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Abstract

This article studies the problem of limited feedback design for heterogeneous multiuser (MU) transmissions over
time- and frequency-selective (doubly selective) multiple-input multiple-output downlink channels. Under a doubly
selective propagation condition, a basis expansion model (BEM) is deployed as a fitting parametric model for
capturing the time-variation of the MU downlink channels and for reducing the number of the channel
parameters. The resulting dimension reduction in the time-variant channel representation, in turn, translates into a
reduced feedback load of channel state information (CSI) to the base station (BS). To produce limited feedback
information, vector quantization of the BEM coefficients is performed at mobile terminals under the assumption
that perfect BEM coefficient estimation has been established by existing algorithms. Then, the output indices of the
quantized BEM coefficient vectors are sent to the BS via error-free, zero-latency feedback links. To assess the
feasibility of using the BEM-based limited feedback design in a MU network with an arbitrary number of active
users, the resultant sum-rate performance of the network is provided by employing the block-diagonalization
precoding and greedy scheduling techniques at the BS. The relevant numerical results show that the BEM-based
limited feedback scheme is able to significantly alleviate the detrimental effect of outdated CSI feedback which
likely occurs as using the conventional block-fading assumption in MU transmissions over (fast) time-varying
channels.

Keywords: limited feedback, greedy scheduling, block-diagonalization precoding, vector quantization, basis expan-
sion model (BEM), time- and frequency-selective channels, heterogeneous multiuser network

1. Introduction
Besides the well-known time, frequency and code divi-
sions in wireless communications, spatial separation has
been recently recognized as a new signal dimension for
further system performance enhancement, especially in
multiuser (MU) transmissions. In the so-called spatial
division multiple access (SDMA), the use of multi-
antenna arrays allows the base station (BS) to simulta-
neously transmit multiple data streams to multiple users
by exploiting the new signal dimension [1,2]. Among
several MU transmission techniques, it is well known
that dirty paper coding (DPC) [3] is an optimal MU
encoding strategy, whose performance achieves the

capacity limit of MU broadcast channels. However, the
optimal performance of DPC comes with the cost of
impractically high complexity (in a large user pool). As
an alternative low-complexity linear technique, block-
diagonalization (BD) precoding [4,5] is a suboptimal
MU encoding scheme with a realizable implementation.
In the literature, most of existing precoding techni-

ques [2,4-6] assume MU downlink channels to be
homogeneous and time-invariant within a transmission
block/burst (i.e., the block-fading assumption). However,
in a MU network with rapidly moving nodes (e.g., users
in cars/trains in long-term evolution (LTE) systems), the
resultant time-selectivity of the channel impulse
response (CIR) introduces a large number of channel
parameters. This induces a very high channel state
information CSI feedback load for precoding and sche-
duling processes with consideration of time-varying
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channels at the BS. In addition, the presence of time-
selective channels would give rise to the problem of out-
dated CSI feedback [7] that could severely degrade the
system performance. To deal with the channels, [8,9]
has proposed a minimum mean squared error-based
beamforming algorithm for homogeneous MU transmis-
sions over multiple-input single-output, spatially corre-
lated, frequency-flat, time-selective channels. Specifically,
the existing technique uses full feedback of channel dis-
tribution information and an iterative beamforming pro-
cess to provide stable MU transmissions over the
channels.
Unlike [8,9], this paper is concerned with limited

CSI feedback design for BD precoding and greedy
scheduling over spatially uncorrelated, doubly selec-
tive, multiple-input multiple-output downlink chan-
nels with heterogeneous users (i.e., mobile terminals
with different numbers of receive antennas and differ-
ent receiver noise powers). Over the doubly selective
channels, a basis expansion model (BEM) [10,11] is
used as a fitting parametric model for capturing the
time-variation of the channels and for reducing the
number of the channel parameters. Specifically, to
generate limited feedback information, vector quanti-
zation (VQ) of the BEM coefficients is performed at
mobile terminals under the assumption that perfect
BEM coefficient estimation has been established by
existing algorithms. Then, the output indices of the
quantized BEM coefficient vectors are sent to the BS
via feedback links. To investigate the performance of
the limited feedback scheme in a MU network with
an arbitrary number of mobile terminals, BD precod-
ing and greedy scheduling are deployed accordingly in
the MU network.
The rest of the paper is organized as follows. Section 2

delineates the system and channel models. The sug-
gested BEM-based limited feedback for BD-based het-
erogeneous MU transmissions is presented in Section 3.
Simulation results and relevant discussions are located
in Section 4. Finally, Section 5 provides some conclud-
ing remarks.
Notations: (X)T and (X)H denote the transpose and

conjugate transpose (Hermitian operator) of the matrix
X, respectively. E(·) stands for expectation operator. tr
(X), |X|, and ||X|| denote the trace, determinant and
Frobenius norm of the matrix X, respectively.

2. System Formulation
A. Transmitted Signal Model
Consider a heterogeneous MU MIMO LTE downlink
channel, where the BS is equipped with Nt transmit
antennas, and different terminals have different numbers
of receive antennas and different signal-to-noise ratios
(SNRs). Orthogonal frequency division multiplexing
(OFDM) modulation with N-point fast Fourier trans-
form (FFT) is employed for the downlink multi-carrier
transmission. After inverse FFT (IFFT) and cyclic prefix
(CP) insertion, the transmitted baseband signal of the
mth OFDM symbol at the pth transmit antenna can be
written as

x(p)n,m =
1√
N

N−1∑
k=0

X(p)
k,m exp

(
j2πkn
N

)
, (1)

where n Î {-Ng,..., 0,..., N - 1}, Ng denotes the CP

length, X(p)
k,m is the kth precoded (data-modulated)

subcarrier.

B. Doubly selective channel model
In this article, for each pair of the pth transmit antenna
(at BS) and the ru th receive antenna of the uth user
(having Ru Rx-antennas), the lth (time-variant) channel
tap gain that includes the effect of transmit-receive fil-
ters and doubly selective propagation is denoted by

h(ru,p)l,n,m , where n and m denote the time and OFDM sym-

bol indices, respectively. In the considered downlink
channels, a BEM [10] is employed to capture the time-
variation of the channels. With the aid of the BEM, the
lth time-variant channel tap gain between the pth trans-
mit antenna and the ruth receive antenna of the uth
user at the nth time instance in the mth OFDM symbol
can be represented as [11]

h(ru,p)l,n,m =
Q∑
q=1

bn+mNs ,qc
(ru ,p)
q,l , l ∈ {0, ..., L − 1}, (2)

where Ns = N + Ng denotes the OFDM symbol length
after CP insertion and n = 0,..., Ns - 1. The mobile
users’ speeds are assumed to be unchanged within M
OFDM symbols (in a duration of a number of LTE
frames). L denotes the channel length. bn+mNs ,q stand for

the qth basis function values of the used BEM. c(ru ,p)q,l are

Table 1 Implementation steps of the BEM-based limited feedback

Step 1 BEM coefficients are estimated at mobile terminals using existing techniques [10,11,15]

Step 2 The vector of the BEM coefficients is partitioned as in (7)

Step 3 Limited feedback information is the indices of quantized vectors of BEM coefficients that are determined by (10)

Step 4 With the limited feedback information, the BS can recover the CSI using (11) and (14)
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the BEM coefficients of the channel fitting. Q is the
number of basis functions used in the basis expansion
modeling.
In the simulation section of this article, the time-var-

iant multipath channels h(ru,p)l,n,m are first generated by the

modified Jakes model [12], and then fitted (approxi-
mated) by the DPS-BEM [10], i.e., using a linear combi-
nation of Q basis functions as shown in (2).

C. Received signal model
Over the aforementioned time-variant multipath down-
link channels, after CP removal, the nth received sample
in the mth OFDM symbol at the ruth receive antenna of
the uth user, y(ru)n,m, can be represented as

y(ru)n,m =
Nt∑
p=1

L−1∑
l=0

h(ru,p)l,n,m x(p)n−l,m + z(ru)n,m , n = 0, ...,N − 1, (3)

where z(ru)n,m is the additive white Gaussian noise with

variance σ 2
u at the uth user. It is assumed that different

terminals may experience different receiver noise powers
in the considered heterogeneous MU system.
After performing FFT at users, the kth subcarrier in

the mth OFDM symbol at the ruth receive antenna of
the uth user can be determined by

Y(ru)
k,m =

Nt∑
p=1

H(ru,p)
k,k,mX

(p)
k,m + I(ru)k,m + Z(ru)

k,m , (4)

where I(ru)k,m =
Nt∑
p=1

∑N−1
i=0
i�=k

H(ru,p)
k,i,m X(p)

i,m is the inter-carrier

interference (ICI) induced by the time-varying channels.
In particular,

H(ru,p)
k,i,m =

Q∑
q=1

(
L−1∑
l=0

c(ru,p)q,l e−j2π il/N

)(
1
N

N−1∑
n=0

bn+mNs ,qe
j2πn(i−k)/N

)
is

the channel frequency response (CFR).

Z(ru)
k,m = 1√

N

N−1∑
n=0

z(ru)n,m exp
(−j2πnk/N

)
denotes receiver

noise in the frequency domain.
In the considered MU network with an arbitrary num-

ber of users, precoding and scheduling are performed
for each subcarrier in each OFDM symbol in a LTE
frame. For the sake of notational simplicity, unless
otherwise indicated, the indices of OFDM symbol m
and subcarrier k can be omitted in the subsequent for-
mulations. As a result, the kth received subcarriers at
the uth user can be represented as

Yk,m,u = Hk,m,uXk,m + Zk,m,u, (5)

where Yk,m,u =
[
Y(1)
k,m, ...,Y

(Ru)
k,m

]T
,

Hk,m,u =
[[

H(1)
k,m

]T
, ...,

[
H(Ru)

k,m

]T]T
,

Xk,m =
[
X(1)
k,m, ...,X

(Nt)
k,m

]T
, H(ru)

k,m =
[
H(ru,1)

k,k,m , ...,H(ru ,Nt)
k,k,m

]
and

Xk,m =
[
X(1)
k,m, ...,X

(Nt)
k,m

]T
. It is assumed that the BS has an

average transmit power constraint tr(Δ) ≤ PΣ where the
covariance matrix of the transmitted signal is defined as
� � E

[
Xk,mXH

k,m

]
.

In (5), the ICI can be negligible since its power is
much smaller than that of the subcarrier of interest
under the considered LTE system settings [13] with a
normalized Doppler frequency below 0.1. In particular,
as shown in [14], the ICI power PICI is upper bounded
by

PICI ≤ π2

3
(fDTs)2σ 2

s , (6)

Where fD = v
c fc is the Doppler frequency of the chan-

nel, v is the mobile speed of terminals, c = 3×108 m/s is
the speed of light, fc denotes the carrier frequency, Ts

stands for the OFDM symbol duration and

σ 2
s = E

(∣∣∣X(p)
k,m

∣∣∣2). For instance, under the LTE system

settings [13] with N = 128, fc = 2 GHz, fs = N/Ts = 1.92
MHz and the mobile terminal speed of v = 400 km/h,
the resulting ICI power is upper bounded by
PICI ≤ 8 × 10−3σ 2

s � σ 2
s . Simulation results of the ICI-

to-signal power ratio over the range of normalized Dop-
pler frequencies smaller than 0.1 in Figure 1 are in a
good agreement with the upper bound of (6).

3. Multiuser MIMO Transmission with BEM-Based
Limited Feedback
In this section, a limited feedback design over time- and
frequency-selective (doubly selective) channels is sug-
gested to reduce the CSI feedback load and to alleviate
the detrimental effect of outdated CSI feedback (that
likely occurs as using the block-fading assumption in
MU transmissions). More specifically, a BEM [10,11] is
used as a fitting parametric model of the doubly selec-
tive channels. The use of BEM helps to considerably
reduce the number of time-variant channel representa-
tion parameters.
Unlike [5,6] using BD precoding in MU transmission

for a fixed number of homogeneous users, this section
adopts the BD precoding and greedy scheduling to a
MU network with an arbitrary number of heterogeneous
users (supporting various types of terminals with differ-
ent numbers of receive antennas and different SNRs).

A. BEM-based limited feedback
In the limited feedback design, it is assumed that BEM
coefficient estimation has been established at users
(using existing algorithms [10,11,15] ), then VQ of the
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available BEM coefficient estimates

c(ru,p)l =
[
c(ru,p)1,l , ..., c(ru ,p)Q,l

]T
is performed using a predeter-

mined Linde-Buzo-Gray (LBG) codebook [16]. Owing to
possibly large numbers of BEM coefficients Q (e.g., in
the presence of high mobile user speeds), a partition of

the BEM coefficient vector c(ru,p)l
helps to reduce the

codebook pre-generation complexity and the codebook’s
cardinality under a required VQ distortion level. In par-
ticular, the partition can be expressed by

c(ru,p)l =
[[

c(ru,p)1,l

]T
, ...,

[
c(ru,p)x,l

]T
, ...,

[
c(ru,p)Q/V,l

]T]T
, (7)

where c(ru,p)x,l =
[
c(ru,p)(x−1)V+1,l, ..., c

(ru ,p)
(x−1)V+V,l

]T
, x = {1,..., Q/

V} and V is the length of each partitioned BEM coeffi-
cient subvector.
In the LBG codebook generation, for each resolvable

path l, the LBG algorithm [16] (using 105 training BEM
coefficient vectors) is employed to pre-generate the fol-
lowing codebook:

Gl =

[[[
g(j)x,l
]T
; x = 1, ...,Q/V

]T
; j= 1, ..., 2B

]
, (8)

where g(j)x,l =
[
g(j)x,l,1, ..., g

(j)
x,l,V

]T
, l = 0,..., L - 1 and B is

the number of binary bits for representing each code-
vector in the used LBG codebook.

As illustrated in Figure 2, it is numerically shown that

the distributions of a BEM coefficient (e.g., c(1,1)1,1 ) in (2)

under different mobile speeds are different. As a result,
to attain low distortion in the VQ of the BEM coeffi-
cients, a LBG codebook

G =
[
Gl; l = 0, ..., L − 1

]T (9)

should be pre-generated for each possible target
mobile speed using the LBG algorithm [16] with train-
ing vectors of BEM coefficients corresponding to that
speed. Then, for each mobile terminal with a known
speed, the LBG codebook G with target speed closest to
the known speed should be deployed accordingly for the
VQ of BEM coefficients.
In practice, it is very difficult to estimate exactly the

actual speeds of mobile terminals. In addition, the mem-
ory capacity in the receiver of each mobile terminal also
limits the number of pre-generated LBG codebooks G
corresponding to different target speeds that can be pre-
stored in the mobile terminal. Therefore, the speed mis-
match between the actual mobile speed and the target
speed of the used LBG codebook always exits in the VQ
of BEM coefficient at mobile terminals. In particular,
the effect of the speed mismatch problem on the perfor-
mance of the considered MU network will be numeri-
cally investigated in Section IV.
Using a LBG codebook G for a given target speed, the

VQ of these partitioned subvectors c(ru,p)x,l can be

0 0.02 0.04 0.06 0.08 0.1
10−8

10−6

10−4

10−2

100

Normalized Doppler Frequency (fDTs)

IS
R

 (I
C

I−
to
−S

ig
na

l R
at

io
)

Upper bound of ISR [15]
Simulated (average) ISR value

10 km/h

100 km/h

400 km/h
800 km/h

Figure 1 ICI-to-signal ratio versus normalized Doppler frequency.
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performed as follows:

i(ru,p)x,l = argmin
j=1,...,2B

∥∥∥c(ru,p)x,l − g(j)x,l

∥∥∥2. (10)

Then, the indices i(ru,p)x,l of the quantized subvectors of

the BEM coefficients are sent to the BS via error-free
feedback links. Based on the knowledge of the feedback
indices, the BS can determine the quantized versions of
the BEM coefficients as follows:

ĉ(ru,p)l =
[(̂

c(ru,p)1,l

)T
, ...,

(̂
c(ru,p)x,l

)T
, ...,

(̂
c(ru,p)Q/V,l

)T]T
(11)

with

ĉ(ru,p)x,l =
[̂
c(ru ,p)(x−1)V+1,l, ..., ĉ

(ru ,p)
(x−1)V+V,l

]T
(12)

and

[̂
c(ru,p)(x−1)V+1,l, ..., ĉ

(ru ,p)
(x−1)V+V,l

]T
=

[
g

(
i(ru ,p)x,l

)
x,l,1 , ..., g

(
i(ru ,p)x,l

)
x,l,V

]T
,(13)

where x = 1,..., Q/V and l = 0,..., L - 1.

With these quantized versions ĉ(ru,p)l
of the BEM coef-

ficients, the CFR matrix of the uth user can be deter-
mined at the BS as follows:

Ĥk,m,u =
[[

Ĥ
(1)
k,m

]T
, ...,

[
Ĥ

(Ru)
k,m

]T]T
, (14)

where Ĥ
(ru)
k,m =

[
Ĥ(ru,1)

k,k,m , ..., Ĥ(ru ,Nt)
k,k,m

]
and

Ĥ(ru,p)
k,k,m = 1

N

Q∑
q=1

N−1∑
n=0

bn+mNs ,q

L−1∑
l=0

ĉ(ru ,p)q,l e−j2πkl/N. (15)

It is noted that the basis functions {bn+mNs ,q}Qq=1 are
known at both the BS and the users.
As shown in (15), the channel response at each subcar-

rier in each OFDM symbol in the current LTE time slots

can be determined using the quantized versions ĉ(ru ,p)q,l of

the BEM coefficients c(ru ,p)q,l . As aforementioned, these BEM

coefficients are assumed to be perfectly estimated by exist-
ing BEM-based channel estimation algorithms [10,11]
using pilot signals from the previous LTE time slots.
After having the BEM-based limited feedback informa-

tion at the BS, the quantized versions of the user chan-
nel responses Ĥk,m,u are naively treated as perfect CSI in
the BD precoding and greedy scheduling processes as
presented in the next subsections.
The use of a BEM significantly reduces the complexity

of the quantization process of time-variant CSI. In particu-
lar, the number of doubly selective CIR parameters at each
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mobile terminal is RuNtLMN corresponding to the dura-
tion of M OFDM symbols where Ru, Nt, L, and N denote
the number of receive/transmit antennas, channel length
and the used FFT size, respectively. As shown in Table 1
BEM helps to reduce this large number RuNtLMN to
RuNtLQ where Q is the number of basis functions (used in
the BEM) which is much smaller than MN. As a result,
using BEM helps to reduce significantly CSI feedback load
from each mobile terminal to the BS. The downside on
both the BS and the terminals is the extra memory
required to store the related basis function values. In this
work, it is assumed that perfect estimation of BEM coeffi-
cients has been established. Particularly, the estimation
process of BEM coefficients for current OFDM symbols
can be performed by existing techniques [10,11,15] within
the duration of previous OFDM symbols.

B. BD precoding
With the quantized versions of CSI Ĥu, this subsection
adopts the BD precoding process to the considered het-
erogeneous MU system (supporting various types of
users with different numbers of receive antennas and dif-
ferent SNRs). In BD precoding [4], the ICI in (5) can be
eliminated by pre-multiplying Ru data subcarrier streams
of the uth user with precoding matrices. Specifically, let
sk,m,u ∈ CRu×1 and Wk,m,u ∈ CNt×Ru be the transmitted
symbol vector and precoding matrix corresponding to
subcarrier k in the mth OFDM symbol of the uth user,
respectively. For a set of U (selected/scheduled) users,
the transmitted subcarriers at the BS are

Xk,m =
U∑
u=1

Wk,m,usk,m,u. (16)

Using (5) and (16), the received subcarriers of the uth
selected/scheduled user can be represented in a vector
form as

Yk,m,u = Hk,m,uWk,m,usk,m,u +Hk,m,u

U∑
u′=1
u′ �=u

Wk,m,u′sk,m,u′ + Zk,m,u.(17)

To eliminate the inter-user interference component

Hk,m,u
∑U

u′=1
u′ �=u

Wk,m,u′sk,m,u′ in (17), the BD precoding matrix

Wk,m,u must satisfy the following zero-forcing condition:

Hk,m,uWk,m,u′ = 0 for all u �= u′ and 1 ≤ u, u′ ≤ U.(18)

With the use of the BEM-based limited feedback, the
BS only has quantized CSI versions {Ĥk,m,u}Uu=1 in (14)
and therefore the BD precoding matrices Wk,m,u will be
determined by naively treating {Ĥk,m,u}Uu=1 as perfect CSI
{Hk,m,u}Uu=1.

To obtain (18), one can form the following matrix:

H⊥
k,m,u =

[
Ĥ

T
k,m,1, ..., Ĥ

T
k,m,u−1, Ĥ

T
k,m,u+1, ..., Ĥ

T
k,m,U

]T
, (19)

where u = 1,..., U.
To attain the zero-forcing constraint in (18), Wk,m,u

must lie in a null space of H⊥
k,m,u under the following

dimension condition Nt ≥ ∑U
u=1 Ru. To obtain a basis

set in the null space, the singular value decomposition
of H⊥

k,m,u is determined as follows:

H⊥
k,m,u = ϒu�u[�u�u]

H, (20)

where Γu contains the first nu =
∑U

u′=1
u′ �=u

Ru′ right singu-

lar vectors corresponding to the non-zero singular
values, and �u ∈ CNt×(Nt−nu) contains the last (Nt - nu)
right singular vectors corresponding to zero singular
values of H⊥

k,m,u.
As shown in Appendix A, one can use (20) to deduce

H⊥
k,m,u�u = 0, (21)

where �H
u �u = I. As a result, the columns of Ωu form

a basis set in the null space of H⊥
k,m,u.

With limited CSI feedback, the BS naively treats

{Ĥk,m,u}Uu=1 as perfect CSI and the condition (18) becomes

Ĥk,m,uWk,m,u′ = 0 for all u ≠ u’ and 1 ≤ u, u’ = U. As a
result, the BD precoding matrix Wk,m,u of the uth user
can be chosen as follows:

Wk,m,u = Pk,m,uRk,m,u, (22)

where Rk,m,u ∈ CRu×Ru can be any arbitrary matrix that
satisfies the sum-power constraint and Pk,m,u is obtained
using the last Ru columns of the matrix Ωu, i.e.,

Pk,m,u = �u(:,Nt − nu − Ru + 1 : Nt − nu), (23)

where nu =
∑U

u′=1
u′ �=u

Ru′.

In the absence of inter-user interference (after BD pre-
coding), the resultant received signal at the uth user is

Yk,m,u = Hk,m,uPk,m,uRk,m,usk,m,u + Zk,m,u. (24)

Let us define Ck,m,u = Rk,m,uRH
k,m,u ∈ CRu×Ru which are

positive semidefinite matrices. With the quantized ver-
sions of CSI {Ĥk,m,u}Uu=1 available at the BS, the achiev-
able rate of the uth user can be determined in the BS’s
precoding/scheduling computation as follows:

ρk,m,u = log

∣∣∣∣∣I + Ĥk,m,uPk,m,uCk,m,uPH
k,m,uĤ

H
k,m,u

σ 2
u

∣∣∣∣∣ . (25)
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With the covariance matrix of the transmitted signals
� � E

[
Xk,mXH

k,m

]
, one can deduce

� =
∑U

u=1 Pk,m,uCk,m,uPH
k,m,u since E

[
sk,m,usHk,m,u

]
= IRu.

Under the sum-power constraint tr (Δ) ≤ PΣ and the
property tr(ABC) = tr(BCA), one can have the following
condition

∑U
u=1 tr

(
Ck,m,u

) ≤ P�.
The matrix Ck,m,u can be determined to maximize the

system sum-rate

rk,m,� =
∑U

u=1 log

∣∣∣∣I + Ĥk,m,uPk,m,uCk,m,uPH
k,m,uĤ

H
k,m,u

σ 2
u

∣∣∣∣ or equiva-

lently minimize -rk,m,Σ under the sum-power constraint.
More specifically, the problem of finding Ck,m,u can be
formulated as follows:⎧⎪⎪⎨⎪⎪⎩

minimize −∑U
u=1 log

∣∣∣∣I + Ĥk,m,uPk,m,uCk,m,uPH
k,m,uĤ

H
k,m,u

σ 2
u

∣∣∣∣
subject to

∑U
u=1 tr

(
Ck,m,u

) ≤ P�

Ck,m,u � 0, u = 1, ...,U.

(26)

With the affine constraints and convex objective func-
tion, the above problem can be efficiently solved by
using the Karush-Kuhn-Tucker (KKT) optimality condi-
tions [17]. For the sake of simplified computations, let

Dk,m,u = Ĥk,m,uPk,m,u be the effective channel for the uth
user after precoding. The solution of Ck,m,u under the
KKT conditions can be obtained using the eigen-decom-
position of the related matrices. In particular, one can
perform the following eigen-decomposition
1
σ 2
u
DH

k,m,uDk,m,u = �uEu�H
u where Eu is a diagonal matrix

containing the eigenvalues (eu,1, ..., eu,Ru) and �u�
H
u = I.

Then, it is straightforward to deduce that
σ 2
uD

−1
k,m,uD

−H
k,m,u = �uE−1

u �H
u . As shown in Appendix B,

the solution of Ck,m,u can be determined as follows:

Ck,m,u = �udiag
[(

1
γ

− 1
eu,1

)+

, ...,
(
1
γ

− 1
eu,Ru

)+]
�H

u , (27)

where (x)+ = max(x, 0).
Applying the sum-power constraint and the trace

property tr(ABC) = tr(BCA) to (27), the water-level g
can be determined by

U∑
u=1

Ru∑
ru=1

(
1
γ

− 1
eu,ru

)+

= P� . (28)

Given a set of selected users, the above BD precoding
process attempts to eliminate the inter-user interference
and maximize the system sum-rate. As aforementioned,
the feasibility of the suggested BEM-based limited feed-
back scheme will be investigated in a MU network with
an arbitrary number of active users. In particular, the
limited feedback links provide CSI to not only precoding

but also scheduling at the BS. Under the use of sum-rate
performance metric, scheduling is to perform user selec-
tion with a reasonable complexity for maximizing the
system sum-rate. The considered scheduling technique
will be addressed in detail in the next subsection.

C. Greedy Scheduling
Given a precoding technique, the purpose of scheduling
(user selection) is to find a set of users among all active
users to maximize the system sum-rate. Obviously, a
simple optimal method for user selection is exhaustive
search but it lends itself to impractically high complexity
as the number of users is large. To avoid the impractical
implementation of exhaustive search, greedy scheduling
[18] is considered herein. After performing the afore-
mentioned BD precoding technique on a given user set
S (i.e., a set of users’ indices), the resulting sum-rate
ξBD(S) can be determined at the BS (for scheduling/user
selection) as follows:

ξk,m,BD (S) =
∑
u∈S

log

∣∣∣∣∣I + Ĥk,m,uPk,m,uCk,m,uPH
k,m,uĤ

H
k,m,u

σ 2
u

∣∣∣∣∣ , (29)
where Pk,m,u and Ck,m,u are determined by (23) and

(27), respectively.
Then, the detailed implementation of the greedy sche-

duling for Ua active users can be described in the fol-
lowing steps:
1) Initialization: A0 = {1, 2, ...,Ua} is the set of all

active users’ indices. S0 = {∅} is the set of selected users,
initially assigned to a null set. v = 0 stands for the num-
ber of selected users, initially set to zero. R0 = 0 is the
system sum-rate of selected users, initially set to zero.
2) Repetition:

• Let u* be the index of a selected user in the cur-
rent iteration. Specifically, the index u* can be deter-
mined as follows:

u∗ = argmax
u∈Aυ

{
ξk,m,BD

(
Sυ

⋃
{u}
)}

(30)

ξmax = ξk,m,BD

(
Sυ

⋃
{u∗}

)
(31)

• v = v + 1
• If ξmax <Rv-1 go to Step 3 otherwise do:

- Rv = ξmax

- Sv = Sv−1
⋃ {u∗} (select one more user)

- Av = Av−1\{u∗} (ignore the selected user in later
consideration)

• Go to Step 2 Repetition.
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3) Stop the user selection process.
With a set S of scheduled users and corresponding

precoding matrices, the actual achievable sum-rate of
the system is

ξk,m =
∑
u∈S

log

∣∣σ 2
u I +

∑
u′∈S Hk,m,uPk,m,u′Ck,m,u′PH

k,m,u′HH
k,m,u

∣∣∣∣∣∣σ 2
u I +

∑
u′∈S
u′ �=u

Hk,m,uPk,m,u′Ck,m,u′PH
k,m,u′HH

k,m,u

∣∣∣∣ .(32)

4. Simulation Results and Discussions
Following the 3GPP-LTE system settings [13], the BD-
based heterogeneous MU transmission using the sug-
gested BEM-based limited feedback scheme over doubly
selective MIMO-OFDM downlink channels is simulated
as follows. With the number of channel tap gains L = 5
and the exponentially decaying power-delay profile [10],
the time-variant multipath channels are first generated
by the modified Jakes’ model [12], and then fitted
(approximated) by the DPS-BEM [10] using Q basis
functions. More specifically the realization of doubly

selective channels h(ru,p)l,n,m is generated by using the expo-

nentially decaying power-delay profile of

λ2
l = e−l/4∑L−1

l′=0 e
−l′ /4[10]. The discrete time indices n and l

denote sampling at rate fs = 1.92 MHZ. The root mean
square delay spread TD of the power delay profile can
be determined by TD = 4/fs ≈ 2.1 μs [10]. The autocor-
relation function for every channel tap is given by

Rhh(τ , l) = λ2
l J0(2π

vfc
c

N
fs
τ ) which results in the classical

Jake’s spectrum where J0 (·)is the zeroth-order Bessel
function of the first kind, v and c denote the speeds of
terminals and light, respectively. As a result, coherent
bandwidth Bc can be approximated to Bc ≈1/TD = 0.48
MHz [[19], Sec. 3.3.2].
Unless otherwise stated, the considered heterogeneous

MU network has Ua = 4 active users with mobile speeds
of 200 km/h and Q = 18, where Ua/2 users are equipped
with a single receive antenna (Ru = 1 for u = 1,..., Ua/2)
and the remaining users have two receive antennas (Ru

= 2 for u = Ua/2 + 1,..., Ua). The BS is equipped with
four transmit antennas (Nt = 4). As a frame format in
the 3GPP-LTE system settings [13], one LTE frame con-
sists of 20 time slots and each of these contains seven
OFDM symbols (i.e., 140 OFDM symbols in one LTE
frame) in the simulated LTE transmission. In addition,
128-point FFT and carrier frequency fc = 2 GHz is used
for the simulated multicarrier transmissions. The CP
length of each OFDM symbol is set to 10 samples [13].
Unless otherwise indicated, the average transmit power
constraint is PΣ = 10 and receiver noise variance σ 2

u = 1.
In the figures illustrating the simulation results, each
plotted point of the sum-rate performance is obtained
by averaging over 500 independent channel realizations.

Figure 3 shows the sum-rate performance of the BD-
based MU transmission with the BEM-based limited
feedback versus number of active users. For comparison,
the sum-rate performance of DPC (curve a) is also pro-
vided by using an iterative algorithm in [20]. As
observed in Figure 3, the BEM-based limited feedback
scheme (curve c) offers a significant sum-rate gain rela-
tive to the case of using full feedback of CSI but assum-
ing the channels to be time-invariant (curve d) within
one LTE frame (i.e., the block-fading assumption).
Furthermore, the sum-rate performance of the BEM-
based limited feedback scheme with B = 10 bits is
slightly smaller than that of the ideal case where the BS
uses full feedback of perfect time-variant CSI (curve b).
As can be seen from curve d, over time-varying chan-
nels, i.e., in LTE systems with mobile users, the detri-
mental effect of outdated CSI feedback incurs a
considerable sum-rate loss as using the block-fading
assumption in precoding and scheduling.
Figure 4 presents the sum-rate performance of the

BD-based heterogeneous MU transmission versus total
number of feedback bits BΣ for each receive antenna.
Under the use of Q = 18 DPS-BEM coefficients and V =
2 for mobile user speed of 200 km/h, the resulting total
number of feedback bits for one receive antenna is BΣ =
NtL(Q/V)B = 180B. As can be seen from curve b, the
BEM-based limited feedback scheme using BΣ = 180 bit
can provide a better sum-rate performance than the
case of using the assumption of block-fading in the BD-
based MU transmission (curve c).
In Figure 5, the sum-rate results of the MU transmis-

sion under different CSI feedback schemes versus nor-
malized Doppler frequency fDTs are plotted. As can be
seen, the BEM-based limited feedback (curve b) provides
a stable sum-rate performance with robustness against a
wide range of user speeds. As observed, the use of the
block-fading assumption (curve c) incurs a significant
sum-rate loss (due to the detrimental effect of outdated
CSI feedback) when fDTs > 0.0012 (i.e., the mobile user
speeds are higher than 10 km/h).
Figure 6 shows the sum-rate performance of the BD-

based MU transmission versus number of DPS basis
functions Q (used for fitting the considered time-variant
channels). As can be observed, using Q = 18 DPS basis
functions for each time-variant channel tap gain allows
the BEM-based limited feedback scheme (curve b) to
provide a sum-rate performance comparable to that of
the ideal case where the BS uses full feedback of perfect
time-variant CSI (curve a). With the use of B = 10 bits
and Q = 4 DPS basis functions, the BEM-based limited
feedback scheme (curve b) outperforms the case of
using the block-fading assumption (curve c).
Figure 7 shows the sum-rate performance of homoge-

neous (by using zero-forcing precoding [21]) and
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Figure 3 Sum-rate performance of DPC and BD precoding with different CSI feedback schemes versus number of active users.
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Figure 4 Sum-rate performance of BD precoding and greedy scheduling with different CSI feedback schemes versus total number of
feedback bits.
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heterogeneous (by using BD precoding) MU transmis-
sions versus number of transmit antennas. In this figure,
the considered homogeneous MU system has four
(active) single-antenna users (Ru = 1, u = 1,..., 4), and
the considered heterogeneous one consists of four active
users where Ru = 1, u = 1,..., 4. Under these considered
system settings, at the cost of higher complexity, the
BD-based heterogeneous MU transmission provides
higher system sum-rate than the ZF-based homogeneous
MU transmission.
To pre-generate a LBG codebook G to be used at a

given mobile speed, a set of 105 training BEM coefficient
vectors corresponding to the target speed is employed
by the LBG algorithm [16]. Under an ideal scenario,
each mobile terminal is assumed to know exactly the
actual value of its mobile speed and uses the corre-
sponding LBG codebook for the VQ process of BEM
coefficient vectors. However, in practice, each mobile
terminal may have only an estimated value of its mobile
speed and chooses a LBG codebook with the target
speed closest to the estimated speed value.
To investigate the robustness of the LBG-based CSI

quantization against the aforementioned scenario of
user speed mismatch, Figure 8 shows the sum-rate per-
formance of the BD-based MU transmissions as the
actual user speed values are uniformly distributed in the
range [v - δ, v + δ] where v is the target speed of the

used LBG codebook and δ refers to the speed mismatch
level. In this figure, there are four heterogeneous users
with different receiver noise powers{
σ 2
u

}4
u=1 = {1, 1, 2, 2}. As can be seen, given a LBG code-

book dedicated to a target mobile speed (i.e., v = 100
km/h), using the pre-generated LBG codebook for
mobile terminals with actual speed values uniformly dis-
tributed around the target speed value v only incurs a
slight sum-rate loss (the values of curve b slightly
decrease as δ increases from 0 to 40 km/h).

5. Conclusion
This article introduced a BEM-based limited feedback
design for MU transmissions over doubly selective
MIMO downlink channels. By employing a BEM to cap-
ture the channel’s time-variation, the resulting feedback
load of BEM coefficients is significantly smaller than
that of CIR or CFR. Over time-varying channels, the
BEM-based limited feedback helps to reduce the detri-
mental effect of outdated CSI feedback (as using the
block-fading assumption in MU transmissions), and to
provide stable sum-rate performance for heterogeneous
users with a wide range of mobile speeds.

Appendix
A. Proof of (21)
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Figure 7 Sum-rate performance of homogeneous and heterogeneous MU transmissions versus number of transmit antennas.
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From (20), the following result can be obtained:[
H⊥

k,m,u

]H
H⊥

k,m,u = [�u�u]�
H
u ϒH

u ϒu�u[�u�u]
H. (33)

Therefore, one can deduce the following:[
H⊥

k,m,u

]H
H⊥

k,m,u [�u�u] = [�u�u�u0] , (34)

where �u = diag
(
λ2
1, ...,λ

2
nu

)
contains nu non-zero

eigenvalues of
[
H⊥

k,m,u

]H
H⊥

k,m,u.

Based on (34), one can obtain the following:[
H⊥

k,m,u

]H
H⊥

k,m,u�u = 0, (35)

then one can have

�H
u

[
H⊥

k,m,u

]H
H⊥

k,m,u�u = 0 (36)

and equivalently

H⊥
k,m,u�u = 0. (37)

B. Derivations of the water-filling solution in (27)
Based on (26), the Lagrangian function [17] of the

convex problem can be determined by:

L
(
Ck,m,u,	u, γ

)
= −

U∑
u=1

log

∣∣∣∣∣I + Dk,m,uCk,m,uDH
k,m,u

σ 2
u

∣∣∣∣∣ + γ

(
U∑
u=1

tr
(
Ck,m,u

)− P�

)
−

U∑
u=1

tr
(
	uCk,m,u

)
,

γ ≥ 0,	u � 0, u = 1, ...,U,

(38)

where positive semidefinite matrices 	u ∈ CRu×Ru are
the slack variables [17] to guarantee that Ck ,m ,u are
positive semidefinite. The real non-negative g is a
slack variable associated with the sum-power
constraint.
In the convex optimality problem, the KKT condi-

tions are necessary and sufficient for the optimal solu-
tions of Ck ,m ,u [17]. With the complementary
slackness and KKT conditions [17], one can have the
following:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂L

∂Ck,m,u
= −DH

k,m,u

σ 2
u

(
I +

Dk,m,uCk,m,uDH
k,m,u

σ 2
u

)−1

Dk,m,u + γ I − 	u = 0,

tr
(
	uCk,m,u

)
= 0,

γ

(∑U

u=1
tr
(
Ck,m,u

)− P�

)
= 0,

γ ≥ 0, 	u � 0.

(39)

From the above, one can obtain

⎡⎣DH
k,m,u

(
I +

Dk,m,uCk,m,uDH
k,m,u

σ 2
u

)−1

Dk,m,u

⎤⎦−1

= σ−2
u (γ I − 	u)

−1. (40)

It is straightforward to obtain
⎡⎣DH

k,m,u

(
I +

Dk,m,uCk,m,uDH
k,m,u

σ 2
u

)−1

Dk,m,u

⎤⎦−1

= D−1
k,m,uD

−H
k,m,u +

Ck,m,u

σ 2
u

. (41)
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Figure 8 Sum-rate performance as the actual user speed value is uniformly distributed around the target speed value of the used
LBG codebook G.
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From (40) and (41), the following result can be
deduced:

Ck,m,u = (γ I − 	u)
−1 − σ 2

uD
−1
k,m,uD

−H
k,m,u. (42)

The solution of Ck,m,u under the KKT conditions (39)
can be obtained by using the eigen-decomposition of the
related matrices. In particular, one can perform the follow-

ing eigen-decomposition:
1
σ 2
u
DH

k,m,uDk,m,u = �uEu�H
u

where Eu is a diagonal matrix containing the eigenvalues
(eu,1, ..., eu,Ru) and�u�

H
u = I. Then, it is straightforward to

deduce that σ 2
uD

−1
k,m,uD

−H
k,m,u = �uE−1

u �H
u . Also, one can

assume that 	u = �u�u�
H
u where Fu is a diagonal matrix

of eigenvalues (fu,1, ..., fu,Ru). As a result, the solution of
Ck,m,u can be determined as follows:

Ck,m,u = �u
[
(γ I − Fu)−1 − E−1

u

]
�H

u , u = 1, ...,U. (43)

The positive semidefiniteness of Ck,m,u implies that all
eigenvalues of Ck,m,u are non-negative and therefore

eu,ru ≥ γ − fu,ru , u = 1, ...,U; ru = 1, ...,Ru. (44)

Plugging (43) into the KKT conditions (39) and using
the property tr(ABC) = tr(BCA), one can have the fol-
lowing:

tr
(
	uCk,m,u

)
= tr

(
Fu
[
(γ I − Fu)−1 − E−1

u

])
= 0. (45)

Since each of the diagonal matrices contains non-
negative elements on its diagonal, one can, therefore,
deduce that

fu,ru

(
1

γ − fu,ru
− 1

eu,ru

)
= 0, (46)

where u = 1,..., U and ru = 1,... Ru.
Using g ≥ 0, eu,ru ≥ 0, fu,ru ≥ 0, (43), (44) and (46), the

matrix Ck,m,u can be

Ck,m,u = �udiag
[(

1
γ

− 1
eu,1

)+

, ...,
(
1
γ

− 1
eu,Ru

)+]
�H

u , (47)

where (x)+ = max(x,0).

Acknowledgements
The study presented in this article was partly supported by the NSERC CRD
and Prompt Grants with InterDigital Canada.

Author details
1Department of Electronics and Telecommunications Engineering, Danang
University of Technology, Danang, Vietnam 2Department of Electrical and
Computer Engineering, McGill University, Montreal, Quebec, H3A 2A7,
Canada

Competing interests
The authors declare that they have no competing interests.

Received: 22 December 2010 Accepted: 26 October 2011
Published: 26 October 2011

References
1. D Gesbert, M Kountouris, RW Heath Jr, C-B Chae, T Salzer, Shifting the

MIMO paradigm. IEEE Signal Process Mag, 36–46 (2007)
2. T Yoo, A Goldsmith, On the optimality of multiantenna broadcast

scheduling using zero-forcing beamforming. IEEE J Sel Areas Commun.
24(3), 528–541 (2006)

3. MHM Costa, Writing on dirty paper. Trans Inf Theory 29(3), 439–441 (1983).
doi:10.1109/TIT.1983.1056659

4. QH Spencer, A Lee Swindlehurst, M Haardt, Zero-forcing methods for
downlink spatial multiplexing in multiuser MIMO channels. IEEE Trans Signal
Process. 52(2), 461–471 (2004). doi:10.1109/TSP.2003.821107

5. S Kaviani, WA Krzymien, On the optimality of multiuser zero-forcing
precoding in MIMO broadcast channels. in Proc IEEE VTC (2009)

6. N Ravindran, N Jindal, Limited feedback-based block diagonalization for the
MIMO broadcast channel. IEEE J Sel Areas Commun. 26(8), 1473–1482 (2008)

7. DJ Love, RW Heath Jr, VKN Lau, D Gesbert, BD Rao, M Andrews, An
overview of limited feedback in wireless communication systems. IEEE J Sel
Areas Commun. 26(8), 1341–1365 (2008)

8. AL Anderson, JR Zeidler, MA Jensen, Stable transmission in the time-varying
MIMO broadcast channel. EURASIP J Adv Signal Process. 2008 (2008). Article
ID 617020

9. AL Anderson, JR Zeidler, MA Jensen, Reduced-feedback linear precoding
with stable performance for the time-varying MIMO broadcast channel. IEEE
J Sel Areas Commun. 26(8), 1483–1493 (2008)

10. T Zemen, CF Mecklenbrauker, Time-variant channel estimation using discrete
prolate spheroidal sequences. Trans Signal Process. 53(9), 3597–3607 (2005)

11. Z Tang, RC Cannizzaro, G Leus, P Banelli, Pilot-assisted time-varying channel
estimation for OFDM systems. Trans Signal Process. 55(5), 2226–2238 (2007)

12. YR Zheng, C Xiao, Simulation models with correct statistical properties for
Rayleigh fading channels. IEEE Trans Commun. 51(6), 920–928 (2003).
doi:10.1109/TCOMM.2003.813259

13. R Love, R Kuchibhotla, A Ghosh, R Ratasuk, W Xiao, B Classon, Y
Blankenship, Downlink control channel design for 3GPP LTE. in Proc Wireless
Commun Network Conf, 813–818 (2008)

14. T Hwang, C Yang, G Wu, S Li, GY Li, OFDM and its wireless applications: a
survey. IEEE Trans Vehicular Technol. 58(4), 1673–1694 (2009)

15. H Nguyen-Le, T Le-Ngoc, N Tran, Bayesian joint estimation of CFO and
doubly selective channels in MIMO-OFDM transmissions. in Proc IEEE VTC
Fall, 1–5 (September 2010)

16. Y Linde, A Buzo, RM Gray, An algorithm for vector quantizer design. IEEE
Trans Commun. 28(1), 84–95 (1980). doi:10.1109/TCOM.1980.1094577

17. S Boyd, L Vandenberghe, Convex Optimization (Cambridge University Press,
New York, 2004)

18. G Dimic, ND Sidiropoulos, On downlink beamforming with greedy user
selection: performance analysis and a simple new algorithm. Trans Signal
Process. 53(10), 3857–3868 (2005)

19. A Goldsmith, Wireless Communications (Cambridge University Press,
Cambridge, 2005)

20. N Jindal, W Rhee, S Vishwanath, SA Jafar, Goldsmith A: Sum power iterative
water-filling for multi-antenna Gaussian broadcast channels. IEEE Trans Inf
Theory 51(4), 1570–1580 (2005). doi:10.1109/TIT.2005.844082

21. H Nguyen-Le, T Le-Ngoc, L Canonne-Velasquez, BEM-based limited
feedback for precoding and scheduling over doubly selective multiuser
MISO downlink channels. in Proc IEEE ICC, 1–5 (May 2010)

doi:10.1186/1687-1499-2011-138
Cite this article as: Nguyen-Le et al.: Multiuser MIMO downlink
transmission with BEM-based limited feedback over doubly selective
channels. EURASIP Journal on Wireless Communications and Networking
2011 2011:138.

Nguyen-Le et al. EURASIP Journal on Wireless Communications and Networking 2011, 2011:138
http://jwcn.eurasipjournals.com/content/2011/1/138

Page 13 of 13


	Abstract
	1. Introduction
	2. System Formulation
	A. Transmitted Signal Model
	B. Doubly selective channel model
	C. Received signal model

	3. Multiuser MIMO Transmission with BEM-Based Limited Feedback
	A. BEM-based limited feedback
	B. BD precoding
	C. Greedy Scheduling

	4. Simulation Results and Discussions
	5. Conclusion
	Appendix
	Acknowledgements
	Author details
	Competing interests
	References

