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The bit error rate (BER) of multiple-input multiple-output (MIMO) orthogonal frequency-division multiplexing (OFDM)
systems with carrier frequency offset and channel estimation errors is analyzed in this paper. Intercarrier interference (ICI) and
interantenna interference (IAI) due to the residual frequency offsets are analyzed, and the average signal-to-interference-and-noise
ratio (SINR) is derived. The BER of equal gain combining (EGC) and maximal ratio combining (MRC) with MIMO-OFDM is
also derived. The simulation results demonstrate the accuracy of the theoretical analysis.

1. Introduction

Spatial multiplexing multiple-input multiple-output (MI-
MO) technology significantly increases the wireless system
capacity [1-4]. These systems are primarily designed for
flat-fading MIMO channels. A broader band can be used
to support a higher data rate, but a frequency-selective
fading MIMO channel is met, and this channel experiences
intersymbol interference (ISI). A popular solution is MIMO-
orthogonal frequency-division multiplexing (OFDM), which
achieves a high data rate at a low cost of equalization and
demodulation. However, just as single-input single-output-
(SISO-) OFDM systems are highly sensitive to frequency
offset, so are MIMO-OFDM systems. Although one can
use frequency offset correction algorithms [5-10], residual
frequency offsets can still increase the bit error rate (BER).
The BER of SISO-OFDM systems impaired by frequency
offset is analyzed in [11], in which the frequency offset is
assumed to be perfectly known at the receiver, and, based on
the intercarrier interference (ICI) analysis, the BER is eval-
uated for multipath fading channels. Many frequency offset
estimators have been proposed [8, 12-14]. A synchronization
algorithm for MIMO-OFDM systems is proposed in [15],
which considers an identical timing offset and frequency

offset with respect to each transmit-receive antenna pair. In
[10], where frequency offsets for different transmit-receive
antennas are assumed to be different, the Cramer-Rao lower
bound (CRLB) for either the frequency offsets or channel
estimation variance errors for MIMO-OFDM is derived.
More documents on MIMO-OFDM channel estimation by
considering the frequency offset are available at [16, 17].

However, in real systems, neither the frequency offset
nor the channel can be perfectly estimated. Therefore, the
residual frequency offset and channel estimation errors
impact the BER performance. The BER performance of
MIMO systems, without considering the effect of both the
frequency offset and channel estimation errors, is studied in
[18, 19].

This paper provides a generalized BER analysis of
MIMO-OFDM, taking into consideration both the frequency
offset and channel estimation errors. The analysis exploits
the fact that for unbiased estimators, both channel and
frequency offset estimation errors are zero-mean random
variables (RVs). Note that the exact channel estimation
algorithm design is not the focus of this paper, and the main
parameter of interest is the channel estimation error. Many
channel estimation algorithms developed for either SISO or
MIMO-OFDM systems, for example, [20-22], can be used to
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perform channel estimation. The statistics of these RVs are
used to derive the degradation in the receive SINR and the
BER. Following [10], the frequency offset of each transmit-
receive antenna pair is assumed to be an independent and
identically distributed (i.i.d.) RV.

This paper is organized as follows. The MIMO-OFDM
system model is described in Section2, and the SINR
degradation due to the frequency offset and channel esti-
mation errors is analyzed in Section 3. The BER, taking
into consideration both the frequency offset and channel
estimation errors, is derived in Section 4. The numerical
results are given in Section 5, and the conclusions are
presented in Section 6.

Notation. ()T and () are transpose and complex
conjugate transpose. The imaginary unit is j = v/—1. R{x}
and J{x} are the real and imaginary parts of x, respec-
tively. arg{x} represents the angle of x, that is, arg{x} =
arctan(J{x}/PM{x}). A circularly symmetric complex Gaus-
sian RV with mean m and variance ¢? is denoted by w ~
CN (m,0?). Iy is the N X N identity matrix, and Oy is the
N x N all-zero matrix. Oy is the N x 1 all-zero vector. a[i]
is the ith entry of vector a, and [B],,, is the mnth entry of
matrix B. E{x} and Var{x} are the mean and variance of x.

2. MIMO-OFDM Signal Model

Input data bits are mapped to a set of N complex symbols
drawn from a typical signal constellation such as phase-shift
keying (PSK) or quadrature amplitude modulation (QAM).
The inverse discrete fourier transform (IDFT) of these N
symbols generates an OFDM symbol. Each OFDM symbol
has a useful part of duration T; seconds and a cyclic prefix of
length T, seconds to mitigate ISI, where T is longer than
the channel-response length. For a MIMO-OFDM system
with N; transmit antennas and N, receive antennas, an N X 1
vector x,, represents the block of frequency-domain symbols
sent by the »,th transmit antenna, where n, € {1,2,...,N}.
The time-domain vector for the n;th transmit antenna is
given by m,, = +/Es/N;Fx,,, where E; is the total transmit
power and F is the N X N IDFT matrix with entries [F],; =
(1/v/N)es?™k/N for 0 < n,k < N — 1. Each entry of x,, is
assumed to be i.i.d. RV with mean zero and unit variance;
that is, 02 = E{|x,[n]/*} = 1for1 < n, < N, and
0<n<N-1.

The discrete channel response between the n,th receive
antenna and nth transmit antenna is h,, ,, = [hy, ., (0),
B (Do B (L = D,0F 11", where Ly, ,, is the
maximum delay between the n,th transmit and the n,th
receive antennas, and Lpy,, = max{L,, : 1 < n, < N,
1 < n =< N;}. Uncorrelated channel taps are
assumed for each antenna pair (n,,n:); that Iis,
Eihy , (mh, . (n)} = 0 when n# m. The corresponding

frequency-domain channel response matrix is given by
. N-— .
Hﬂr,nt = dlag{Hfgl?))nn Hfgl}))nn DRI Higlnntl)} Wlth H’Eltl;)nt =
L1 s .
St hy, (d)e 24N representing  the  channel
attenuation at the nth subcarrier. In the sequel, the channel

power profiles are normalized as ZZ":’;)"‘_l E{lhy, 0 (d) 1’} =1
for all (n,,n;). The covariance of channel frequency response

is given by
Liax—1 A
Cym HY = Z [E{h;':hnr(d)hp’q(d)}e*]ZHd(lfn)/N)
T 1)

0<d=<Lp,0<Ln<N-1.

Note that if n, # p and n; # q are satisfied simultaneously, we
assume that there is no correlation between h,, ,, and h, 4.
Otherwise the correlation between hy,, ,,, and h, 4 is nonzero.

In this paper, ¥y, ,, and €, ,, are used to represent the
initial phase and normalized frequency offset (normalized
to the OFDM subcarrier spacing) between the oscillators
of the n;-th transmit and the n,th receive antennas. The
frequency offsets ¢, ,, for all (n,,n;) are modeled as zero-
mean ii.d. RVs. (Multiple rather than one frequency offset
are assumed in this paper, with each transmit-antenna pair
being impaired by an independent frequency offset. This
case happens when the distance between different transmit
or receive antenna elements is large enough, and this big
distance results in a different angle-of-arrive (AOA) of the
signal received by each receive antenna element. In this
scenario, once the moving speed of the mobile node is
high, the Doppler Shift related to different transmit-receive
antenna pair will be different.)

By considering the channel gains and frequency offsets,
the received signal vector can be represented as

T
T T T
y= [yl vk ] (2)
N,
where Yo = «/Es/Ntan:lEn,,mFHnr,ntXm + Wy, En o,
diag{e/Vrm,. .., e/ @menn(N=D/N+yun)} and w, is a vector

of additive white Gaussian noise (AWGN) with w, [n] ~
CN(0,02). Note that the channel state information is
available at the receiver, but not at the transmitter. Conse-
quently, the transmit power is equally allocated among all the
transmit antennas.

3. SINR Analysis in MIMO-OFDM Systems

This paper treats spatial multiplexing MIMO, where inde-
pendent data streams are mapped to distinct OFDM symbols
and are transmitted simultaneously from transmit antennas.
The received vector y,, at the n,th receive antenna is thus
a superposition of the transmit signals from all the N;
transmit antennas. When demodulating x,,, the signals from
the transmit antennas other than the n;th transmit antenna
constitute interantenna interference (IAI). The structure of
MIMO-OFDM systems is illustrated in Figure 1, where Af
represents the subcarrier spacing.

Here, we first assume that ¢, ; and H,, ; for each (1 <
i < Ngi#n) have been estimated imperfectly; that is,
&0 = &+ Mgy and Hy, ; = H, ; + AH,, ;, where A¢, ;
and AH,,,; = diag{AH, © ,AH:,{\;_I)} are the estimation

Hpyid* e

errors of &,,; and H, (AH,E:'} - a" - H",

i n,,i represents
N . n .
the estimation error of H,(l”)i), respectively. We also assume

that each x;,, is demodulated with a negligible error. After
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FiGURE 1: Structure of MIMO-OFDM transceiver.

estimating ¢, ,, that is, &, ., = €n,.n + A€nn» €n,n, can be
compensated for and x,, can be demodulated as

E.
HLH s o 0
Con, = F B Vo, — 1|5 Z E,, ;FH,, ;x;
N, <
i=1,i#n;
E;
[ L£s vapn
N F7E, ., En n FHy, nXn,
tL ~ -
-
l e ~ N
Z F En, n,(EnniFHﬂy,i_Eny,iFHnr,i>Xz
ti= Li#n,
. - ,
YYIYJ“
H{H
+F°E, ,, Wn,,
‘NV”T»"I
(3)
where E, ; is derived from E, ; by replacing ¢, ; with

&€n,; and Y, , and W, , are the residual IAI and AWGN
components of r,, ,,, respectively (When N; is large enough
and the frequency offset is not too big (e.g., < 1), from the
Central-Limit Theorem (CLT) [23, Page 59], the IAI can be
approximated as Gaussian noise.).

3.1. SINR Analysis without Combining at Receive Antennas.
The SINR is derived for the n/th transmit signal at the
n,th receive antenna. The signals transmitted by antennas
other than the n;th antenna are interference, which should
be eliminated before demodulating the desired signal of

the n,th transmit antenna. Existing interference cancelation

algorithms [24-27] can be applied here.

Let us first define the parameters mgqn) (sin[m(l —

n — Aey, ,))/Nsin[n(l — n — Aey, p,)/N])e/"N-DE=n/N

b = (sinl(l = n+ ey a,,,m)]/N sin[z(l—n+ e, -

Enn)/N ) N=DE=mN “and mn ,#n = (sin[n(l-n+&,,;—
Enn))/Nsin[m(l—n+&, ;— &, )/N])eTN-DU=m/N_ < | <
N — 1. Based on (3), the nth subcarrier (0 < n < N — 1) of
the n;th transmit antenna can be demodulated as

rflnﬂt[n] =4/ %snr,ﬂ[[n] +Yny,m[n] +€Vny,m[n]
t
B,
= N,

(n,n)Hr(lr )Vl;Xnt [n]

NysNy

Z mnr»”r Vlr;ﬂtxn! [l]
l# n
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I
Z Z H, (]
tl#nl 1,i# ny

(n)

nrng

Z Z A0 3 [1] + Wy, (1]

l#nl lz#nt

- )

fm nt

E g «

N[ ny,ny ny n,

[]+H

Ny,1p n, n,

+ B+ AN, AE + Wy (1],
(4)

where r]n, n 1s decomposed as nn, n Hn, m(xn, n + ﬁn, e
which is the ICI contributed by subcarners other than the
nth subcarrier of transmit antenna n,. (The decomposition
of ICI into the format of Ha + ﬁ is referred to [11].) We can
easily prove that (xn,,nt and [SH,,nt are zero-mean RVs subject
to the following assumptions.

(1) &4, is an i.i.d. RV with mean zero and variance o2
for all (n,, ny).

(2) Ae,, , is anii.d. RV with mean zero and variance 02,
for each (n,, ny).

(3) Hn,,m CN(0,1) for each (n,, ns, n).

(4) AHn, w, 1s an 1.i.d. RV with mean zero and variance
o2y for each (n,, ns, n).

(5) €npne> Dy H}S?’)nt, and AH,S?,)m are independent of
each other for each (n,, n;).

Given these assumptions, let us first define A/ln,,n[ = AEJZ}m —
)Ln,,nt as the interference contributed by the nth subcarrier of
the interfering transmit antennas, that is, the co-subcarrier
inter- antenna-interference (CSIAI), and define Af,(l'f,)m =

,(,:')nl fn, n as the ICI contributed by the subcarriers other
than the nth subcarrier of the interfering transmit antennas,
that is, the intercarrier-interantenna interference (ICIAI).

Then we derive Var{ocﬁ,’,’,)n[} and Var{ ﬁ,(f,’,)n,} as

Var{ocﬁl")m}
K ) ?
a ﬁt ‘ CHnr ertr ne Z ’ mnn ﬂ:CHn’,) nth " }
- E . z ‘ sin(mAey, ) ’2
N, Nsin[n(l — n)/N]
(5)
Lonax—1 ’
z [E{ | hn,,n,(d) |2}e7j27rd(lfn)/N
d=0

[Cuy

nrn Hnrn
t t

n?ol Es
N, g‘nstm [n(l - n)/N]’

Var{ b m}

{Z ‘ nr)nt (6)
l#n

2
-1
x| C,o o —C
( Hng Higng H Hy

C

)
Hing Hir

= 3I%£E Var{ nrm}’

where CH,(/),,[ HE, is given by (1). The demodulation of x,, [#]

is degraded by either 115,’?,)”[ or IAI (CSIAI plus ICIAI). In
this paper, we assume that the integer part of the frequency
offset has been estimated and corrected, and only the
fractional part frequency offset is considered. Considering
small frequency offsets, the following requirements are
assumed to be satisfied:

(1) len, il < 1forall (n,,1),
(2) len,n | + len, il < 1forall (n,,n, i),

(3) 1&n,.n,| + 14,11 < 1 forall (n,,ny,1).

Condition 1 requires that each frequency offset should be
much smaller than 1, and conditions 2 and 3 require that
the sum of any two frequency offsets (and the frequency
offset estimation results) should not exceed 1. The last two
conditions are satisfied only if the estimation error does
not exceed 0.5. If all these three condltlons are satlsﬁed
simultaneously, we can represent /1517,’,),1” n,,nt, En,,nt, and fn,,n[
as

nnH(n [ ]

X, = Z

ti= Li#n

sin[7r(en,i = Enm)] o ron)
~ H -X'[f’l],
tiz 1%;1 N'sin| (snrl Enpn)/N]

(7)
3 & n) Fy(n)
A;, n Z ,,1 Hn:l,ixi[n]
Li#n

E <
N;.

S.in[ﬂ(/é:n,,i — gn,,m)] ﬁ,(,n)ixi[”L
N sin[7(&,,,i — &n,,n,)/N] ™

i=1i#n

(8)



EURASIP Journal on Wireless Communications and Networking

n,,nt = Z Z n}:,f) n,,t x; (1]

with o(Aegy, i, AH,, ;) representing the higher-order item of
l#nz Lizn

Ae,,; and AH,, ;. Tt is easy to show that AL}, and A,

are zero-mean RVs and that their variances are given by
N Ion) . ~
Z Zt (=) sin[7(en — Enm)]  9) { ‘A/\ }
l#nl Lizn NSin[n(l_ l’l)/N] o
j N,
% e]rr(Nf1)(lfn)/NH,51r)’ixi[l] _ E ¢
Li=1li#n
STt
& = \e Y 3 alAxl)
tl# ni=1,i#n;

2
< E [”2 (gm,i — &, t (Aem,i/Z))H;i:)iAsnni:|
3

Z % (— 1) Sln[ (Sn,,i_é\n,,n:)]

1¢n1 1,i# ny NSIH[T[(l—n)/N]

N, A~ A~ 2 2
E, < 72 (&, i — €nm,)
+ — E 1 - —"rr Tl AH
% e]ﬂ(N_UU_nVNHy(I,),iXi[l]-
(10)
~ (Nt_l)ﬂ4Es [E{Aeﬁni} (Nt—l)Es
: : = | 20%0%+0m+ +
Therefore, the interference due to the nth subcarrier of - 9N, € Yres ™ Pres 4 N,
transmit antennas (other than the n,th transmit antenna, i.e.,
the interfering antennas) is
, n4([E{ } + 80202, + 20 + ZJm)
A/\S{f ne = Anr e /\ﬁlr:,m U 18
-5 2 (02 + ores)]
Nt - >
3
(13)
% {rﬂ(sn,,i — o+ (A& i/2)) H WAy
.= 3
i=1i#n { ‘ 2
ag, '}
2(8 . _p 2
—(1 7 B ) S Envim) )AH(H):|X1[7/[] E, N, 1
TN N2sin? [n(1 = n)/N]
O(Asn,,i: AHn,,i)) ~ Aenhi "
(11) . [ESL [71 cos <7r (e,,,,,» — &, + T))th,.Asnhi
(n) £(n)
AED, = E&m, - &P, +$in (71 (85,5 — ) ) AHL ] }
N - 1 E 8 Y"ﬁ.
17‘“1 Li#n Nsin[z(l - n)/N] ;(1‘31\])5[ : rzes_ 4(20’ Ures+0'res+4nl):|
t

N Agy, 12
: [n COS<ﬂ<€n,,i — &, + T"”’))Hf,l,),iAen,,i (12) L 2N, - DE,

3Nt ( + Gres) giH’
(14)
#5i00T @~ E0.0)) SHL, sl

respectively. After averaging out frequency offset &g, 4,
frequency offset estimation error Ag,, ,, and channel estima-
0(Aen, i, AHy, ;i)

tion error AH,ZL,)nt for all (n,, n;), the average SINR of r,,_,,, [1]



(parameterized by only Hr(z?,)n,) is

)

T (11 HE)

Nysne

(n)

Hp, n X

n]‘z}
n]‘z}

Ef | VE/Nmizi
(n)

’73:’)"1 + AAE{:?": + Afnr 1y + Wﬂy ny

|

2

EJN, - 03, - | Hilh,
= 5 ,
’Hn,,n[ . Var{(x%',)n,} +v
v = n?02,Es/3N;

nysne

—Var{ o, m} +[E{’A)L

2
}4'(712«

}

£f |ag,
(15)

m2o2 /3 + mtE{Ae

where 02, = [E{lmm,nz| }=1-ntol,

v, independent of (n,, ns, n).

For signal demodulation in MIMO-OFDM, signal
received in multiple receive antennas can be exploited to
improve the receive SINR. In the following, equal gain
combining (EGC) and maximal ratio combining (MRC) are
considered.

% i}/36 and

3.2. SINR Analysis with EGC at Receive Antennas. In order
to demodulate the signal transmitted by the n;th transmit
antenna, the N, received signals are cophased and combined
to improve the receiving diversity. Therefore, the EGC output
is given by

N ()
Z e—]ﬂn,,nr Yy, n, [I’l]

FEGCI ] =
nt [n] -
= 2 fﬁ”’”fM%’f,Z?Hfli’,% X, [1]
n=1
N (1)
+ > g SO (’15:':,)n, + AN+ AE 4 W, [n]),
ny=1
(16)
where Gn,,nt = arg{mn,,n[Hn,,nt} After averaging out &, 5,

Agy, n,> and AHn,,n, for each (n,,n;), the average SINR of
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rEGC[n] is given by
=] () (n)
YEtGC<n | Hl)n”t HNV:JU)

() 2
{ | SN VENre 85 i HA X, (]| }

N, ) 2
| Sy e (12 AN+ MG, 0 (1) | ]

EJ/N; - 0y, - ( =1 ‘Hnnm + Z. ‘Hr(l?,)m : ‘HZ(ZB )
~ ny
= 5 )
S )H,ﬁ”)n, Var{ocﬂ,,nr} + N

(17)

When N, is large enough, (17) can be further simplified as

)’SGC(” | H1 e HN,,nt)
2 N; (n |2
E/N; - 07, - ( Sy | Hi |+ No(N, = D/
= 2
n,_l ’Hn,,m Var{(x(n,,m} + N,v

(18)

3.3. SINR Analysis with MRC at Receive Antennas. In a
MIMO-OFDM system with N, receive antennas, based on
the channel estimation I—AI,S?,)M Hn,,nt + AHY m for each
(ny, ns, n), the received signal at all the N, receive antennas
can be combined by using MRC, and therefore the combined
output is given by

N,
Zn;l Wy, Ty, (1]

N, 2
an:l wnnn[|
N,
VEIN: SNy | H | [mi |, [n)
= N, 2
Zn::l | @n, i |
n |2
\/ s/Nth _1AHnr,nf Hnnm mnr,n: X, (1]

2
Zn, 1 |wﬂn7lt|

NY
ny=1 @ny,n

”]%l)nt + A/\ny n, Afm e + Wi, [n])

s
anfl | @n, |2

(

>

(19)
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where wy, ., = (HYm\" " After averaging out &,
Agy, n,> and AH,(,C’,)m for each (n,,n;), the average SINR of
M(n] is

ne

PR (n | 1Y), HAL,)

2
{'\/ S/N[Q[‘mﬂ;jzt) Xy, [n] }
A
- 2
{‘V S/Ntzn—lAHn,nt n,nt mff,'ﬁf xnt[n] }-i-N'
ES/Nt . 03n -2

112

(ﬂ—ZmﬂﬂMﬁﬁ

2 b
/52[) Var{ al, } +9' +N, - v- 03/

2

N;
m = z ‘Hf(l;:,)ﬂr
n,=1

(20)

where we have defined v = [v + (Ey/N; + Var{a\"n o2y,
and the noise part can be represented as N =

" 2
B o 05 (i, + AN + AEL, + Wi, [1])] ). Wh-
en N, is large enough, (20) can be further simplified as

C (n)
PR (| HE . HA,)

_ E/N, - o2, - 2
(m—zn, 2 |H,$’f,’n, | /m) Varfali [+ 4Ny v- 03,4/2
EJ/N, - 02 - 9

(A - (N, - 1)) Var{ocn,nt}+‘u'+v-0§H'
2

1y

N,
A= ‘H(”

ny=1

(21)

4. BER Performance

The BER as a function of SINR in MIMO-OFDM is derived
in this section. We consider M-ary square QAM with Gray
bit mapping. In the work of Rugini and Banelli [11], the BER
of SISO-OFDM with frequency offset is developed. The BER
analysis in [11] is now extended to MIMO-OFDM.

As discussed in [11, 28, 29], the BER for the n,th transmit
antenna with the input constellation being M-ary square
QAM (Gray bit mapping) can be represented as

VM-1

z a; erfc(”), (22)

where a™ and b} are specified by signal constellation, y,, is
the average SINR of the n;th transmit antenna, and erfc(x) =
(2/m) fxoo e~ du is the error function (Please refer to [28]
for the meaning of ¥ and bM.).

Pger (yu,)

Note that in MIMO-OFDM systems, the SINR at each
subcarrier is an RV parameterized by the frequency offset
and channel attenuation. In order to derive the average SINR
of MIMO-OFDM systems, (22) should be averaged over the
distribution of y; as

f 1
Poen(ya) = > att | erfe(\oly, ) £ () dpn,
i= 1 Vi
S ]
= & € (23)
erte(\biyn, ) + £ () £ (6) £ (%)
X f(®,,)dH,,dE, dv,,d®,,,
where Hn, [Hl,n,)anN,,n,]’ 871, [Sl,n,wnny,,n[]T:
Vi, = [Aerp,... Aen, )T, and @, = [AH,,,...,AHy ,].

Since obtaining a close-form solution of (23) appears impos-
sible, an infinite-series approximation of Pggy is developed.
In [11], the average is expressed as an infinite series of
generalized hypergeometric functions.

From [30, page 939], erfc(x) can be represented as an
infinite series:

(Zm—l)

(m+1)
FEO G @

erfc(x) =

Therefore, (23) can be rewritten as

o (=)0 ()"
2m-1)(m-1)!

PBER ynt = Z : Dnr;ma

m=1

/2)
Dy iym ZJ J J J’ ”r ot (Hn,)
H,, J&, Jv, JO,

X f(8m)f(an)f((Dm)dHidgdemdq)m
(25)

where D,,,;, depends on the type of combining. Note that y,,
has been derived in Section 3 and that for the nth subcarrier
(0 <n<N-=-1),¢nn> A, and AH,(q?,)nr for each (n,,n;)
have been averaged out. Therefore, y,, in (25) can be replaced
by y, (n); that is, the average BER can be expected over
subcarrier n (0 < n < N — 1), and finally Pggr can be
simplified as

PBER()/m(n))
VM-1 0 (_1)(m+1)<b£\4)(m*(1/2))

- Dyoms
a! 2m—1)(m—-1)! nim

2

i=1 m=1

(26)

where Dy, is based on 'y, (n) instead of y,,. We first define

@ =E/N;- 0% andp = Var{(x%',)nr }, which will be used in the
following subsections. We next give a recursive definition for
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Dy,,;m for the following reception methods: (1) demodulation
without combining, (2) EGC, and (3) MRC.

Note that the SINR for each combining scenario (i.e.,
without combining, EGC, or MRC) is a function of the
second-order statistics of the channel and frequency offset
estimation errors (although the interference also comprises
the fourth-order statistics of the frequency offset estimation
errors, they are negligible as compared to the second-
order statistics for small estimation errors). Any probability
distribution with zero mean and the same variance will result
in the same SINR. Therefore, the exact distributions need
not be specified. However, when the BER is derived by using
an infinite-series approximation, the actual distribution of
the frequency offset estimation errors is required. In [31], it
is shown that both the uniform distribution and Gaussian
distribution are amenable to infinite-series solutions with
closed-form formulas for the coefficients. In the following
sections, the frequency offset estimation errors are assumed
to be i.i.d. Gaussian RVs with mean zero and variance o2
[10].

4.1. BER without Receiving Combining. The BER measured
at the n,th receive antenna for the n;th transmit antenna can
be approximated by (25) with Dyl instead of Dy, being
used here; that is,

PBER()’n nt(” | Hn, n,))

0w (_qymtD) ()2 (27)
M ( 1) (b’) ny

Gm—1im—1) P

T

i= m=1

When m > 2, we have Dplym = ®[(2m —3)u+v]/p*(m—3/2) -
Dy —@*/u? - Dj;, 5, as derived in Appendix A. The initial
condition is given by

" LY ‘Dl/Zhl/Z f
oo [ QTR han 28
51 JO (Mh + v)l/z ( )

4.2. BER with EGC. For a MIMO-OFDM system with EGC
reception, the average BER can be approximated by (25) with
DESC instead of D, being used here; that is,

Pye (yiCC(n | Hile o HY, ))

3 . (mt1) () (M= 1/2) (29)
_ilil{\/fz( 1) (b ) _DEGC
\/ﬁ i=1 m=1 (Zm - 1)(m - 1)‘
Defining v£ = N, 0gcc = (N,1)*/8[(N, — (1/2)) - - - 1/2]%,

VE = vE — uN, (N, — 1)7t/4, and [i = 20f¢c - 4 when m > 2,
we have
208c@[(2m + Ny — (N, — 1)! + 5]

@2(m = 3/2)(N; - 1)!

DEGC —

_ (ZUéGc(D)Z(m + Nr - 5/2)

EGC
b % (m—3/2)

EGC
ny;m—1 D

ngm—2

(30)

TABLE 1: Parameters for BER simulation in MIMO-OFDM systems.

Subcarrier modulation QPSK; 16QAM
DFT length 128

02, 1073107*
ory 104

MIMO parameters (N; =1,2;N, = 1,2,4)

Receiving combining Without combining; EGC; MRC

as derived in Appendix B. The initial condition is given by

12
(2086c@)

DEGC
(N, —1)!

n;l T

© h(N —1/2) _h
L GG

4.3. BER with MRC. For a MIMO-OFDM system with
channel knowledge at the receiver, the receiving diversity can
be optimized by using MRC, and the average BER can be
approximated by (25) with DYR® instead of D,,,;, being used
here; that is,

Pyew (v (n | H{yo oo HY )
2 e e () (32)
NG Z 2m—1)(m—1)! Do

—

iz
By defining Y = v/ + v - 03y, DYRC with m > 2 is given by

ngsm

®[(2m + N, — 4)u(N, — DI +5] DMRC

MRC _
Drim w2m = 3/2)(N, — 1! -1
(33)
@*(m+ N, —5/2)e N1 o
- Dnt sm—2>

u*(m —3/2)

as derived in Appendix C. The initial condition is given by

DMRC —

—(Ny=1) 5172 o (N,—-1/2)
e @ h -
L ( e "dh. (34)

N, = DU Jo (uh +5M)

4.4. Complexity of the Infinite-Series Representation of BER.
Infinite-series BER expression (27), (29), or (32) must be
truncated in practice. The truncation error is negligible
if the number of terms is large enough: Reference [31]
shows that when the number of terms is as large as 50, the
finite-order approximation is good. In this case, a total of
151+/M multiplication and 101+/M summation operations
are needed to calculate the BER for each combining scheme.

5. Numerical Results

Quasistatic MIMO wireless channels are assumed; that is, the
channel impulse response is fixed over one OFDM symbol
period but changes across the symbols. The simulation
parameters are defined in Table 1.

The SINR degradation due to the residual frequency
offsets is shown in Figure 2 for 3;; = 0.01 and SNR = 10 dB.
The SINR degradation increases with ¢2,. Because of IAI due
to the multiple transmit antennas, the SINR performance of



EURASIP Journal on Wireless Communications and Networking 9

037 = 0.01;¢ = 0.1;SNR = 10dB
13 T T T T T T T T T

12 b~ ~e 1

11 Tl el .

SINR (dB)

7 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
02, x1073
— SISO --— EGC (Nt =2,N; = 4)
--- EGC(N; =2,N; =2) == MRC (N; = 2,N, = 4)

--= MRC (N; =2,N, =2)

FiGgurg 2: SINR reduction by frequency offset in MIMO-OFDM
systems.

Ep/No = 10dBse = 0.1;0% = 1073

10° .
1071 ¢ i
,_::'——:::::;/ 4
<IN __-=A]
E’EIO ::::::::::::::::::::::::::::::Z:::,T:'fr
1073
jgmt lromimimm e i :
107° 1074 1073 102

— QPSK:N; =N, =1

— 16QAM:N; =N, = 1

--- EGC (QPSK: N; = 2,N; = 2)
--- MRC (QPSK: N; = 2,N; = 2)
--- EGC (16QAM: N; = 2,N, = 2)
- -~ MRC (16QAM: N; = 2,N, = 2)
== EGC (QPSK: N; = 2,N, = 4)
== MRC (QPSK: N; = 2,N; = 4)
- - EGC (16QAM: N; = 2,N; = 4)
- = MRC (16QAM: N; = 2, N, = 4)

FiGure 3: BER degradation due to the residual frequency offset in
MIMO-OFDM systems.

. oy =105 N, = LN, = 1
10 T T T T T T T T T

107!

BER

1072

0 2 4 6 8 10 12 14 16 18 20
E,/Ny (dB)

o Simulation: 62, = 107* o Simulation: o2, = 1073

—— Theory: 62, = 107* -=-= Theory: 0% = 1073

FiGure 4: BER with QPSK when (N, = 1,N, = 1).

. 0Xy =104 N, = LN, = 1
10' T T T T T T T T T

BER

1073 . . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20

Ey/Ny (dB)

o Simulation: without combining; 02, = 10~*
—— Theory: without combining; 62, = 1074

o Simulation: without combining; 62, = 1073
.=+~ Theory: without combining; 62, = 1073

Figure 5: BER with 16QAM when (N; = 1,N, = 1).

MIMO-OFDM with (N; = 2,N, = 2) is worse than that
of SISO-OFDM, even though EGC or MRC is applied to
exploit the receiving diversity. IAI in MIMO-OFDM can be
suppressed by increasing the number of receive antennas.
In this simulation, when N, = 4, the average SINR with
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0y =105 N, =2,N, =2

100

BER

0 2 4 6 8 100 12 14 16 18 20
Ep/No (dB)

o Simulation: without combining; o2, = 107*
—— Theory: without combining; 62, = 1074

s Simulation: without combining; o2, = 1073
"""" Theory: without combining; o2, = 1073

« Simulation: EGC; 02, = 107*
- - - Theory: EGC; 2, = 1074

4 Simulation: EGC; 0%, = 1073
.=+~ Theory: EGC; g2, = 1073

% Simulation: MRC; 62, = 1074
—— Theory: MRC; 02, = 107*

¢ Simulation: MRC; 62, = 1073
- - Theory: MRC; 62, = 1073

Figure 6: BER with QPSK when (N, = 2,N, = 2).

either EGC or MRC will be higher than that of SISO-OFDM
system. For each MIMO scenario, MRC outperforms EGC.

The BER degradation due to the residual frequency
offsets is shown in Figure 3 for aiH = 1073 and Ey/Ny =
10dB (Ep/Ny is the bit energy per noise per Hz). The BER
for 4-phase PSK (QPSK) or 16QAM subcarrier modulation
is considered. Just as with the case of SINR, the BER degrades
with large o2,. For example, when (N; = 2,N, = 2) and
o2, = 107> for QPSK (16QAM), a BER of 7 x 1072 (2.5 X
1072) or 6 x 1073 (2 x 1072) is achieved with EGC or MRC
at the receiver, respectively. When o2 is increased to 1072, a
BERof 2 x 1072 (6 x 1072) or 1 x 1072 (5.5 x 1072) can be
achieved with EGC or MRGC, respectively.

Figures 4 to 9 compare BERs of QPSK and 16QAM
with different combining methods. Figures 4 and 5 consider
SISO-OFDM. The BER is degraded due to the frequency
offset and channel estimation errors. For a fixed channel
estimation variance error o}, a larger variance of frequency
offset estimation error, that is, o2, implies a higher BER. For
example, if 03;; = 1074, E,/Ny = 20dB and 02, = 107%, the
BER with QPSK (16QAM) is about 1.8 x 1073 (5.5 x 1072);
when o2, increases to 1072, the BER with QPSK (16QAM)

res

increases to 4.3 x 1073 (1.5 x 1072).

. 03y = 10045 Ny = 2,N, =2
10 T T T T T T T T T

1071 L

1072

BER

10°3}

104 P —
0 2 4 6 8 10 12 14 16 18 20
Ey/No (dB)

o Simulation: without combining; o2, = 107*
—— Theory: without combining; o2, = 107

o Simulation: without combining; 62, = 1073
"""" Theory: without combining; 02, = 1073

«  Simulation: EGC; 02 = 107*
--- Theory: EGG; 02, = 1074

& Simulation: EGG; 02 = 1073
---= Theory: EGC; 02, = 1073

*  Simulation: MRC; 02, = 1074
—e— Theory: MRC; 62, = 1074

¢ Simulation: MRC; 02, = 1073

res

- - Theory: MRGC; g2, = 1073

FiGure 7: BER with 16QAM when (N; = 2,N, = 2).

IAI appears with multiple transmit antennas, and the
BER will degrade as IAI increases. Note that since IAI cannot
be totally eliminated in the presence of the frequency offset
and channel estimation errors, a BER floor occurs at the
high SNR. TAI can be reduced considerably by exploiting the
receiving diversity by using either EGC or MRC, as shown
in Figures 6, 7, 8, and 9. Without receiver combining, the
BER is much worse than that in SISO-OFDM, simply because
of the SINR degradation due to IAIL For example, when
N; = N, = 2 and 035 = 107%, the BER with QPSK is about
5.5 x 1073 when 62, = 107%, which is three times of that
of SISO-OFDM (which is about 1.8 x 1073), as shown in
Figure 6. For a given number of receive antennas, MRC can
achieve a lower BER than that achieved with EGC, but the
receiver requires accurate channel estimation. For example,
in Figure 7, when 0%y = 107* with N, = N, = 2 and
16QAM, the performance improvement of EGC (MRC) over
that without combining is about 5.5dB (6dB), and that
performance improvement increases to 7.5 dB (8.5 dB) if o
is increased to 107°. By increasing the number of receive
antennas to 4, this performance improvement is about 8.2 dB
(9dB) for EGC (MRC), with 02 = 1074, or 11 dB (13.9 dB)
for EGC (MRC), with aﬁH = 1073, as shown in Figure 9.
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03y =105 N, =2,N, = 4
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—o— Theory: MRC; 02, = 107*

s Simulation: MRC; 62, = 1073

-—+- Theory: MRC; 0%, = 1073

FiGure 8: BER with QPSK when (N; = 2, N, = 4).

Our theoretical BER approximations are accurate at
low SNR with/without diversity combining. However, the
simulation and theory results diverge as the SNR increases,
especially when o2, is large. For example, in Figure 9, with
16QAM, when (N, = 2, N, = 4) and 02, = 1073,
about 1dB difference exists between the simulation and
the theoretical result for either EGC or MRC at high SNR.
This discrepancy is due to several reasons. As the SNR
increases, the system becomes interference limited. When
N, N;, and N, are not large enough, the interferences may
not be well approximated as Gaussian RVs with zero mean.
In addition, with either EGC or MRC reception, the phase
rotation or channel attenuation of the receive substreams
should be estimated, and their estimation accuracy will also
affect the combined SINR. The instant large phase or channel
estimation error also contributes a deviation to the BER
when using EGC or MRC.

6. Conclusions

The BER of MIMO-OFDM due to the frequency offset
and channel estimation errors has been analyzed. The BER
expressions for no combining, EGC, and MRC were derived.
These expressions are in infinite-series form and can be

11
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o Simulation: without combining; 62, = 1074
—— Theory: without combining; 02, = 10~

o Simulation: without combining; 62, = 1073
<<<<<< Theory: without combining; 02, = 1073

~  Simulation: EGC; 02, = 107*
--- Theory: EGC; 02, = 1074

& Simulation: EGG; 02, = 1073
---= Theory: EGC; 02, = 1073

*  Simulation: MRC; 02, = 1074
—— Theory: MRC; 62, = 1074

o Simulation: MRGC; 02, = 1073
-~ - Theory: MRC; 02, = 1073

Figure 9: BER with 16QAM when (N, = 2,N, = 4).

truncated in practice. The simulation results show that the
truncation error is negligible if the number of terms is large
than 50.

Appendices
A. BER without Combining

Without loss of generality, the signal transmitted by the
nyth transmit antenna is assumed in this subsection to be
demodulated at the n,th receive antenna. For each (n,, s, n),
H = |H{",| has a probability density function (PDF)
f(H) = 2H - e 1. When the number of receive antennas
m is larger than 2, Dy, can be represented as

© 2m—1
D = Jo ( Yo,y (7’1 | Hrg?m)) f(H)dH

J'OO ‘D(mfl/Z)H(Zm—l)
0 (‘qu + v)(m—l/z)
o(m—1/2) i
w(m —372) el
h(m—l/Z)e—h

e H dH?
(A1)

(D(Wl—l/z) 0 dh
um=3/2) Jo ()T
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where v is defined in (15), h = H? @ = E¢/N; - 02, and

U= Var{ocn, nt} Equation (A.1) can be further derlved as

~ o(m—(1/2)) "
D' =——"-.D,/
nesm ‘l/l(m _ (3/2)) nyim—1
(m—1/2) LY (m—-3/2) ,—h
2(7.) y h e_ ah
ur(m—=3/2) Jo (uh+v)"
(D(m—l/Z) 0 h(m—3/2)e—h
wm—3/2)Jo (uh+ v) ms/2) (A2)
z;“{
~_ d(m—-1/2) ,,r v
— u(m—3/2) Dngm—1 % p2(m —3/2)
" (D(m—l/z)
' Dntr;m—l - 0

pr(m —3/2) -

From the last step of (A.1), Dy, can be represented as a
function of D, , and Zy:

o(m—=3/2) _, @(m=3/2)

D e i B
u(m—5/2) "2 y(m—5/2)

nim—1 =

< Zyr. (A3)

By resolving (A.3), Zn' can be represented as

_a)(m 3/2) - Dyl oy — u(m —5/2) - Dmm1

@(m—3/2) (A4)

n,
Zy

By replacing Zp' in (A.2) with (A.4), Diim can be finally

simplified as
D o(m—1/2) oy In})
nsm u(m —3/2) nsm=1 w(m—3/2)
n, (D(m—l/z)
*Dum-1 — 2(m—3/2) -z (A.5)
_e[Cm=3u+y] . @

y2(m — 3/2) memol T yp s

B. BER of EGC

Without loss of generality, consider the demodulation of the
signal transmitted by the n;th transmit antenna. Define

2

Var{ o m} + [E«HAAM ”

2
73» +af,) =N,»

and Hgge = Zn . IHn, ntl As in Appendix A, when m > 2,
DESC can be represented as

T areSE
v - 3 (ot

(B.1)

+e{ g,

2m—1
it = [ (Vo 1101 )

x f(Hece)dHece
~ NN, — 1)/4) +

-, (u(
(2N,-2)

. HEGC
2N' UEGC(Nr - 1)!

(D(m’lmHl(;zG"{“

(m—1/2)
HéGc vE)

—Hige/ 20860 A 2
. e HEGe F.(JLdHEGC

_ 20§gc@(m + N, —3/2)

EGC
f(m —3/2) D
(20]%GC®)<M71/2) © plm+N:=3/2) p=h dh
Cim =3/2)(N, = D! o (i 5E) P
(B.2)

where % = vF — uN,(N, — 1)rt/4, h = Hicc/20%cc, Ofae =
(N,!)Z/S[(N, —-1/2)- - 1/2]2, and §i = ZaéGC - u. Equation
(B.2) can be further simplified as

DEGC _ . DEGC

ﬁ(m —3/2) ngm—1
_ (2086c@) " r" RN =5/2) g=h dh
p2(m —3/2)(N, — 1)! (jih +;E)(m—3/z)
@(m=1/2) Joo K (m+N:=5/2) p—h "
u2(m —=3/2)(N, = Do (uh + JB) (757
ZI-JGC
_ 20fc@(m+ Ny =3/2) pec
ﬁ(m —3/2) nesm—1
208G @V . DEGC
Nz(m 3/2)(N _ 1)| nyiym—1
(m—-1/2)
_ (2086c0) . ZEGC
@2 (m —3/2)(N, - 1)! '
(B.3)

From the last step of (B.2), DECS_| can be represented as a

function of DGy, and ZEGC:

BGC 208cc@(m + N, — 5/2) | EGC
npm—1 ﬁ(m _ 5/2) npm—2
B.4
(2 2 (m=3/2) ( )
B OiGc@) . 7EGC
p(m —5/2)(N, — 1)!
By resolving (B.4), ZESC can be represented as
EGC _ 2086c@(m + N, — 5/2)(N, — 1)! - DESS
(20§GC@)(m73/2)
(B.5)
_ fim = 5/2)(N, - D! - DG,
(20%gc@) "
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By replacing ZESC in (B.3) with (B.5), DESS can be finally
simplified as

20¢c@[(2m + N, — 4)p(N, — 1)! + 5]

EGC _ EGC
Dnie = 72(m —3/2)(N, - 1)! Dy
_ (20%5c@)° (m + N, - 5/2) . pEac
2(m — 3/2) nm=2:
(B.6)
C. BER of MRC

Without loss of generality, consider the demodulation of
the signal transmitted by the n,th transmit antenna. Define

HMRC = Zn =1 |Hny,nt|
represented as

. When m > 2, DYRC can be

2m—1
D = J (\/Y, nlH7, ’Hz(\?)l)> f (Hwrc)dHyre

) - (2m-1)
_ 2NrJ (D(m 1/2)1_11\/117{"C
0 w[Hﬁm—(Nr—an)(

m—1/2)
N~ .
(Nl\:[R_C 1)’ -e MRCdHI%/IRC
_@(m+N, - 3/2)e"Ne=1) | pMRC
ulm —3/2) nsm=1
N o= (N, =1) (m=1/2) e (m+N,=3/2) p—h
- dh,
u(m —3/2)(N, — 1)! J (uh + ) (m=3/2)
(C.1)

where h = Hijpc and WM = oM
further simplified as

— p(N, = 1). (C.1) can be

vre _ @(m+ N, —3/2)e” =D MRC

ngm T ‘u(m — 3/2) nem—1
2N o= (N;=1) y(m—=1/2)yM Joe (m+N;=5/2) g=h
- dh
u2(m —3/2)(N, = D! Jo  (yh + m) =32
2Nr o= (N =1) gy (m=1/2) J‘” (m+N,=5/2) p—h
- dh
w2(m —3/2)(N, — 1)l Jo (uh +/1\;M)(m—5/2)
ZyI;%RC
_d(m+N, =3/2)e NV e
u(m —3/2) sm=1
@vMe=(N=1) MRC
npm—1

12(m—3/2)(N, — 1)!
2N,e—(N,—1)(D(m71/2) . ZMRC
w(im—3/2)(N, —1)! =™

(C2)

From the last step of (C.1), DMRC | can be represented as a

npm—
function of DYRC , and ZMRC:

@(m+ N, —5/2)e” N1

mim- . PMRC
P = M(m —5/2) Dy
(C.3)
Mg W Dgm3/D)
ﬂ(m - 5/2)(N, -
By resolving (C.3), ZMRC can be represented as
ZMRC _ @(m+ N, — 5/2)(N, — 1)! - DYRC |
"o 2N @(m=3/2)
(C.4)

p(m = 5/2)(N, — 1)leN-=D . DMRC |
B IN, @(m=3/2)

By replacing Z)®C in (C.2) with (C.4), DYRE can be finally
simplified as

@[(2m+ N, — 4)u(N, — 1)! + ]

MRC . HMRC
Prim’ = u2(m — 3/2)(N, — 1)! Do
(C.5)
_ @*(m+N, —5/2)e ®D e
pr(m —3/2) nem=2:
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