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Abstract

The partial transmit sequences (PTS) scheme achieves an excellent peak-to-average power ratio (PAPR) reduction
performance of orthogonal frequency division multiplexing (OFDM) signals at the cost of exhaustively searching all
possible rotation phase combinations, resulting in high computational complexity. Several researchers have
proposed using binary-coded genetic algorithms (BGA) PTS to reduce both the PAPR and computational load. To
improve the PAPR statistics of OFDM signals further while still reducing the computational complexity, this paper
proposes a new PTS using the real-valued genetic algorithm (RVGA). By defining a cost function based on the
amount of PAPR, PTS can be formulated as an optimization problem over a multidimensional real space and
solved by implementing the RVGA method. The simulation results show that the performance of the proposed
RVGA PTS, along with an extinction and immigration strategy, provides approximately the same PAPR statistic as
the exhaustive PTS scheme, while maintaining a low computational load.
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1 Introduction
Orthogonal frequency division multiplexing (OFDM) is
an attractive technique for achieving high-bit-rate wire-
less communication [1] and has been applied extensively
to digital transmission, such as in wireless local area
networks and digital video and audio broadcasting sys-
tems. Moreover, OFDM has been regarded as a promis-
ing transmission technique for next generation wireless
mobile communication. However, due to its multicarrier
nature, one of the major drawbacks in OFDM systems
is the high PAPR, causing high out-of-band radiation
when OFDM signals are passed through a radio fre-
quency power amplifier. A number of approaches have
been proposed to solve the PAPR problem in OFDM
[2]. Among these methods, the PTS is one of the most
attractive schemes because of high-quality PAPR reduc-
tion performance with no restrictions to the number of
subcarriers [3]. In the PTS scheme, the input symbols
are partitioned into several disjoint subblocks. Inverse
fast Fourier transform (IFFT) is applied to each disjoint
subblock, and each corresponding time-domain signal is

multiplied by a rotation phase. The objective of the PTS
scheme is to select the rotation phases such that the
PAPR of the combined time-domain signal is mini-
mized. Increasing exponentially with the number of sub-
blocks and the number of the rotation phases that can
be chosen, the searching complexity to find the optimal
phases becomes intractable and impractical.
To reduce the computational complexity for searching

rotation phases in PTS, various suboptimal methods
that achieve significant reduction in complexity were
presented in [4-11]. Owing to an intensive improvement
of circuit design for genetic algorithms (GAs) in recent
years [12,13], PTS based on GAs not only has moderate
PAPR reduction performance but also shows potential
for practical implementation among these methods. The
GA has proved to be a robust, domain-independent
mechanism for numeric and symbolic optimization.
With the trend of GA hardware becoming more popular
and low-priced, the PTS based on GA may provide a
practical and economical approach toward solving the
difficulty of high PAPR in OFDM systems. Previous stu-
dies have demonstrated that the BGA PTS achieves a
moderate PAPR reduction in discrete domains [7-9].
However, rotation phases involved in this phase-search-
ing problem are real-valued radians. This prompts
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consideration of a novel implementation of PTS to
reduce the PAPR based on a real-valued genetic algo-
rithm (RVGA) method. In the proposed RVGA method,
a cost function related to the amount of PAPR is first
defined. The cost function is then translated into a real-
valued parameter optimization problem, which can be
solved effectively by the RVGA. The simulation results
show that the performance of the proposed RVGA PTS
along with an extinction and immigration strategy pro-
vides a PAPR statistic approaching that of the exhaus-
tive PTS while maintaining a low computational load.
The rest of this paper is organized as follows. Section

2 presents a description of the OFDM system and for-
mulates the PTS PAPR reduction problem as a combi-
natorial optimization problem over a multidimensional
real space. Section 3 describes how to solve this pro-
blem using the RVGA method along with an extinction
and immigration strategy. Section 4 describes the simu-
lative results and discussion. Finally, conclusions are
drawn in Section 5.

2 System model and problem formulation
2.1 OFDM systems and PAPR definition
In an OFDM system with N subcarriers, the discrete-
time transmitted signal is given by

xk =
1√
N

N−1∑
n=0

Xne
j
2πnk
fsN , k = 1, 2, . . . , fsN − 1 (1)

where j =
√−1, Xn are input symbols modulated by

PSK or QAM, and fs is an over-sampling factor to simu-
late the behavior of continuous signals. The PAPR of
the transmitted signal in (1), defined as the ratio of the
maximum to the average power, can be expressed by

PAPR = 10log10

max |xk|2
k

E[|xk|2] (dB), (2)

where E[.] denotes expectation operation.

2.2 Formulation of OFDM with PTS
The functional block diagram of an OFDM system with
a PTS scheme is shown in Figure 1 as that in [4]. The
data block X is partitioned into M disjoint subblocks
Xm, where m = 1, 2,..., M, such that

X =
M∑
m=1

Xm. (3)

Here, it is assumed that the subblocks Xm consist of a
set of subcarriers of equal size N. The partitioned sub-
blocks are converted from the frequency domain to the
time domain using N-point IFFT. Due to IFFT being a

linear transformation, the representation of the block in
the time domain is given by

x = IFFT

{
M∑
m=1

Xm

}
=

M∑
m=1

IFFT{Xm} =
M∑
m=1

xm. (4)

The goal of the PTS is to form a weighted combina-
tion of the M time-domain partial sequences xm by a
rotation vector b = [b1b2 ... bM] to minimize the PAPR,
which is given by

x’(b) =
M∑
m=1

bmxm. (5)

To minimize the peak power of x’, each partial
sequences xm should be properly rotated. Letting bm =
ejjm, where jm can be chosen freely within [0, 2π), (5)
can be expressed as

x’(�) =
M∑
m=1

ejφmxm, (6)

where F = [j1j2 ... jM ]. Here, the objective of the
PTS scheme is to design a rotation phase vector F that
minimizes the PAPR. PAPR reduction with the PTS
technique is related to the problem of minimizing max|
x’ (F)| subject to 0 ≤ jm ≤ 2π, m = 1, 2,..., M, and how-
ever, it is equivalent to an exhaustive search for a com-
binatorial optimization problem, which requires an
enormous amount of computations to search all over
possible candidate rotation phase vectors.

3 The real-valued genetic algorithm PTS
3.1 RVGA PTS
By translating the phase-searching problem of the PTS
into a real-valued parameter optimization, this study
proposes using the RVGA to find a rotation phase vec-
tor to reduce PAPR. This study associates every rotation
phase vector using a chromosome to apply the RVGA
to the PTS PAPR reduction problem. The following
delineates the steps involved in the RVGA PTS.
Step 0–Initialization: To begin the RVGA PTS, this

study defines an initial population of P chromosomes,
where P is the population size. Each chromosome con-
tains M genes, in which the gene values ji are rotation
phases initially selected at random. The range of gene
values is between jlo ans jhi, then the gene values are
initialized by

φi = (φhi − φlo)u + φlo, (7)

where jhi, jlo, and u are the highest value in the vari-
able range, the lowest value in the variable range, and a
uniformly distributed random variable in [0,1]. In the
PTS scheme, the values of jlo and jhi are set at 0 and
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2π, respectively. Given an initial population of P chro-
mosomes, the full matrix of P × M random rotation
phases is generated.
Step 1–Evaluation and Selection: In each generation,

the cost values are computed for each of the P chromo-
somes by substituting the corresponding rotation phase
vector F into the cost function of max|x’(F)|. There-
after, the T chromosomes with the lowest cost values
are chosen for a mating pool, from which two chromo-
somes are selected according to a roulette wheel selec-
tion for the next crossover step [14].
Step 2–Crossover: Crossover is a recombination

operation that combines subparts of two parent chro-
mosomes to exchange the genetic material between
chromosomes. A crossover probability pc controls the
degree of crossover. A 1 × M sequence, often referred
to as a crossover mask, is constructed, consisting of 1s
generated with crossover probability pc and 0s gener-
ated with probability (1- pc). When the elements in the
crossover mask are 1s, the genes of the two parent
chromosomes in the corresponding positions will be
mixed with each other, where if they are 0s, the corre-
sponding genes will be unchanged. Suppose F1 and F2

are two parents selected, the ith element in the cross-
over mask is 1, and j1,i and j2,i are the ith genes in
F1 and F2, respectively. The ith genes in the next gen-
eration of F1 and F2 are rj1,i + (1 - r)j2,i and rj2,i +
(1 - r)j1,i, respectively, where r is a uniformly distribu-
ted random variable in [0,1]. This crossover operation
will repeat until the number of the new population
size reaches P.

Step 3–Mutation: To explore more regions within the
solution space, mutation should be adopted in the
RVGA method [14]. This study constructs a 1 × P
mutation mask sequence, consisting of 1s generated
with the mutation probability pm and 0s generated with
probability (1 - pm), for all chromosomes in each gen-
eration. When the elements in the mutation mask are
1s, the genes of the chromosome in the corresponding
positions will change. However, if they are 0s, the corre-
sponding genes will remain unchanged. Supposing the
ith element ji in rotation phase vector F is selected for
mutation, (7) can easily be used to regenerate ji.
Step 4–Elitism: According to the costs evaluated by

max|x’(F)|, this study places the T chromosomes with
the lowest costs into the mating pool. This ensures that
each generation retains better chromosomes.
Step 5–Repeat/End: Repeat steps 1-4 until the number

of generations is G. Finally, the chromosome with the
lowest cost is selected to be the rotation phase factor in
the PTS scheme.

3.2 Modified RVGA PTS
For practical implementation, rotation phases that can
be chosen should set a finite number of phases. The
modified RVGA (MRVGA) inserts an additional step
between steps 3 and 4 of the RVGA intending to map
each continuous phase ji into a set of finite numbers of
allowable rotation phases. Taking a set of W allowable
phases as an example, i.e.,
φ′
i ∈ {2kπ/W|k = 0, 1, . . . ,W − 1}, continuous rotation

phases ji can be mapped to allowable rotation phases φ′
i
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Figure 1 Functional block diagram of the partial transmit sequence scheme.
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based on the mapping function expressed as

φ′
i =

{
2kπ/W, if (2k − 1)π/W ≤ φi < (2k + 1)π/W
0, otherwise

(8)

3.3 Modified RVGA PTS with extinction and immigration
Conventionally, the GA suffers from close breeding. As
the number of chromosomes in the mating pool asso-
ciated with smaller costs grows exponentially, after
some generations, the T parent chromosomes chosen to
mate are eventually almost identical. If two parents are
identical, their children will also be identical and no
new information will be disseminated. This study adopts
the strategy of Extinction and Immigration (EI) to react
against the aforementioned problems [15]. By operations
of extinction and immigration, the strategy of EI func-
tions like a particular time varying mutation probability
in which pm is close to 1 at the beginning of each new
era and then gets smaller for the remaining generations.
Extinction eliminates all of the chromosomes in the cur-

rent generation except for the chromosome corresponding
to the minimum cost. Immigration randomly generates (P
- 1) chromosomes to propagate the population (a mass
immigration). (T - 1) chromosomes associated with the
least costs among these immigrants are then selected as
the parents. Together with the surviving chromosome,
these are allowed to mate as usual to form the next gen-
eration. Generally, there are two cases when extinction
and immigration will occur. One is the case when all of
the T parents are the same, and the other is the case when
no further decrease in the cost values has been reached.
This study adopts the second case to determine when to
execute the strategy of extinction and immigration.

4 Numerical results
This section presents the simulation results of a variety
of suboptimal PTS algorithms. In the conducted compu-
ter simulations, 105 independent OFDM symbols were
randomly generated, and all subcarriers with QPSK
modulation were divided into eight subblocks with adja-
cent partition [3]. The simulation parameters are sum-
marized in Table 1. When the EI strategy is not
executed in the RVGA method, the size of the mating
pool (T) is set at 10 while it is set at 4 when the EI
strategy is executed. The optimal combination of the
rotation phase vector is to exhaustively locate the mini-
mum PAPR, which requires a full enumeration of the
cost function for all possible combinations of phase vec-
tors. The suboptimal methods only execute a partial
enumeration of cost function for a subset of all possible
combinations of phase vectors.
Figure 2 shows the variation in PAPR complementary

cumulative distribution function (CCDF), defined as F(ξ)

= Pr[PAPR(x’(F)) >ξ], of the RVGA and the MRVGA
methods with different numbers of generations for
OFDM systems with 64 subcarriers. Figure 2 shows that
the PAPR reduction tends to increase as the number of
generations increases. With the requirement of PAPR
CCDF equal to 10-3, the RVGA PTS obtains 6.08 and
5.62 dB PAPR with reduced computational loads of
6.1% (1,000/16, 384) and 24.4% (4,000/16, 384), of the
computational load required by the exhaustive PTS,
respectively. The RVGA searches the rotation phase vec-
tor to reduce the PAPR in a continuous domain, and
therefore, its PAPR statistic is superior to that of the
exhaustive PTS scheme. However, the excellent PAPR
reduction performance achieved by the RVGA PTS is
not practical because the transmitter must spend large
side information to notify the receiver about the rotation
phase vector taken at the transmitter. Conversely, the
MRVGA PTS is practical, but it suffers from a perfor-
mance degradation that mainly comes from close breed-
ing in GA and the quantization error in (8).
To compensate for the problems in the MRVGA, the

strategy of EI is executed in the MRVGA when no
further decrease in cost values has been reached. Figure
3 shows the variation in PAPR CCDF of the MRVGA
PTS and the MRVGA PTS with EI strategy
(MRVGA_EI) with different numbers of generations for
OFDM systems with 64 subcarriers. Figure 3 shows that
the PAPR CCDF of the MRVGA_EI PTS with G = 20
nearly approaches that of the optimal exhaustive PTS.
With a similar computational load, the PAPR statistic of
the MRVGA_EI PTS with G = 20 is compared with that
of other suboptimal PTS methods.
Figure 4 shows the PAPR CCDFs of various subopti-

mal PTS schemes, including the proposed MRVGA-EI,
the exhaustive search, the iterative flipping (IF) [4], the
gradient descent (GD) [5], the simulated annealing (SA)
[6], the BGA [7], and the artificial bee colony (ABC)
[11], for N = 64 subcarriers, in which the GD is with
parameters r = 3 and I = 2 and both the SA and the
BGA are with the same parameters in [6] and [7],
respectively. Furthermore, the number of enumerations
is 4,000 in the SA while the population is 200 and the

Table 1 Summaries of simulation parameters

Parameters Value

Subcarriers number (K) 64,128

Subblock number (M) 8

Number of phases (W) 4

Oversampling factor (fs) 4

Population size (P) 200

Generations (G) 20

Crossover probability (pc) 0.6

Mutation probability (pm) 0.1
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number of the generations is 20 in both of the BGA and
the ABC to ensure having a similar computational load.
Figure 4 shows that the value ξ of the original OFDM
signal, the IF, the BGA, the SA, the GD, the ABC, the
proposed MRVGA-EI, and the exhaustive PTS when the
PAPR CCDF equals 10-3 are 10.66, 7.66, 6.11, 6.02, 5.98,
5.90, 5.85, and 5.8 dB. The results described above show
that the proposed MRVGA-EI method performs with
almost the same PAPR reduction as that of the exhaus-
tive PTS. However, only approximately 6.1% computa-
tional load is required for the proposed MRVGA-EI PTS
method than for the exhaustive PTS.
Figure 5 shows the PAPR CCDFs of considered sub-

optimal PTS schemes for N = 128 subcarriers. Figure
5 shows that the value ξ of the original OFDM signal,
the IF, the BGA, the SA, the GD, the ABC, the pro-
posed MRVGA-EI, and the exhaustive PTS when the
PAPR CCDF equals 10-3 are 11.06, 8.15, 6.74, 6.68,
6.6, 6.56, 6.48, and 6.41 dB. The results described
above again show that the proposed MRVGA-EI
method provides nearly with the same PAPR statistic
as that of the exhaustive PTS with a lower computa-
tional load.

With a similar computational load, the PAPR reduc-
tion performance, represented as ξ when Pr[PAPR
(x’(F)) >ξ] = 10-3, of those considered suboptimal PTS
methods are summarized in Table 2. The IF PTS low-
ers the complexity, but severely degrades PAPR reduc-
tion performance. Conversely, the exhaustive PTS
yields optimal performance with the highest complex-
ity. The GD, SA, and the BGA PTSs performed more
effectively than the IF method, but their complexity is
higher than the IF PTS. However, the GD, the SA, and
the BGA PTSs are less complex than the exhaustive
PTS with more favorable performance than the IF
PTS. The proposed MRVGA-EI PTS performs more
effectively than the GD, the SA, and the BGA PTSs
with the same complexity.
Finally, comparisons of the PAPR reduction perfor-

mance and complexity trade-offs for the MRVGA-EI,
the BGA, the SA, the GD, and the ABC PTS methods
are provided in Figure 6, where the value ξ is plotted as
a function of the number of enumerations required to
achieve Pr{PAPR(x’(F)) >ξ} = 10-3. The GD method
shows a limitation in decreasing PAPR with the increase
of the number of enumerations for both cases of r = 2

Figure 2 Comparison of the PAPR CCDF of RVGA and MRVGA for different numbers of generations for OFDM systems with 64
subcarriers.
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Figure 3 Comparison of the PAPR CCDF of MRVGA and MRVGA-EI for different numbers of generations for OFDM systems with 64
subcarriers.

Figure 4 Comparison of the PAPR CCDF of several PTS techniques for OFDM systems with 64 subcarriers.
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and r = 3. With the increase of the number of enumera-
tions, the SA method can converge on a more favorable
PAPR reduction performance than that of the BGA
method while it exhibits a poorer PAPR reduction per-
formance than that of the BGA method within the
region of a low number of enumerations. The ABC out-
performs the BGA and the proposed MRVGA-EI within
the region of a low number of enumerations, and more-
over, it finally converges to a better PAPR reduction
than the SA. When the number of enumerations is large
enough, the proposed MRVGA-EI PTS not only shows a
lower computational load to achieve a specific required
PAPR reduction, but also demonstrates its capability of

approximately converging to the global optimal solution
than other suboptimal methods.

5 Conclusion
This paper presents an RVGA method that was used to
obtain the rotation phase vector for the PTS technique
to reduce the PAPR of OFDM signals. Simulations were
conducted and show that the performance of the pro-
posed MRVGA-EI PTS provided almost the same PAPR
statistics as that of the optimal exhaustive PTS, while
maintaining a low computational load. With the trend
that GA hardware is becoming more popular and low-
priced, the proposed MRVGA-EI PTS provides a

Figure 5 Comparison of the PAPR CCDF of several PTS techniques for OFDM systems with 128 subcarriers.

Table 2 Comparison between rotation phase-searching schemes

Methods The number of enumerations ξ(N = 64) ξ(N = 128)

Exhaustive 16,384, WM-1 5.80 6.41

IF 28, (M - 1) × W 7.66 8.15

GD 4,480, Cr
M-1WrI 5.98 6.60

SA 4,000 6.02 6.68

ABC 4,000 5.90 6.56

BGA 4,000, P × G 6.11 6.74

MRVGA-EI 4,000, P × G 5.85 6.48
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practical and economical approach toward solving the
difficulty of high PAPR in OFDM systems.
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