemma 1. Define an m X m full-rank matrix W(x) whose

(i, j)th entry is of the form c;x™M@Hil, ¢;i#0, x,a € R,

1 <1i,j <m. Then

. loglW(x)| < . .

lim ——— = Zmln{a,Zl}. (17)
x—0 logx b

Lemma 2. Define an m X m Hankel matrix W(x) whose

(i, j )th entry is of the form ciy jx™*, iy j # 0, x € RT, 1 < i, j <

m. Then, each summand in the determinant of W(x) has the

same degree m(m + 1) over x.

Lemma 3. Define an m X m Hankel matrix W whose (i, j)th
entryisI'(a+i+j—1),1<i,j<m,acR. Then

Wl = [[r(k)I(a + k). (18)
k=1

Lemma 4. Define an m X m Hankel matrix W whose (i, j)th
entryisT(a+i+j— DI(b—i—j+1)wherel <i,j <m,
m > 2anda,b € R. Then

[W| =T(a+ 1I(b- DI Y(a+b)
T(b—2k+2)T(b—-2k+1)

Fla+b—-k+1)IT(b—-k+1)
(19)

X ﬁr(k)r(a +k)
k=2

Lemma 5. Define an m x m Toeplitz matrix W whose (i, j )th
entryisI'(a+i—j),1<i,j<m,acR Then

(W[ = (=)™ 2Tk (a + k — m). (20)
k=1

Lemma 6. Define

m

B I'n—m-a+k)
f(”)‘,gl T(n—k+1)

g(n) = n" f(n),

subjecttoa € R, my,n € Z*,n = m,andn—m+1 = a. Then
both f(n) and g(n) are monotonically decreasing.

(21)

Lemma7. Let (a), denoteT'(a+n)/T'(a),a € R, n € Z*. Then

(a+1),=(=D"(-a-n), (22)

4. Main Results

4.1. Uncorrelated MIMO Channel

Theorem 1 (Optimum Expected Distortion over an Uncor-
related MIMO Channel). Assume a continuous-time white
Gaussian source s(t) of bandwidth W, and power P to be
transmitted over an uncorrelated block-fading MIMO channel
of bandwidth W.. The optimum expected end-to-end distortion
is

Pi|U(n) |

ED;; =
Hk:llnr(Nmax —k+ 1)F(I\]min —k+ 1)

unc(r]) =

» (23)

where 1 = Wy/W, (SCBR), Nmin = min{Ny,N;}, Npax =
max{Ny,N,}, and U(n) is an Npin X Nmin Hankel matrix
whose (i, j )th entry is

—d::
_ p ij 2 . Nt
wij(n) = (ﬁ) r(dij>‘1’<dij>dij +1- W’P)’ (24)
whered;j = i+ j+|N;—N;|-1,1 < i, j < Nmn, and ¥(a, b; x)
is the ¥ function (see [29, pages 257-261]). This theorem is
valid for any SNR.

Proof. The source rate of the source s(t) is
p
R; = W;log 55, (25)

where D is the distortion (MSE) [6].

Under the assumption that the transmitter only knows
the instantaneous channel capacity R, the covariance matrix
of the transmitted vector x at the transmitter is taken to be a
scaled identity matrix P/N; - Iy,. As stated in [27], the mutual
information per MIMO channel use is

1(xy) = log‘INr + £HH* ‘ (26)
t

And as stated in [9, pages 248-250], a channel of bandwidth
W, can be represented by samples taken 1/2W. seconds
apart; that is, the channel is used at 2W, channel uses
per second as a discrete-time channel. Hence, the channel
capacity (bit/second) is

R, =2W .1 =2W,log

P + ’
Iy + —HH'|.
N, (27)

Substituting (27) into Shannon’s rate-capacity inequality
R, <R, (28)

we get the optimum end-to-end distortion

-2/

Iy + LHH'

D*(n) = P N,

(29)
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Thereby, the optimum expected end-to-end distortion is

-2/n

ED* () = PiEn , (30)

Iy, + ]C HH'!

t

whose form is analogous to the moment generating function
of capacity in [30]. By the mathematical results given by
Chiani et al. [30] for the expectation over an uncorrelated
MIMO Gaussian channel H, we have

ED{,c () = PK[U(n) [, (31)

where U(7) is an Nmin X Nmin Hankel matrix with (i, j)th
entry given by

& L p =2/
uij (1) = J oNmes = "““”*"ze”‘<1 + —x) dx, (32)
0 N;
K = 1
Hg:ilnr(Nmax —k+ 1)F(Nmin —k+ 1)

(33)

By the integral solution (14), (32) can be written in the
analytic form

—d::
(P ij 2 N;
u,](n) = (E) F(d,])‘l’<d,],d1] +1- E) p) (34)
This concludes the proof of the theorem. O

Theorem 1 tells us that the analytical expression of ED;}, .
is a polynomial in p~!. Therefore, for high SNR, the optimum
asymptotic expected end-to-end distortion is of the form

ED {yune = Hiane (m)p ™20, (35)
where A% (%) is the optimum distortion exponent satistying
log D (17)

A:nc(”l) = —lim

, (36)
p=  logp

and pk . is the accompanying optimum distortion factor
satistying

*

o ogude () _ (37)
p~o logp
Since ED . is concave in the log-log scale and monotonically
decreasing with SNR and EDyj, .., is the tangent of the curve
ED/,. at the point where SNR is infinitely high, we see that
the asymptotic tangent line EDj, .. is always above the
curve EDg, ; that is, ED, ., is always worse than EDg,.

The closed-form expressions of A, (1) and y;5, (1) are

given as follows.

Theorem 2 (Optimum Distortion Exponent over an Uncor-

related MIMO Channel). The optimum distortion exponent
is

Nmin
Af(n) = Z min{i,Zk —1+|N; — N,}. (38)
k=1

Proof. This optimum distortion exponent appeared already
in [23, 25]. However, a different proof is provided here.

Consider u;j(#) in Theorem 1. When p is large, N;/p is
small. We thus refer to Table 1 and see that, for high SNR,
u;j(n) approaches e;;(n)p =21 with

Aij(n) = min{;,i+j —1+|N; —N,I},
(39)
i 1081 (1)
p=o logp

Straightforwardly, in the regime of high SNR, the asymptotic
form of |U(5)| can be represented by |E(#) Ip‘Affnc(”) with

lim log|E(7) |

= 0. (40)
p= logp
By Lemma 1, we obtain that
Nmin )
Abc(n) = > min{,zk— 1+ INt—N,I}. (41)
k=1 n
This concludes the proof of this theorem. O

Theorem 3 (Optimum Distortion Factor over an Uncor-
related MIMO Channel). Define two four-tuple functions
xi(B,t,m,n) and kp(B,t,m,n) for f € R* and t € {0,Z*}
as in (42).

ki (B, t,m,n)
(T(B) 'T(n—m+1DI(B-n+m—1)

t
XHF(k)F(n —-m+k)

k=2

t
x[[T(B—n+m-2k+2)

k=2
xHF(ﬂ—n—i—m—Zk—i—l)

k=2

t>1,

xﬁr(ﬂ —k+1)7,
k=2

T(ﬁ)_lr(nfm+l)l"(/37n+mf 1), t=1,

|1 t=0,
ki (B, t, m,n)
t
[[rk)T(n—m—-B+k), t>0,
= k=1
1, t=0.

The optimum distortion factor u, .(n) is given as follows.



6 EURASIP Journal on Wireless Communications and Networking

(1) For 2/n € (0,|N;y — N;| + 1), referred to as the high
SCBR regime (HSCBR), the optimum distortion factor is

tanc (1)

Kn (2/77) NminaNmimNmax) (43)

= PN, A — )
Hk:‘f]r(Nmax —k+ 1)I‘(Nvmin —k+ 1)

It decreases monotonically with Np,y.
(2) For 2/n € (Nt + N; — 1,4), referred to as the low
SCBR regime (LSCBR), the optimum distortion factor is

Hanc (1)

Kl(2/7’])Nmin)Nmin) Nmax) (44)

= PSNtA:nc - .
k:llnr(Nmax —k+ I)F(Nmin - k+ 1)

(3) For 2/n € [IN; = N¢| + 1,N; + N, — 1], referred to as
the moderate SCBR regime (MSCBR), the optimum distortion
factor is

Hine (1)
» (2 I, Nunins N )m B #0
1 7]’ > 4¥min> {Vmax 5 > (45)
2
K] (7’])1 — L, Nmin, Nmax) IOgPQL B =0
where
_ PsNtAx“CKh(Z/ﬂ - 21>Nmin - l>Nmin>Nmax)
Hi\]:ilnr(Nmax —k+ 1)F(I\Imin —k+ 1) ’
%=mod{’27+1—Nt—Nr|,2}, (46)
I = [2/11+1— \N[—N7|J
= 3 .
Proof. See Appendix 1. O

4.2. Spatially Correlated MIMO Channel

Theorem 4 (Optimum Expected Distortion over a Corre-
lated MIMO Channel). The optimum expected end-to-end
distortion in a system over a spatially correlated MIMO
channel is

ED, (17)

PS|G(’7)|

HkN:ilnallgNl_Nr‘Hr(Nmax —k+ l)nlsm<ngNmin(0'n — Om)
(47)

where G(#) is an Nmin X Nmin matrix whose (i, j)th entry is
given by

1

—d;
(P j 2. N;
g,-j(n) = (E) F(dj)\lf<dj,dj +1- 1’],CTP>’ (48)

dj = IN; = N;| +j,0 = {01,0%,...,0N,,} with0 < 01 <03 <
-+ - < 0N, denoting the ordered eigenvalues of the correlation

min

matrix X.

Proof. Following the proof of Theorem 1, by the mathemat-
ical results given by Chiani et al. in [30] for a spatially
correlated H, we have

ED(,; () = Pz |G(n) |, (49)

where G(#) is an Npin X Npin matrix with (i, j)th entry given
by

© . —2/n
&i(n) =J X‘N“N"““e"‘/""(lwtﬁx) dx,  (50)

0 t

& |Z|*N.mx (51)
r = - >
V(o) TR T (Nimax — K + 1)
where V(o) is a Vandermonde matrix given by
V(o) éVl(—{cffl,...,aﬁnﬁm}) (52)
with the Vandermonde matrix V;(x) defined as
1 1 1
X1 X2 * 0 XN
Vi(x) = ) ] _ o (53)
Nmin—=1 _ Nmin—1 Nimin—1
*1 *2 " XNomin

In terms of the property of a Vandermonde matrix [31], the
determinant of V(o)

Va(o) =[] (—Ujfl*‘aifl)
1<m<n=<Npnin
= [] onlo (0n—0m)
1<m<n<Npin
Nmin 1N (54)
=[Tox™ T[] (0n—0m)
k=1 1<m<n=<Npin
Ninin
1—Nmin
=[Jog "™ V(o).
k=1
Thereby,
1
Ke= —x N :
Hk:1 [y I'(Nmax — k + 1)H15m<nstm(0n - Om)

(55)
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In terms of the integral solution (14), (50) can be written in
the analytic form

8ij(n) = (fh)_djf(dj)\lf<dj,dj +1-

This concludes the proof of this theorem. O

Z;M). (56)
n oip

1

Theorem 5 (Optimum Distortion Exponent over a Cor-
related MIMO Channel). The optimum distortion exponent
AY, in the case of spatially correlated MIMO channel is the
same as the optimum distortion exponent AX, . in the case of
uncorrelated MIMO channel, that is,

Nmm

8E(n) = M) = > min{j,zk 1+|NtNr|}.
k=1

(57)

Proof. See Appendix J. O

Theorem 6 (Optimum Distortion Factor over a Correlated
MIMO Channel). The optimum distortion factor u% (n) is
given as follows.

(1) For 2/ € (0,|N; —
distortion factor is

N;| + 1) (HSCBR), the optimum

Ninin

Au::kor(r] no-k .uunc (58)

(2) For 2/ € (Ny + N, — 1,+00) (LSCBR), the optimum
distortion factor is

Niin
—Nimax
#Zkor(rl) = nak ¥
k=1

lbt:lkll&:(ﬂ)' (59)

(3) For2/n € [INt = N;| + 1, Ny + N, — 1] (MSCBR), the
optimum distortion factor is

(-2 |v5(0)]

|N;—N, |+1
kimlno' ’ nlsm<n§Nmin (04 — Om)

wlor (1) =

et k),
*
X 1_[ |Nt N, | —2/;/,+l+k)l/’lunc(7/l)a

(60)
wherel = |2/n+ 1 — N, — N;|/2| and each entry of V3(o) is

- {j—1,2/ d}
vaij = 0 IR (61)

Proof. See Appendix K. O

Theorem 7 (Convergence). As the correlation degree goes to
zero, the value of the optimum distortion factor in the setting
of correlated channel converges to the value of the optimum
distortion factor in the setting of uncorrelated channel,

)l:linll’ljor(r/) - !’l:nc(r/) (62)
Proof. See Appendix L. O

5. Numerical Analysis and Discussion

In this section, the examples in various settings are provided.
The simulation and numerical results illustrate the foregoing
results.

5.1. An Example in the HSCBR Regime over an Uncorrelated
MIMO Channel. Figure 3 shows the numerical and simula-
tion results on the optimum expected end-to-end distortions
in the outage-free MIMO systems over uncorrelated block-
fading MIMO channels in the high SCBR regime and at the
high SNR, p = 30 dB. The number of antennas on one side
(either the transmitter side or the receiver side) is fixed to
five and the number of antennas on the other side is varying.
ED} . im> represented by circles in Figure 3(b) denotes the
ED}, . corresponding to (30), evaluated by 10 000 realizations
of H.

From Figure 3(b), we see that EDJ, i, monotonically
decreases with the number of antennas on one side, which
agrees with our intuition. There is an excellent agree-
ment between ED:nc,aSy, represented by the dash lines, and

ED} sim> Which indicates that, in the setting when SNR is
30 dB, the behavior of ED;, . at a high SNR can be explained
by studying ED{j, o,

In Figure 3(a), in terms of Theorem 2, the optimum
distortion exponent A%, represented by the solid line with
circles, increases with Np,;, and then remains constant when
Nmin stops increasing, though the number of antennas on
one side is increasing. In Figure 3(b), in terms of Theorem 3,
ur.o» represented by the dot-dash lines, is monotonically
decreasing with Ny Therefore, when Niyin < 5, ED, . is
decreasing because Aunc is increasing; although the optimum
distortion factor pf. is increasing, the increase of AX .
dominates the tendency of ED{,. since the SNR is high.
When the Ny, is fixed to 5, ED; . is decreasing because
pk o is decreasing, though A¥ . keeps constant. In a word,
we see that, for high SNR, the decrease of ED;,. with
the number of antennas is due to either the increase of
the optimum distortion exponent or the decrease of the
optimum distortion factor.

Moreover, from Figure 3, it is seen that the commutation
between the numbers of transmit and receive antennas
impacts ED .. This impact comes from the effect on
the optimum distortion factor yf,.. As indicated by the
expressions in Theorem 3 and shown in Figure 3(b), between
a couple of commutative antenna allocation schemes, (N; =
NmimNr = Nmax) and (N NmaxaNr mm) the
former scheme whose number of transmit antennas is the
smaller between the two numbers of antennas suffers less
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FIGURE 3: Uncorrelated channel, one of (N, N, ) is fixed to 5, = 4,
high SCBR.

distortion than the other. This is reasonable since under
a certain total transmit power constraint, the scheme with
fewer transmit antennas achieves higher average transmit
power per transmit antenna.

5.2. An Example in the MSCBR Regime over an Uncorre-
lated MIMO Channel. In [15, 16], assuming a AN (0,1) -
distributed source and the system bandwidth is normalized
to unity, Zoffoli et al. studied the characteristics of the
distortions in 2 X 2 MIMO systems with different space-
time coding strategies. In particular, in [16], assuming that
the transmitter knows the instantaneous channel capacity
and thus the system is free of outage, they compared

the strategies with respect to expected distortion and the
cumulative density function of distortion. They exhibited
that, among REP (repetition), ALM (Alamouti), and SM
(spatial multiplexing) strategies, the expected distortion of
the ALM strategy is very close to that of the SM strategy.

As Zoffoli et al. derived [16], the expected distortion of
the ALM strategy is

2 pl(p—4)p— 4] +4e**(3p +2)T(0,2/p)
EDaim = 3~ 3
p
(63)
and the expected distortion of the SM strategy is
EDsm
2
=16p7%[p — (p +2)e¥#T(0,2/p) |
(64)

+8p7%(p — 2¢¥°T(0,2/p))

x [p(p+2) —4(p+1)e¥P(0,2/p) |

Note that I'(a,x) denotes the upper incomplete gamma
function, T'(a,x) = [ t* 'e~'dt. As given in [16], Figure 4(a)
shows the difference between the expected distortions of the
two strategies in log-lin scale. In log-lin scale, the expected
distortion of the ALM strategy is very close to that of the SM
strategy in the high SNR regime; that is, EDapm — EDgy is
very small.

According to the assumption in [16], the SCBR of the
systems is one, that is, ¥ = 1. As N, = N, = 2, it is seen
that, for the systems considered,

2
INt—N,|+1<E<Nt+N,—1, (65)

and thus the systems are in the moderate SCBR regime. From
the description of SM strategy, it is seen that the expected
distortion achieved by SM strategy is the optimum expected
distortion for a 2 x 2 MIMO system with # = 1, that is,

EDsy = ED{.. Regarding the asymptotic characteristics,
from (63) and (64), we have
2 _
EDasy,ALM = gP 2)
(66)
EDagy,sm = ED:sy,unc = SP_S'

The ratio EDapm/EDsym is an alternative metric revealing
the difference between EDapy and EDgy, illustrated by
Figure 4(b) in log-log scale. We see that in the high SNR
regime, although EDarn approaches EDgy in the linear scale
as Figure 4(a) shows, the ratio EDarm/EDsy becomes larger
and larger as Figure 4(b) shows. It can also be seen that
the expected distortions of the ALM and SM strategies are
determined by their asymptotic expressions when the SNR’s
are greater than 13 dB and 20 dB, respectively.

5.3. An Example in the LSCBR Regime over an Uncorre-
lated MIMO Channel. Figure 5 presents an example when
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FIGURE 5: Uncorrelated channel, N; = 1, N, = 2, 7 = 0.99, low
SCBR.

Ny = 1, N, = 2 and 1 = 0.99. The red circles represent
the results of Monte Carlo simulations which are carried out
by generating 10000 realizations of H and evaluating (30).
The blue dash line represents EDy, .. The green solid line
represents the analytical expression of EDJ . in Theorem 1.
It can be seen that the simulated results agree well with our

analytical results. The gap between the asymptotic tangent

5.4. Examples in HSCBR and LSCBR Regimes over a Spatially
Correlated MIMO Channel. The analytical framework we
derived is general and valid for all correlated cases with
distinct (unrepeated) eigenvalues of the correlation matrix
3. To give an example, we consider a well-known correlation
model as in [30]: the exponential correlation with £ =
{rl=i1};;_1. .~ and r € (0,1) [32].

Figure 6 illustrates the optimum expected end-to-end
distortion ED* on a power-one white Gaussian source
transmitted in different correlation scenarios. Red circles
represent the results of Monte Carlo simulations which are
carried out by generating 10 000 realizations of H and eval-
uating (30). Green lines represent the analytical expressions
of EDZ, in Theorem 4 and ED, . in Theorem 1. Blue dashed
lines represent the optimum asymptotic expected end-to-end
distortion EDj;:
r=20,

ED}

asy —

(67)

* A=Ak
AMCOTP cor’

* —A¥
A”luncp unc’
r>0.

In Figure 6(a), we see that there is an agreement between
ED* and EDj, in the high SNR regime. Corresponding
to Theorems 5 and 6, in the high SNR regime, due to
the same optimum SNR distortion exponent, the optimum
distortions of the systems in different correlation scenarios
have the same descendent slopes; the difference comes from
different distortion factors which depend on the correlation
coefficients. The optimum distortion is increasing with r
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FiGUrE 6: Expected distortions of uncorrelated and correlated channels.

and the line of the uncorrelated case (r = 0) is the lowest.
For reaching the same optimum expected distortion, there
is about 8 dB difference of SNR between the cases of r =
0.99 and r = 0. This agrees with our intuition that spatial
correlation decreases channel capacity.

The impact of correlation can also be seen in Figure 6(b)
by the example in the low SCBR regime. There are gaps
between the asymptotic lines and the optimum expected
distortions for the same reason as for the example in
Section 5.3, that more terms in the polynomials are to be
analyzed.

6. Conclusion and Future Work

6.1. Conclusion. In this paper, considering transmitting a
white Gaussian source s(t) over a MIMO channel in an
outage-free system, we have derived the analytical expression
of the optimum expected end-to-end distortion valid for any
SNR (see Theorems 1 and 4) and the closed-form asymptotic
expression of the optimum asymptotic expected end-to-
end distortion (see Theorems 2, 3, 5, and 6) comprised
of the optimum distortion exponent and the multiplicative
optimum distortion factor. By the results on the optimum
asymptotic expected end-to-end distortion, we have analyzed
the joint impact of the numbers of antennas, source-to-
channel bandwidth ratio (SCBR) and spatial correlation on
the optimum expected end-to-end distortion. Straightfor-
wardly, our results are bounds for outage-suffered systems
and could be the performance objectives for analog-source
transmission systems. To some extend, they are instructive
for system design.

6.2. Future Work. (i) As we have shown in Figures 5 and 6(b),
for a system in the low SCBR regime, there is an apparent gap
between EDy;, and ED* in the practical high SNR regime.
The reason that the gap exists is the effect of the other
terms in the polynomial expansion of ED*. Therefore, if the
closed-form expression with more terms in the polynomial
expansion of ED* could be derived, the analysis on the
behavior of ED* would be more precise.

(ii) Let us provide an insight into Theorem 2. Define a
nonnegative integer m as

[[Noins 0 % <INe =N +15
2/n+1—|N;— N,
Nmin - \\ /7] | ‘ |J)
m =1 2 5 (68)
|Nt—Nr|+1$ E SNt'l'Nr—l;
0, g > Nt + Nr - 1.
L Ul
Then, (38) can be written in the form
% 2m
A*(n) = (N; = m)(N, — m) + o (69)

which looks analogous to the formula of the Diversity-
Multiplexing Tradeoff (DMT) [20] and to the expression
of the distortion exponent (3) in tandem source-channel
coding systems [19]. Note that (69) has nothing to do
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with outage since the instantaneous channel capacity is
assumed to be known at the transmitter. This intriguing
similarity induces us to conjecture that there may be a hidden
connection to be explored.

Appendices

A. Some Properties of ¥ (a, ¢; x)

(1) If ¢ is not an integer,

W(a,cix) = %@(a G X) "
r(;(;)l)xl-fob(a —ctL2-6x),

where ®(a, ¢;x) is another confluent hypergeometric func-
tion:

D(a,c;x) = Z (a), &

O (A2)

Note that (a), = I'(a+n)/T'(a).
(ii) If ¢ is a positive integer,

Y(a,c;x)
= i O(a,n+ 1;x) 1o x+§:
nla—n)| % 8XT 4 +1)

X(yla+r)—y(l+r)— (1+n+r)):]

(nfl)' Ha—n), x"
=0,1,2
T(a) Z (1-mn), r! 0
(A.3)
The last sum is to be omitted if n = 0:
(iii)
Y(a,c;x) =x""W(a—c+1,2 - c;x). (A.4)

Thus, when ¢ is a nonpositive integer, we can obtain the form
of ¥(a,c; x) from (A.3) and (A.4):

Y(a,c;x)
= GO R DOla+1-¢2—-cx)x'“logx
(1- 0)T(a) e &

+ im(w(a+ l—c+r) —

2-0 y(l+r)
r=0 r

I(1-¢) < (a),x"
[(a+1-c) Z o (), r
(A.5)

—y(2- c+r)) i C]

B. Proof of Lemma 1

We will prove this lemma recursively.

Define p(n) = min{a, n}, subjecttoa € R* and n € Z*.
If m; — my = ny — ny, my > ny, and my > ny, then
p(my) — p(my) < p(n1) — p(na). (B.1)
In the case that m = 2, by definition,
cuxl’(z) Clzxp(3)
W) (x) = P et ® ) (B.2)
Then
W2 (x)| = cr1caoxPPHPW — ¢1563,x7F0). (B.3)
By (B.1),
p(2) + p(4) < 2p(3). (B.4)
Consequently, when m = 2,
. log|W,(x)| o .
chlao logx =p(2)+p4) = i:Zlmln{a, 2i}. (B.5)
Suppose whenm =k — 1,k € Z* N [3,+),
k-1
lim 8Wer S o (B
x-0  logx P
When m = k, Wi(x) can be written as
Wio1(x)  br(x) (B7)
bl (x)  cuxt@ )’ ’
where the column vector is
cipxb kD)
bi(x) = (B.8)
Ch1 e xP 1)

Hence, in terms of Schur determinant formula [31],

log[IWk 1(x)] ‘Wk l(x)H
log x

lim log|Wi(x)|
im
x-0 logx xao

108/ Wi 1 (0)] logdet Wi, (x)

x=0 logx x—0 logx
(B.9)
where W/_| (x) is the Schur complement of Wj_; (x),
Wi (x) = @ — bT ()WL (x)bi (x). (B.10)
Since Wi_1 (x)W !, (x) = I, W1, (x) is of the form
chxP@ ¢ P®
(B.11)
Cl;lx*P(k) . Cllc—l,k—lxip(Zkiz)
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Consequently,

log| b (x)W;.!, ()b ()|
m
x—0 logx

=min{p(2k — 1) — p(k) + p(k + 1),
p2k—1) — p(k+1)+ p(k+2),..., (B.12)
p(2k 1) - p(2k - 2) + p(2k — 1)}

@ o2k —1) - p(2k —2) + p(2k — 1)

2 pak),

where both steps (a) and (b) follow the inequality (B.1).
Therefore, by (B.9) and (B.10),

k

= zmin{a,Zi},

i=1

lim log|W(x)|

(B.13)
x—0 logx

which concludes this proof.

C. Proof of Lemma 2

Each summand in [W(x)|, which is a product of the entries
Wijs. > Wmj,» can be written as

m
e
xZA4 [ e
k=1

(C.1)

where the numbers {ji, j2,...,jm} Is a permutation of
{1,2,...,m}. Then, each summand has the same degree
m(m + 1), which concludes the proof.

D. Proof of Lemma 3
By definition,
La+1) I(a+m)
W = (D.1)
I'la+m) --- T(a+2m—1)

For calculating the determinant of W, we do Gaussian
elimination by elementary row operations from bottom to
top for obtaining the equivalent upper triangular L [33].
Below-diagonal entries are eliminated from the first column
to the last column.

Let W; denote the matrix after the below-diagonal entries
of the Ith column are eliminated. Then the (i, j)th entry of W;
subject to i = j > [ is of the form

Wiij = Gl,i,jl“(a + i+j -1- l) (D.Z)

Hence, after below-diagonal entries of the (I — 1)th column
are eliminated, for the entries subjecttoi >/and j =,

wi—ri1) = O-i—yT(a+i—1),
‘ (D3)
wi—,ig = Ol (a +1).

Consequently, for eliminating the (7, /)th multiplied entry
of W;_; to obtain Wy, the factor for the row operation in the
Gaussian elimination on the ith row

0-1. .

= - g1, (D.4)
01,11
That is, wy; j is obtained as follows:
Wi j = Wi-1,i,j T CLiWI-1,i-1,j
= |:911,,‘,j(a+i+j —1— 1)
(D.5)
O1-1,i
=011 P (a+i—1)
O i

xT(a+i+j—1-1).
Comparing the RHS of the above equation to (D.2), we get

91),‘,]' = 9171,,‘,]‘ (a+i+j -1-1)
(D.6)

Before doing any operation on W, 6;; = 1. Then, by
(D.6), we obtain 61;; = j — 1and 6,;; = T(j)/T(j - 2).
Supposing

then by (D.6) we have
O1,ij = I‘(]r—(;)—l) (D.8)
Therefore, our conjecture is right. Hence,
01,1 = T(3), (D.9)
and the ith diagonal entry of L is
wi—1,ii = L(D)T(a +1). (D.10)
Consequently,
m
(Wl = [ [T(K)T(a +k), (D.11)
k=1
which concludes this proof.
E. Proof of Lemma 4
This proof is similar to Appendix D.
By definition,
W= A-B (E.1)
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where - denotes Hadamard product,

I'(a+1) I(a+m)
A= >
I'la+m) --- T'(a+2m—1)
(E.2)
I'(b-1) I'(b—m)
B=
rb-m) --- T'(b-2m+1)

The (i, j)th entry of W, subject to i = j > [ is of the form

wiij = 0ijTa+i+j—-1-DT(b—-i—j+1). (E3)
Consequently, the multiplied factor is
o= - el—l,i,l(a‘*'.i -1) ,
' O-1,i-10(b—i—1+1)
Wiij = Wi-1,i,j T ClLi Wi-1,i-1,j
= [ell,i)j(a+ i+j-1-1) (E.4)

O, Oi(a+i— Db-i-j+1)
Or-1i-10(b—i—1+1)

xT(a+i+j—1-1T(b—i—j+1).
Comparing the RHS of the above expression to (E.3), we get

91),‘)]' = 61,1,i,j(a+i+j -1-1) - 91—1,1‘—1,1‘
O (a+i=1)(b—i-j+1) (E.5)
O (b—i—1+1)

Before doing any operation on W, 6y;; = 1. Then, by
(E.5), we obtain

(j—-1)(a+b-1)

b=y
(E.6)
0. = (j-1)(-2)(a+b-1)(a+b-2)
w b—b—i-1) :
Supposing
I
o (j—k)a+b-k)
el,z,] —g:[l (b—l—l+k) > (E7)
then by (E.5) we have
1. _
By = [V 0 (E.8)

i1tk

Therefore, our conjecture is right. Hence, for i > 2, the ith
diagonal entry of the equivalent upper triangular L,
Wi-1,ii = I'(a+b)I()I'(a+ Z)
T(b—2i+2)T(b—2i+1) (E.9)
Ta+b—-i+1DI(b—-i+1)

Consequently,
W[ =T(a+ DI(b—-1I" '(a+b)
I'(b—-2k+2)I'(b—-2k+1)

Tla+b—k+1I(b-k+1)
(E.10)

« [Tror(a+ k)

k=2

which concludes this proof.

F. Proof of Lemma 5

The derivation of Lemma 5 is analogous to Appendix D.
However, for deriving Lemma 5, we use Gaussian elimi-
nation by column operations from the right to the left,
instead of row operations from the bottom to the top in
Appendix D. After the Gaussian elimination, the left upper-
diagonal triangle-matrix becomes a zero triangle-matrix.
Consequently, the determinant of W is

W] = (—1)*"<’"‘””ﬁr<k)r<a+k -m).  (E1)
k=1

G. Proof of Lemma 6

f(n) can be written as

_I(n-a) I'n-m+1-a)
S =y T m D (G.1)
We thus have
n—a n-m+1-a
f(n+1)—f(n)=( T —l)f(n).
(G.2)

Itisseenthat(n —a)/n---(n—-m+1-a)/(n—-m+1) <1
and f(n) > 0. Hence, f(n+1) — f(n) < 0; that is, f(n) is
monotonically decreasing.

For g(n),

gn+1)—g(n)

n—a n—m+1-a
:<(n+1)ﬂm n n-m+1 _nam>f(n)

< [(n | 1)“’”(%)'" - n“m]f(n).
(G.3)
If

(n+1)°.-2=2

< nt, (G.4)

then we have g(n+1) — g(n) < 0.
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Define a function h(x):
h(x) = (x —a)(x + 1)* — x*!

=+ —x* @+ 1D)x+1% x>a

(G.5)

In terms of mean value theory [34], for ¢(x) = x**!, there
exists & which lets

¢ () = (x+ )™ —x x<E<x+l. (G.6)
where ¢’ (&) is the first derivative.
As
¢ (x) =ala+1)x""! >0, (G.7)
¢’ (x) is monotonically increasing and thus
¢'(§) < ¢’ (x+1). (G.8)
So, h(x) < 0.
Then, we have
_ a
xX—a ( X ) (G.9)
X x+1
When x = n,
(n+ 1)“% <n. (G.10)

Consequently, g(n + 1) — g(n) < 0, that is, g(n) is

monotonically decreasing.

H. Proof of Lemma 7

In terms of Euler’s reflection formula

T

T(1-x)I'(x) = M)

s

Tla+n+1)I(-a—n) = smir@tns D)’ (H.1)
fi1
I'la+ 1)I'(-a) = 7sin(n(a+ )
Straightforwardly,
Fa+n+1) ., TI(-a)
e+~ VT Casay (H2)
that is,
(a+1),=(-1)"(~a-n),. (H.3)
I. Proof of Theorem 3
From the proof of Theorem 2, we see that
P |E
e (1) [E(n)| (L1)

T Y T(Niax — k + D (Nin — k + 1)

where E(#) is an Niin X Nmin matrix of e;;(#)’s.

(1) When 2/ € (0,|N; — N;| + 1), given by (24) and
Table 1, we have

eij(n) = Ntzmr<dij - i) (1.2)

By Lemma 3,
A 2
|E(’7) ’ = Nt uncxh (q)Nmin)Nmin)Nmax>- (13)

In this case, A¥ (1) = 2Nmin/#. Substituting (1.3) into (I.1),
we obtain the optimum distortion factor in this case in the
closed form

* 2/ ’Nmin’Nmin)NmaX

y:ﬂc(i/l) = PSNtAunc — Kh( n ) |
AT (Nas — Kk + DI (N — k+ 1)

(L.4)

In the light of Lemma 6, it monotonically decreases with
Nmax-

(2) When 2/ € (N; + N, — 1, ), in terms of (24) and
Table 1, we have

F(Z/ry—d,-j) (1.5)
L((2/m)) -

In terms of Lemmas 2 and 4, the determinant of E(#) is

eij(n) = Ntdijr(dij>

* 2
|E(71) | = NtAuncKl<’7’ Nmina Nmina Nmax)- (16)

In this case, A%, () = N;N,. Substituting (1.6) into (I.1), we

obtain the optimum distortion factor in this case in the form

. A% KZ(Z/T’[,Nmin:Nmin:Nmax)
Hune = PyN; e Ninin ’
k=1 l—‘(I\]max —k+ 1)F(I\]min —k+ 1)
(1.7)

(3) When 2/y € [IN; — N;| + 1, N; + N, — 1], the analysis
is relatively complex. Define a partition number

. [2/11+17|Nt7N,|J (1.8)
2
and partition the Hankel matrix E(#) in (23) as
E AR 1
= , 9
(%) BT C (1.9)

where A is the [x[ submatrix and C is the (Nmjn—1) X (Niin—1)
submatrix.
At high SNR, in terms of Table 1, when mod (2/57 + 1 —
Nt — N, |,2) # 0, the entries of A and C approximate
y F(2/11 - d~)
~ g . V) —di .
ajj = Nt JF(d,]) F(2/;1) P, (I 10)

E;‘j = NtZ/"F<d,vj — i)pz/”; (111)
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when mod (2/7 +1 — [N; = N,|,2) = 0, the form of ¢j; is the
same as (I.11) whereas the form of @;; becomes

1"(2/11 - di]‘) *dij

Ntd"fl"(dij) 1"(2/;7) P s

N (i,7) # (LD
a,-j =
N log pp=2/1, (i, j) = (LD).

(1.12)
In terms of Schur determinant formula [31],
|E(n)| = IAlI[C—A*[, (113)

where A* = BTA 'B. By the method analogous to the
derivation in Appendix B, we know that for high SNR

C-A*~C, (1.14)
where C is composed of ¢j;’s. Consequently,
[E() | ~ |A][C]. (L15)

Given the preceding derivation for high and low SCBR
regimes, we have

Kl(ial)Nminerax> Q:a B 7EO>

K-
Kl<’7,l— l,Nmin,Nmax> logpe, B =0, (1.16)
~ 2
‘C‘ = Kh()’] - 2l:Z\rmin - l)NmimNmax)@a
where

B = mod{i +1—|N; _Nr|;2}>

l(l+Nmax_Nmin)
- (M) : (1.17)
p
2(I\]min*l)/
o - (N) §
p
Therefore, in this case,
Kl(iJ:Nmin:Nmax)m: B 7':0:
y:nc(ﬂ) =
Kl(;al_ 1:Nvminal\]max) 10gP9l> B =0
(I.18)
where

9 — PsNtAu"cKh(Z/f] — 2I, Nipin — laNmimNmax) (1.19)
[T T (Noas = Kk + DI (Niin = k+1)

and the optimum distortion exponent is

(Nmin - l)

A% (n) = 10+ N, — N, ) + 2 (1.20)

This concludes the proof of this theorem.

J. Proof of Theorem 5

Let G denote the asymptotic form of G for high SNR. Since
gij is a polynomial in p~! given by (48) and the preliminaries
in SectiNon 3, in terms of Table 1, Iél can be written as
SM_ |G| where

‘(N}m‘ = Upyp Ber, (J.1)

that is, they have the same degree over p~!. Each entry of G
is a monomial of p~! denoted by g, ;. In terms of Table 1 and
the preliminaries in Section 3, we learn that g, ; i’s form is one
~twmj der -2/ B
of g; ! Ya(j, rmj)p (d*rmj) (Form 1) and o’ chlogepp 2/
(Form 2), where r,, j is a nonnegative integer, € = 0, 1, and

1“(2/11 - d])r<d] + rm,j)

a(j,rm,j) _ tdj+rm,j
F(Z/W)T(rm,j + 1) (dj +1- 2/11)%
(J.2)
2/n 2
¢j =Ny r<dj - ,7)' (J.3)

If the entries of first cglumns of ém are of Form 1 and other
entries are of Form 2, G, can be partitioned as

~

Gy = (ém,l (N;m,Z)s (]4)

where (N}m,l is of size Nypin X I and (N}m,z is of size Niin X (Niin —
[). Since (N}m is a full-rank matrix, (N}m,l and (Nim,z ought to
be full rank as well. Apparently, Gz is a full-rank matrix;
whereas, for (N;m,l, if there exist 7, j, = 7 j, for ji # ja, (N%m,l
would not be full rank, because in that case, its submatrix
constructed by the two columns with individual indices j
and j, would be rank-one. Thus, each r,,, ; must be distinct.

Now let us figure out I. Define a distortion exponent
function as

n n—1
Sd+ > k+ W, n € Z N (0, Ninl;
p(n) = 151 k=0
%};ﬂin, n=0.
(J.5)

Apparently, y(n) is on the curve of the two-order function

f(x),

Foo) =22+ (|Nt SN - i)“ % 1.6)

which is a symmetric convex function and whose minimum
value is given by x = (2/ — INy — N;|)/2.
Since n = [ gives the minimum y(n), when 2/y €
(07 IN: — N, | + 1)) I =0, Acor(”l) = Y(O) = 2Nmin/11; when
2/ € (Nt+N;—1,+),] = Niin, Acor(”]) = )/(Nmin) = NiN;.
When 7 € [IN; = N;| + 1,N; + N, — 1], we should have

y() < y(I-1),
y() <y(+1),

(J.7)
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which gives

2

E—l—\N[—Nr\szls%Jrl—th—N,\. (1.8)

Hence, for € [IN;

7 [2/11+1—|Nt—N,|J
B 2

[Z/n—l—th—er]
or B >

_Nr| + ert+N‘r - 1])

Azkor( ) = V(l) (J.9)

=l(l+|Nr—Nt|)+W

Nmin
Z mm{ ,2k — 1+ |N; — er}.

Note that y(| (2/+1 - |N; —
N:1)/21).
This concludes the proof of this theorem.

N:)/2]) = y(I(2/n =1 = |N: -

K. Proof of Theorem 6

From the proofs of Theorems 4 and 5, we have

~Nmax M
oo PRI
o Hkmmr(Nmax k+1D)IVy(0)l
where u,, is defined in (J.1).

(1) Consider the case of 2/57 € (0, |IN; —
M =1and

(K.1)

N,|+1). We have

di-2/n .
g o i=1,...

~ 7
8Lij =0;  Cjp > Nimin

(K.2)

aNmin: ] = 1,...

where d; is defined in Theorem 4 and u; is defined in (J.3).
Thereby,

NN/ N 2\ Yz IN;—N, [+1-2/
_ mm’1|V1(o_)|n (‘Lﬂ)ﬂff, +—Ny ’7.

j=1 i=1

(K.3)
So, in this case,
Iz Nmale (O.)H—I min |Nr N, [+1-(2/n)
i (1) =
\V2(0)|
2Nmin/f 11 Ninin
PN TR (d - 2/
t ( ) (K.4)

HNmm max k + 1)

Nmin

- 1_[ _Z/Wﬂ:nc

Note that Vi(o) and V,(o) are Vandermonde matrices
defined by (53) and (52), respectively, in the proof of
Theorem 4.

(2) Consider the case of 2/57 € (N;+N, — 1, +0). We have
M = Np,! and

gNm,ij _ Ui_rmja(j, rm,j)Pidjirm’j’
mzl, .,M, i:1,...,Nmin, j:1>u->Nmin>
(K.5)
where
I(d;)T(2/n—4d;)(d;
a(j:rm,j) Nd+rmj (1> < n J)( f)rm,j
(/)T (1 +1) (dj+1 - 2/’7)%
_ bt L(2/n - d;)T(d; + rny)
C @ (1) (di 1 2m)
(K.6)
By Lemma 5,

2 2
di+1-2 =(—1)r’"”<—d‘—rm,~> (K7
( j ”)rm p ), (K.7)

Substituting (K.7) to (K.6), we have

\J

djtrm,

a(j,rm,j) =(-1)"N,’

T(dj + 1 ) T(2/1 = dj = 1)
T(2/n)T (1 +1) '

(K.8)
X

Hence,

Ninin

tm = (1) sgn(x,)) IVa(0)| [ [ a(jy rm,)
j=1

= sgn(r,)|Va(o)| (K.9)

o I\lfﬂf]\]d i (dj + rm)j)l"(Z/n - dj —
T(2/M)T(rmj+1)

Note that r, is a permutation of {0,1,...,Nmin — 1} and
sgn(r,,) denotes the signature of the permutation r,,: +1
if r, is an even permutation and —1 if r, is an odd
permutation.

Consequently, in the light of Leibniz formula [31],

rm,j)

|V2(0)|
= 1Ql, (K.10)
mZ:I mmI‘(k)
where each entry of Q is
» T 2/77 - d,"
dij
qij = Ny r<dij)(1>- (K.11)

T(2/n)

Note that d;; is defined in the description of Theorem I.
Comparing (K.11) to (I.5), we find that g;; and e;; are
identical. Therefore,

Nmi
!’lcor 1_[ max‘“unc (K 12)
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(3) Consider the case of 2/5 € [IN;—N,| —1,N;+N,+1].
In terms of the proof of Theorem 5 and the preliminaries in
Section 3, when mod {2/ +1 — [Ny — N,|,2} #0, M = [,

—T'm, . —d.— .
0, " a(jrm)p T, <
8miij =

. (K.13)
o ejpm,

jzl+1

when mod{2/n+1— [N; = N;|,2} =0,M = (I - 1)},

—T'm,j

0, " a(jsrmi)p b, j=l-s

N N2/71

gmij = Yo (=) FEZ) = (K.14)
offz/"cjp‘”’?, j=I+1.

Note that a(j,7,,;) and c; are given by (J.2) and (J.3),
respectively; when mod{2/4 +1 — [N, — N;[,2} #0, 1y is a
permutation of {0, 1,...,/ — 1}; when mod {2/ + 1 — |N; —
N;|,2} =0, r,, is a permutation of {0, 1,...,] — 2}. Thus,

, N
sen(en) Va(@) [ Ta(irrn) T1 Nf/"r(d - ,7)

j=1 j=1+1
mod{2/n+1—|N;— N,|,2} #0
u, = 1580 Vs(e) | (-1)"'N N =HD 100

xl_[a(],rm]) ﬁl‘(d - )

j=l+1

mod{; 1IN - N,|,2} o,
(K.15)
where each entry of V3(a),

- 1,2/ d
V3 Jij = = 0; mintj - } (K16)

Comparing to the proof of Theorem 3 for the same case of 7,
we have

(-2 |v5(0)]

N;—N,[+1
km‘ln A nlsm<nstin(0'n - Opm)

wéor(n) =

T (k) .
) g (IN; = N, | = (2/n) +l+k)l/4unc(’7)'

(K.17)
This concludes the proof.
L. Proof of Theorem 7
When 2/n € (0, INy = Ny |+ 1) or 2/ € (N + N; — 1, +0),

in terms of Theorem 6, straightforwardly, limy . 1u%,.(n) =
Bine (17)-

Consider the case of 2/ € [[N; — N;| — 1, N; + N, + 1].
By Taylor expansion and Lemma 5, the entries of V3(o) are

(L.1)
= (1" (p),
= Z (Gi - ) >
n=0
where p; = min{j — 1,2/n — d;}.
Thereby, when ¢ approaches a vector of ones,
(Nmin—1)!
Vi)l = > |Vim(o)], (L.2)
m=1
where the entries of V3, (o)
1, j=5
Vamij = (=1)™ (pj) (L.3)
Sm,j S .
— (g - 1), j=1
Sm)j!
Note that s, = {Sm2>.-->SmN,,J 1S @ permutation of

{1,2,..., Nmin — 1}
The determmant of V3 ,,(a) is

[ Vim(o)| = (=1)"|Vi(e — 1)|sgn(s,)

Ninin Ninin

X 1_[ ( nr(5m1+P1)

(L4)

where 717 = Npin(Nmin —

[31] and

1)/2. In the light of Leibniz formula

[Vi(e —a)| = [Vi(e)l, a={a,...,a}, (L.5)

|V3(0)| can be written in the form

Nmin
Va(o)] = (=102 1y, (o) (W T ] m’
k=2
(L.6)
1) X (Nmin —

where W is an (N, — 1) matrix with entries

Wwij = F<i+pj+1)
L(i+j),

B r(2—|Nf
n

By partial Gaussian elimination, W can be transformed
to W’ with a (Npin — ) X (I = 1) left-lower submatrix of zeros.

Partition W’ as
Wi W,
w= (o,
W3 W,

J=I-1 (w1

—Nr|—1+i—j), il

(L.8)
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where W} is the submatrix of zeros, the entries of W are

wi=T(i+j-1), 1=sijs<I-1,  (L9)
and the entries of W}, are
/ 2 .
W4,ij = ( - |Nt _er _] - l)
h -1
L.10
xF(z—th—er—lJri—j), (L.10)
n
I <i,j < Npin—1
By Lemma 3,
-1
Wi | = [[T(T(k+1). (L.11)
k=1
By Lemma 5,
I\rmin*1 2
wil = o T (2= -l -5 -1)
j=1 \T -1
(L.12)
Nimin—
]_[ r(k)r( Nmax+k),
where 15 = (Nmin — D) (Nmin — [ — 1)/2.
Consequently, in terms of Theorem 6,
. *x  _ (_1\mtmtns
)l:linlycor - ( 1)
y Nﬁ" T(2/1 — Nipax + k)
il [(2/n—IN; =Nyl —k=21+1)
T(IN; = NI = (2/n) +1+k) ,
T(IN; — N,| — 2/5 + 21 + k) Hne
(L.13)
where n3 = I(I — 1)/2. Since for any function f(x),
Ninin—1 Npmin—1
1‘[ fla+Nmin—k—1+1)= [] fla+k), (L14)
k=1
where kK’ = Npin —k—1+1,
: *
limgco, ()
w0 ((2/1) — Nmax + k= 1),

— (_ 1)n1+n2+n3

Eine (7).
Pl max—(z/q) k+1),
(L.15)

By Lemma 5,

<2_Nmax+k ) —( 1)( max_z_k+1)-
n I h I

(L.16)
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Thus,
lim pf, (1) = (=17 (), (L.17)
where 14 = [(Nypin — [+ 1). As
(L) (pymombni (L.18)
we have
lim g, () = e (). (L.19)

This concludes the proof.
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