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Abstract

Cooperative spectrum sensing in cognitive radio (CR) networks is studied in which each CR performs energy
detection to obtain a binary decision on the absence/presence of the primary user. The problem of interest is how to
efficiently report and combine the local decisions to/at the fusion center under fading channels. In order to reduce
the required transmission bandwidth in the reporting phase, the paper examines nonorthogonal transmission of local
decisions by means of on-off keying. Proposed and analyzed is a novel decoding-based fusion rule that essentially
performs in three steps: (1) estimating minimummean-square error of the transmitted information from cognitive
radios, (2) making hard decisions of the transmitted bits based on the estimated information, and (3) combining the
hard decisions in a linear manner. Simulation results support the theoretical analysis and show that the added
complexity of the decoding-based fusion rule leads to a considerable performance gain over the simpler
energy-based fusion rule when the reporting links are reasonably strong.

Keywords: Cognitive radio; Spectrum sensing; Likelihood ratio test; Energy detection; On-off keying; Noncoherent
transmission; Signature sequences

1 Introduction
Cognitive radio (CR) is an attractive technology to deal
with the spectrum scarcity issue as the number of wireless
applications and systems grows quickly. The main princi-
ple behind cognitive radio is to provide wireless access to
potential users by opportunistically detecting the unused
licensed bands, originally allocated to some primary users.
The key for enabling such an opportunistic access lies in
a reliable spectrum sensing technique. The technique of
distributed spectrum sensing, in which the observations
of CR nodes are collected and transmitted to a fusion cen-
ter (FC) for a final sensing decision, has received a great
interest in recent years. The fusion center aggregates the
information pieces transmitted from the CRs and com-
bines them according to some fusion rule in order to make
a final decision about the absence (denoted byH0) or pres-
ence (denoted by H1) of the primary user in the band of
the interest.
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Since the transmission of the local sensing data to the
FC can be costly in terms of bandwidth requirement, par-
ticularly for large-scale distributed CR networks, some
form of local data compression is preferred in which
each CR sends to the FC only one or a few bits of data,
representing its local sensing result. To further reduce
bandwidth consumption while maintaining simple fusion
processing, nonorthogonal transmission of local decisions
can be employed by means of on-off keying (OOK) [1].
In such a transmission technique, the CRs are allocated
with nonorthogonal (correlated) signature vectors (SVs).
If the length of the signature vectors is substantially less
than the number of CRs, the bandwidth efficiency can be
significantly improved [1,2].
Our earlier work in [3] proposes a collaborative

weighted energy-based fusion rule with noncoherent
transmission of 1-bit decisions and when the sensing
results are reported to the FC over orthogonal channels.
The main focus of the work in [3] is to optimize the
sensing thresholds at the local CRs, the combining gains
at the fusion center, and the sensing time to maximize
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the secondary throughput of a CR network. However,
for large-scale CR networks, assigning orthogonal chan-
nels to all CRs might lead to an unaffordable bandwidth
expenditure.
This paper adopts the same nonorthogonal transmis-

sion framework of [1] for the reporting phase. Different
from [1], our main contribution is to develop a low-
complexity decoding-based fusion rule as an alternative
to the energy-based fusion rule in order to efficiently
suppress the noise in the received signal at the fusion
center and achieve a better sensing performance when
the reporting channels are strong. The performance of
the proposed fusion rule is analyzed and compared with
the performance of the energy-based fusion rule under
different scenarios.
The remaining of the paper is organized as follows.

Section 2 introduces the model of cooperative spectrum
sensing with nonorthogonal transmission of local deci-
sions. Section 3 summarizes the energy-based fusion
rule, whereas the decoding-based fusion rule is developed
and analyzed in Section 4. Simulation results are pre-
sented and discussed in Section 5. Finally, Section 6 draws
conclusions.

2 Systemmodel
The structure of cooperative spectrum sensing under con-
sideration is illustrated in Figure 1. There is one primary
source, K CR nodes, and one fusion center. For simplic-
ity, the primary source is indexed by node 0, CR nodes are
denoted by nodes i, i = 1, . . . ,K , and the fusion center is
identified as node K + 1.
During the sensing period, each CR collects its obser-

vations from the primary user’s signal in order to make
a local decision on the binary hypothesis H0 or H1. Due
to the presence of Rayleigh fading channels between the
primary user and CRs, the local observations at CRs
can be treated as independent and identically distributed

(i.i.d.) random variables. For processing the observations
at each CR, an energy detector (which is known as an
optimal detector for i.i.d. signals) is implemented. In par-
ticular, local binary decisions are obtained by comparing
the energy of the collected signals to a sensing threshold.
In the reporting phase, the local decisions are transmit-

ted to the fusion center over Rayleigh fading channels.
For such transmission, the same framework presented in
[1] is adopted. The local decision at the kth CR is multi-
plied (i.e., modulated) with a unique signature vector gk
whose length is M < K . All the K ‘modulated’ signature
vectors are then transmitted simultaneously in M chip
intervals to the fusion center. As mentioned before, the
main reason for having M < K is to reduce the transmis-
sion bandwidth when compared to the case of M = K ,
i.e., orthogonal transmission. The latter has been studied
in [3].
The following detailed description of signal processing

at CRs in the sensing phase is basically the same as that in
[3], and it is given for completeness. The received signal
at each CR is first passed to an ideal band-pass (BP) filter
in order to limit the average noise power as described in
[4]. The low-pass equivalent of the output of the BP filter
at CR node i, i = 1, . . . ,K , can be represented as

x0,i(t|H0) = n0,i(t), (1)

x0,i(t|H1) = √
E0h0,ix(t) + n0,i(t), (2)

where x(t) denotes the low-pass equivalent of the trans-
mitted signal from the primary user, E0 is the average
transmitted symbol energy of the source, and h0,i ∼
CN (0, σ 2

0,i) denotes the coefficient of the fading chan-
nel between node 0 (primary user) and CR node i. The
notation CN (m,�) refers to a complex Gaussian ran-
dom vector (or variable) with mean vector m and covari-
ance matrix �. Also, n0,i(t) is the filtered additive white
Gaussian noise process.

II. SYSTEM MODEL
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Figure 1 Structure of cooperative spectrum sensing with nonorthogonal transmission in the reporting phase.
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The received signal x0,i(t) at each node is sampled with
a rate of fs = 1

Ts
Hz over a time duration of τ =

NTs seconds, where Ts denotes the sampling period and
N denotes the number of samples collected for spectrum
sensing. Let x0,i[n] be the sample value at the sampling
time index n. Then, using (1) and (2), it can be expressed
as

x0,i[n|H0] = n0,i(nTs) (3)

x0,i[n|H1] = √
E0h0,ix(nTs) + n0,i(nTs), 1 ≤ n ≤ N ,

(4)

where n0,i(nTs) are the samples of n0,i(t), which can be
shown to be i.i.d. complexGaussian random variables with
mean 0 and variance σ 2

CR = N0W [4-6]. Here, N0 is the
two-sided power spectral density (PSD) of the white noise
before the band-pass filter, andW is the bandwidth of the
band-pass filter.
Without loss of generality, the noise variance at each CR

node can be normalized to 1, i.e., σ 2
CR = 1. Then, the

distribution of the received sample at each CR node is

x0,i[n|H0]∼ CN (0, 1) (5)
x0,i[n|H1]∼ CN (0, γi + 1), (6)

where γi � E0σ 2
0,i

σ 2
CR

is the received signal-to-noise ratio
(SNR) at each node. After collecting N signal samples,
each of the CRs obtains its test statistics as follows:

yi = 1
N

N∑
n=1

|x0,i[n]|2, i = 1, . . . ,K . (7)

In essence, the above test statistics is a measure of the
average energy of the band-limited signal at each CR node
over a duration of τ seconds where τ = N

fs and fs is the
sampling rate. When the number of collected samples,
N, is large, the central limit theorem can be applied to
model yi under both hypotheses with Gaussian distribu-
tions [7-10]. That is, f (yi|H0) ∼ N

(
1, 1

N
)
, and f (yi|H1) ∼

N
(
γi + 1, (γi+1)2

N

)
. Here, the notation N (m,�) means

a real Gaussian random vector (or variable) with mean
vectorm and covariance matrix �.
The decision device at the ith CR node produces a

binary decision (0 or 1, corresponding to hypothesisH0 or
H1, respectively) by comparing yi to a decision threshold
εi as follows:

ui =
{
0, if yi < εi
1, if yi ≥ εi

.

Let pf i and pdi denote the probability of false alarm and
the probability of detection, respectively, at the ith CR
node. They can be obtained as [7]

pf i = Pr(yi ≥ εi|H0) = Q
(
(εi − 1)

√
τ fs

)
, (8)

pdi =Pr(yi ≥ εi|H1) = Q
((

εi
γi + 1

− 1
) √

τ fs
)
. (9)

After making a local binary decision, if the CR decides
H1 (i.e., ui = 1), the signal vector to be transmitted to
the fusion center is obtained as the product of ai and the
M × 1 signature vector gi. All the signature vectors have
unit energy, i.e., ‖gi‖2 = 1, i = 1, . . . ,K . On the other
hand, if a node decides H0 (ui = 0), it remains silent and
does not send a signal to the fusion center. Equivalently,
the transmission scheme can also be viewed as a censor-
ing scheme, where only the CRs with nonzero decisions
transmit [1]. The transmitted signal from the ith CR can
simply be expressed as vigi = (aiui)gi, where vi = aiui.
It should be noted that the parameter ai sets the average
transmitted power of the ith CR. Here, we assume that all
CRs are similar, and without loss of generality, they can
transmit with an average gain of ai = 1. For the case of
M = K , one can choose gi = ei, where ei is a column
vector of length K with the ith element equal to 1 and
all other elements equal to 0. Obviously, the choice leads
to orthogonal transmission of OOK modulated signals,
which has been treated in [3]. In contrast, the main focus
of this paper is the case when M < K and the SVs can-
not be made orthogonal. The key benefit of using shorter
SVs is that the transmission in the reporting phase can be
conducted with a smaller bandwidth.
After all the K signal vectors are transmitted in M chip

intervals to the fusion center over independent Rayleigh
fading channels, the M × 1 received signal vector z =
[z1, . . . , zM]� at the fusion center is given as

z =
K∑
i=1

hi,K+1vigi + nFC, (10)

where hi,K+1 ∼ CN (0, σ 2
i,K+1) represents the channel

fading coefficient between the ith CR and the fusion cen-
ter, and nFC = [n1,FC, . . . , nM,FC]� ∼ CN (0, σ 2

FCI) is the
M × 1 noise vector at the FC. Let G = [g1, g2, . . . , gK ]
be a M × K matrix whose columns are the SVs of the
CRs, H be a K × K diagonal matrix whose diagonal
entries are {h1,K+1, h2,K+1, . . . , hK ,K+1}, and define v =
[v1, v2, . . . , vK ]�. Then, (10) can also be written as

z = GHv + nFC. (11)

The next sections examine two fusion rules, namely, the
energy-based fusion rule and the decoding-based fusion
rule. In fact, the simple energy-based fusion rule was also
discussed in [1]. However, its analysis does not explic-
itly take into account the signal processing at the CRs
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and cannot be used for parameter optimizations. On the
other hand, the decoding-based fusion rule presented in
this paper is novel and offers an attractive performance-
complexity tradeoff when compared to the simple energy-
based fusion rule or the optimum fusion rule in [1]. It
should also be pointed out that the optimum fusion rule
in [1] not only has the complexity that is exponential in
the number of CRs, but is also difficult to analyze for the
purpose of parameter optimizations. Similar to [3] and [8],
the objective of optimizing parameters for a fusion rule is
to maximize the secondary throughput while maintaining
the probability of detection equal or above a target value
P̄D. For a given sensing time, maximizing the throughput
function for a target P̄D is equivalent to minimizing the
probability of false alarm.

3 Energy-based fusion rule
Let ϒ = zHz

σ 2
FC

denote the normalized output of the energy
detector. The energy-based fusion rule is simply

ϒ
H1
≷
H0

λ(E), (12)

where λ(E) is the decision threshold at the FC.
Although ϒ has a quadratic form of zero-mean Gaus-

sian random variables, we shall approximate it by a
Gaussian distribution. The mean and variance of random
variable ϒ under each hypothesis are obtained as follows.
First, it follows from (11) that

μ0 � E [ϒ |H0] =
K∑
i=1

ξipf i‖gi‖22 +M =
K∑
i=1

ξipf i +M,

(13)

μ1 � E [ϒ |H1] =
K∑
i=1

ξipdi‖gi‖22+M =
K∑
i=1

ξipdi+M,

(14)

where ξi �
σ 2
i,K+1
σ 2
FC

.
Next, the variance is calculated as var [ϒ] =

E[ϒ2]− (E [ϒ])2. Using (11), one has

E[ϒ2] = E

⎡
⎣ K∑
i,j=1,i�=j

u2i u
2
j ξiξj

(
gHi gj

)2 + 2
K∑
i=1

u4i ξ
2
i

+
K∑

i,j=1,i�=j
u2i u

2
j ξiξj + M + M2

+ (2 + 2M)

K∑
i=1

u2i ξi

⎤
⎦ .

(15)

Then, the variance conditioned on each hypothesis is

ν20 � var [ϒ |H0] =
K∑

i,j=1,i�=j
pf ipf jξiξj

(
gHi gj

)2+2
K∑
i=1

pf iξ
2
i

+
K∑

i,j=1,i�=j
pf ipf jξiξj + M + M2

+ (2 + 2M)

( K∑
i=1

pf iξi

)
− μ2

0

(16)

ν21 � var [ϒ |H1] =
K∑

i,j=1,i�=j
pdipdjξiξj

(
gHi gj

)2+2
K∑
i=1

pdiξ2i

+
K∑

i,j=1,i�=j
pdipdjξiξj + M + M2

+ (2 + 2M)

( K∑
i=1

pdiξi

)
− μ2

1.

(17)

It is noted that only the conditional variances depend on
the set of SVs. Furthermore, for the special case of orthog-
onal transmission, one can easily verify that themeans and
variances reduce to the expressions given in [3].
The probability of false alarm and probability of detec-

tion are then obtained as

P(E)
F (pf , λ(E)) = Pr

(
ϒ > λ(E)

∣∣∣H0
)

= Q
(

λ(E) − μ0
ν0

)

(18)
and

P(E)
D (pd , λ(E)) = Pr

(
ϒ > λ(E)

∣∣∣H1
)

= Q
(

λ(E) − μ1
ν1

)
.

(19)

From (18) and (19), for a target P̄D, we obtain

P(E)
F (pf , P̄D) = Q

(
Q−1 (

P̄D
)
ν1 + μ1 − μ0

ν0

)
. (20)

For a given set of SVs, it is of interest to find the optimal
sensing thresholds at the cognitive radios in order to min-
imize P(E)

F (pf , P̄D) in (20). The solution for the case of low
sensing SNR, i.e., γi � 1 can be derived in a similar way
as in [3]. The result is

ε∗
i =

(
1 + 1

γi

)
log (γi + 1) . (21)

Furthermore, one can also try to find the set of signature
vectors to further minimize P(E)

F (pf , P̄D). Unfortunately,
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such an optimization problem in its general form appears
to be very complex, and finding a closed-form solution
for optimal G seems intractable. Nevertheless, a good set
of signature vectors can be found by generating a large
set of random signature vectors and picking the one that
maximizes the expression in (20).
For the simple case when the sensing channels as well

as the reporting channels have the same average SNRs,
i.e., γi = γ and ξi = ξ , it can be shown that the
so-called Welch-bound equality (WBE) sequences [11]
yield the optimal signature vectors. The proof is as fol-
lows: Observe from (16) and (17) that both ν0 and ν1
are functions of the total squared correlation (TSC),
namely

∑K
i,j=1,i�=j

(
gHi gj

)2
. Then, in order to maximize

Q−1(P̄D)ν1+μ1−μ0
ν0

, it is clear that
∑K

i,j=1,i�=j

(
gHi gj

)2
has to

be minimized. It is well known that the WBE sequences
minimize the TSC [2].

4 Decoding-based fusion rule
Though being very simple, the energy-based fusion rule
might not work well in certain channel conditions.
This is because noise is also included in the energy
calculation. To see how one can improve the perfor-
mance of the energy-based fusion rule, define D =
diag

(
a21|h|21,K+1, . . . , a

2
K |h|2K ,K+1

)
. Then, the energy com-

puted at the FC can be written as

zHz = uTDGTGDu + nHFCnFC + 2uTDGTnFC. (22)

As can be seen, zHz is actually a weighted sum of the
local decisions and noise terms. This suggests that one
might decode the received signal first and then combine
the hard decisions in the hope of achieving a better per-
formance due to better noise reduction under certain
channel conditions.
To develop a decoding-based fusion rule, it is proposed

to perform the minimum mean-square error (MMSE)
estimation of the transmitted vector vh � Hv first and
followed by a detection of the transmitted bits from the
estimated vector v̂h. The MMSE estimation yields [12]

v̂h = Cz, (23)

where C � D̄GT [
GD̄GT + σ 2

FCI
]−1, D̄ = diag

(
d̄1, . . . , d̄K

)
with d̄i = a2i σ

2
i,K+1κi and κi �

[
pf i Pr(H0) + pdi Pr(H1)

]
.

It is not hard to show the following relationship between
v̂h and vh:

v̂h = vh + χ , (24)

where v̂h = [v̂h,1, . . . , v̂h,K ]T and χ = [χ1, . . . ,χK ]
is a zero-mean Gaussian vector. More importantly, the

normalized MMSE for each decoded bit can be shown
to be

E
[(
v̂h,i − vh,i

)2]
d̄i

= 1 − gTi
(
GD̄GT + σ 2

FCI
)−1

gid̄i.

(25)

In general, the MMSE is a useful performance mea-
sure for parameter estimation. In many research papers
concerning the detection performance over overloaded
code-division multiple access systems, signature vectors
are obtained by minimizing MMSE-related metrics, and
WBE sequences (or weightedWBE sequences) turn out to
be the optimum signature vectors [2,12]. However, in the
spectrum sensing problem, the main performance mea-
sures are mainly related to the probability of false alarm
and probability of detection, and the WBE sequences are
not necessarily the ones that optimize the performance.
The influence of the choice of the SVs on the perfor-

mance of the proposed decoding-based fusion rule can be
analyzed as follows. First, the likelihood ratio test (LRT)
for decoding the bits sent by the ith CR is

f (v̂h,i|ui = 1)
f (v̂h,i|ui = 0)

ûi=1
≷

ûi=0

Pr(ui = 0)
Pr(ui = 1)

= 1 − pf i Pr(H0) − pdi Pr(H1)

pf i Pr(H0) + pdi Pr(H1)
,

(26)

where the above threshold (i.e., the term on the right
hand side of (26)) is obtained by having Pr(ui = 0) =
Pr(yi < εi|H0)Pr(H0) + Pr(yi < εi|H1)Pr(H1) =
(1 − pf i)Pr(H0) + (1 − pdi)Pr(H1) = 1 − pf i Pr(H0) −
pdi Pr(H1). Similarly, Pr(ui = 1) = pf i Pr(H0) +
pdi Pr(H1). It is noted that for the case of Pr(H0) =
Pr(H1) and having pf i + pdi ∼= 1 when the signal-to-noise
ratios of the sensing links are low [3], the threshold in (26)
is approximately 1. Note also that each density function
in the above LRT is the density of a zero-mean com-
plex Gaussian variable. As such, the LRT is determined by
E(|v̂h,i|2|ui = 1) and E(|v̂h,i|2|ui = 0). These two expecta-
tions are computed as follows. First, according to (23), one
has

E(|v̂h,i|2|ui = 1) = [
CKi,1C

]
i,i � ζi,1, (27)

where

Ki,1 = E(zzH |ui = 1) = GD̄i,1GT + σ 2
FCI (28)

and [D̄i,1]k,k = d̄k , k �= i, and [D̄i,1]i,i = d̄i
κi
. Similarly,

E(|v̂h,i|2|ui = 0) = [
CKi,0C

]
i,i � ζi,0 (29)

with

Ki,0 = E(zzH |ui = 0) = GD̄i,0GT + σ 2
FCI (30)



Bokharaiee et al. EURASIP Journal onWireless Communications and Networking 2013, 2013:184 Page 6 of 10
http://jwcn.eurasipjournals.com/content/2013/1/184

and [D̄i,0]k,k = d̄k , k �= i, and [D̄i,0]i,i = 0. Simplifying (26)
gives

|v̂h,i|2
ûi=1
≷

ûi=0

ln
( 1−pf i Pr(H0)−pdi Pr(H1)

pf i Pr(H0)+pdi Pr(H1)
· ζi,1

ζi,0

)
ζi,1−ζi,0
ζi,1ζi,0

� i. (31)

The reliability of the hard decision rule in (31) concern-
ing the bit sent by the ith CR can be evaluated by the
following set of correct/error probabilities:

�i =Pr
(
ûi = 1|ui = 1

) = Pr
(|v̂h,i|2 > i

∣∣ui = 1
) = e− i

ζi,1 ,
(32)

ϑi =Pr
(
ûi = 1|ui = 0

) = Pr
(|v̂h,i|2 > i

∣∣ui = 0
) = e− i

ζi,0 .
(33)

Note that Pr
(
ûi = 0|ui = 1

) = 1 − �i and
Pr

(
ûi = 0|ui = 0

) = 1 − ϑi.
The next processing step in the fusion center is to com-

bine the hard decisions ûi, i = 1, . . . ,K , to make a final
sensing decision. This can be done in the same manner
as in [3] by forming the following likelihood ratio for the
decoded bits:

Pr(û|H1)

Pr(û|H0)
=

∏K
i=1(1 − ℘di)

(1−ûi)℘d
ûi
i∏K

i=1(1 − ℘f i)
(1−ûi)℘f

ûi
i
, (34)

where ℘di = Pr(ûi = 1|H1) and ℘f i = Pr(ûi = 1|H0)
are the probabilities of detection and probabilities of false
alarm associated with the decoded bits ûi. They are shown
in [3] to be given as ℘di = pdi�i + (1 − pdi)ϑi and ℘f i =
pf i�i + (1 − pf i)ϑi.
Working with the logarithm of (34), the decoding-based

fusion rule is given as [3]

L(D)(û) =
K∑
i=1

[
ϕ0,i

(
1 − ûi

) + ϕ1,iûi
] H1
≷
H0

λ(D), (35)

where λ(D) is the threshold, while the weights are ϕ0,i =
log 1−℘di

1−℘f i
and ϕ1,i = log℘di

℘f i
. Note that the above fusion

rule is simply a weighted linear combination of the
hard-decision bits. Moreover, the weights are inherently
adjusted according to both the decision of the ith CR and
the quality of the reporting channel.
By approximating L(D)(û) as a Gaussian random variable

under each hypothesis, the expressions of the probability
of false alarm and the probability of detection at the fusion
center are as follows:

P(D)F ( pf , λ(D))=Pr
(
L(D)(û)>λ(D)

∣∣∣H0)=Q
(

λ(D) − m0
δ0

)

(36)
and

P(D)D ( pd , λ(D))=Pr
(
L(D)(û)>λ(D)

∣∣∣H1)=Q
(
λ(D) − m1

δ1

)
.

(37)

The mean values, m0 and m1, and the variances, δ20 and
δ21, can be determined in a similar fashion as in [3]. The
means are given as

m0 = E[L(D)(û)|H0]=
K∑
i=1

mi,0

mi,0 = [
�ipf i + ϑi(1 − pf i)

] [
ϕ1,i − ϕ0,i

] + ϕ0,i (38)

and

m1 = E[L(D)(û)|H1]=
K∑
i=1

mi,1

mi,1 = [
�ipdi + ϑi(1 − pdi)

] [
ϕ1,i − ϕ0,i

] + ϕ0,i. (39)

Using the fact that E[ûi|H0]= ℘f i and E[ûi|H1]= ℘di,
the variances are

δ20 =Var[L(D)(û)|H0]=
K∑
i=1

E
[
û2i |H0

] [
ϕ1,i − ϕ0,i

]2

+
K∑

i,j=1,i�=j

[
ϕ1,i − ϕ0,i

] [
ϕ1,j − ϕ0,j

]
E

[
ûiûj|H0

] − m2
0

=
K∑
i=1

℘f i
[
ϕ1,i − ϕ0,i

]2 +
K∑

i,j=1,i�=j

[
ϕ1,i − ϕ0,i

] [
ϕ1,j

−ϕ0,j
]
C0(i, j) − m2

0
(40)

and

δ21 =Var[L(D)(û)|H1]=
K∑
i=1

E
[
û2i |H1

] [
ϕ1,i − ϕ0,i

]2

+
K∑

i,j=1,i�=j

[
ϕ1,i − ϕ0,i

] [
ϕ1,j − ϕ0,j

]
E

[
ûiûj|H1

] − m2
1

=
K∑
i=1

℘di
[
ϕ1,i − ϕ0,i

]2 +
K∑

i,j=1,i�=j

[
ϕ1,i − ϕ0,i

] [
ϕ1,j

−ϕ0,j
]
C1(i, j) − m2

1.
(41)

Observe that, different from the case of orthogonal trans-
mission considered in [3], the above variances depend
on the correlations of the decoded bits, ûi and ûj, under
the two hypotheses. These correlations are determined as
follows:

C0(i, j) � E
[
ûiûj|H0

] = Pr
(|v̂h,i|2 > i, |v̂h,j|2 > j|H0

)
= e−�Tij ([ζ 0(i,j)])−1�ij

(42)
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C1(i, j) � E
[
ûiûj|H1

] = Pr
(|v̂h,i|2 > i, |v̂h,j|2 > j|H1

)
= e−�Tij ([ζ 1(i,j)])

−1�ij ,
(43)

where �ij � [i, j]T , ζ 0 � GD0GT + σ 2
FCI, and ζ 1 �

GD1GT + σ 2
FCI.

Recall that an approximation of the optimal sensing
thresholds used at the cognitive radios for the energy-
based fusion rule is given in (21). The same result
applies to the decoding-based fusion rule presented in
this section. The proof of this follows the same steps in
Appendix C of [3].
The next section compares the performance of the

energy-based and decoding-based fusion rules and also
verifies the accuracy of our analysis. It is pointed out that
the simple expressions of the probability of false alarm
and the probability of detection (Equations (18) and (19)
for the energy-based fusion rule, or (36) and (37) for
the decoding-based fusion rule) are very convenient not
only in determining the threshold at the fusion center
(λ(E) or λ(D)) for a given target probability of false alarm
(or probability of detection), but also in evaluating the
performance of different sets of signature vectors used in
nonorthogonal transmission of local decisions.

5 Simulation results
Each point in the simulations results is obtained by aver-
aging over 104 random realizations for primary transmit-
ted signal, fading channels, and noise. For the sake of
simplicity, it is assumed that Pr(H0) = Pr(H1) = 0.5.
Unless otherwise stated, the number of the CRs is set to
K = 30, the number of samples taken is N = 500, and the
set of WBE signature sequences is assigned to CR users.
Figures 2 and 3 depict the probabilities of detection ver-

sus the probabilities of false alarm when the energy-based
and decoding-based fusion rules are used, respectively.
For both figures, all the sensing channels have the same
average SNR of γi = γ = −15 dB, and also, all the
reporting channels have the same SNR of ξi = ξ =
20 dB. The sensing threshold is chosen as εi = ε∗ =(
1 + 1

γ

)
log (γ + 1) at each CR node. For the energy-

based fusion rule, it is clearly seen from Figure 2 that
by increasing the length of signature vectors from M =
5 to M = 15, the probability of detection versus the
probability of false alarm increases significantly, whereas
increasing M beyond 15 only improves the sensing per-
formance slightly. This suggests that compared to the case
of orthogonal transmission, the transmission bandwidth
for the reporting phase can be reduced by half by using
WBE sequences withM = 15 while not loosing too much
the sensing performance. It can also be observed that the
analytical and simulation results match very wella. For
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Figure 2 Probability of detection versus probability of false
alarm for energy-based fusion rule.

comparison purpose, the performance with random sig-
nature vectors was also obtained and plotted in Figure 2
for M = 15. Specifically, the result is obtained by averag-
ing over 104 random realizations of the signature vectors.
As expected, the performance of using WBE sequences
significantly outperforms the performance with random
sequences.
On the other hand, for the proposed decoding-based

fusion rule, Figure 3 shows that the sensing performance is
significantly improved not only when increasing M from
5 to 15, but also by further increasing M to 30. Such
an improvement can be explained by the fact that detec-
tion of the transmitted bits from CRs strongly depends on
the interference caused by nonorthogonal transmission.
As the interference reduces with longer signature vectors
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Figure 3 Probability of detection versus probability of false
alarm for decoding-based fusion rule.
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(largerM), the detection performance is greatly enhanced
when all the reporting channels are fairly strong. The
figure also shows that the theoretical result (withM = 15)
follows the simulation result closely. Another observation
from Figure 3 is that with random signature vectors, the
sensing performance is slightly better than the perfor-
mance with WBE sequences. As pointed out before, it is
difficult to obtain the optimal set of signature vectors for
the proposed decoding-based fusion rule. The results in
Figure 3 suggest that either randomly generated or WBE
sequences can be used for the proposed decoding-based
fusion rule.
Figure 4 compares the probabilities of detection

obtained by simulation with the energy-based and
decoding-based fusion rules for different values of M and
when the WBE sequences are used. As can be seen, even
in the presence of strong reporting channels, the energy-
based fusion rule performs equally or better than the
decoding-based fusion rule when M ≤ 15. On the con-
trary, forM > 15, the decoding-based fusion rule outper-
forms the energy-based fusion rule. The obtained results
suggest that the energy-based fusion rule can be employed
as an efficient fusion rule in cognitive radio applications
under very limited transmission bandwidth (i.e.,M ≤ 15).
Figures 5 and 6 present the performance comparison

between the two sensing algorithms for the situations
when the SNRs are different at the CRs and/or the FC.
In the first scenario, all the CRs experience the same
‘sensing’ SNR of γ = γi = −15 dB from the primary
user, but each group of CRs transmits its sensing results
to the fusion center with the ‘reporting’ SNRs of −5 dB
(6 CRs), −1 dB (6 CRs), 0 dB (12 CRs), and 5 dB (6
CRs). In the second scenario, the CRs are divided into
six groups of five CRs each.The sensing SNRs are given
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Figure 4 Probability of detection versus probability of false
alarm: comparison between decoding-based and energy-based
fusion rules.

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 P
F

 P
D

 M=30
 M=15

Energy−based
Decoding−based

Figure 5 Probability of detection versus probability of false
alarm for scenario 1.

as {−15,−24,−5,−10,−20} dB, whereas the reporting
SNRs are considered to be {5, 10, 1, 1, 5} dB.In comparison
to the first scenario, the second scenario has stronger
reporting channels.
As can be seen in Figures 5 and 6, both figures show

performance improvement whenM increases from 15 to
30. However, for the first scenario with the weak reporting
links, the improvement is marginal. This is because the
sensing performance in this scenario is mostly affected by
the noise at the FC rather than the interference caused by
shorter signature vectors. Another important observation
is that the energy-based fusion rule outperforms the
decoding-based rule. Thus, it can be concluded that for
low channel SNRs, the energy-based fusion rule is pre-
ferred over the decoding-based fusion rule due to its lower
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Figure 6 Probability of detection versus probability of false
alarm for scenario 2.
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complexity while at the same time delivering equal or
better performance.
For the second scenario, when the channels are fairly

strong, the decoding-based detection significantly outper-
forms the energy-based detection. Also, as M increases,
the performance of the decoding-based fusion rule
quickly improves due to the reduction of interference.
However, for the energy-based fusion rule, interference
reduction does not play a significant role in improving the
sensing performance.
Figure 7 presents a comparison between the probabil-

ities of detection of the two sensing algorithms for the
situation when N = 500 and PF is fixed at 0.05 at the
fusion center. The sensing SNRs are −12 and −9 dB at
the CRs, and the reporting SNRs are 20 dB. As can be
seen, for a lower sensing SNR, the performance of both
algorithms improves significantly with increasingM. Such
an improvement can be explained by the fact that as
M increases, the interference caused by nonorthogonal
transmission is reduced, which helps to enhance the sens-
ing quality. On the other hand, when the sensing SNR
increases, the individual CR sensing performance quickly
improves, which makes the overall desirable sensing per-
formance achievable by using shorter-length signature
vectors. For example, given the target PF = 0.05 and the
sensing time of 500 samples, in order to achieve a target
PD = 0.9 when the sensing SNRs are−12 dB, it is seen that
settingM = 15 is sufficient. The use of such shorter signa-
ture vectors translates to half of the bandwidth as required
by orthogonal signature vectors.
Finally, in Figure 8, the normalized throughput, defined

as
(
1 − N

T
)
(1 − PF), is plotted versus the entire time frame

of 1 ms (which is equivalent to T = 1, 000 samples).
Here, the threshold λ(D) is selected to fix the probability
of detection at PD = 0.8. Two sets of signature vectors,
whose lengths are M = 25 and M = 10, are considered.
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Figure 7 Probability of detection versusM for PF = 0.05.
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Figure 8 Normalized throughput versus time samplesN for
PD = 0.8.

For the given target PD and for the caseM = 25, it can be
seen that the decoding-based fusion rule achieves a higher
secondary throughput than the energy-based fusion rule.
However, for the case M = 10, both the decoding-
based and energy-based fusion rules achieve almost the
same secondary throughput. These results are in agree-
ment with our previous discussion concerning Figure 4.
Another important observation of Figure 8 is that the
throughput functions are concave and attain a maximum
point at a certain sensing time. This means that for a
given target PD, an optimal sensing time can be found
to maximize the secondary throughput. Alternatively, for
a given target PD, the minimum length of the signature
vectors can be determined to achieve a target secondary
throughput within the allowable sensing time.

6 Conclusions
This paper has proposed a low-complexity decoding-
based fusion rule for cognitive radio networks with
nonorthogonal transmission of local decisions in the pres-
ence of channel impairments and noise. The proposed
fusion rule first performs the MMSE estimation of the
transmitted information, makes decisions on the individ-
ual bits sent by the cognitive radios, and then combines
these hard-decision bits in a linearly weighted manner.
Performance comparison with the energy-based fusion
rule shows the superiority of the proposed fusion rule
when the reporting channels are reasonably strong. The
excellent match between simulation and analytical results
verify the accuracy of the performance analysis of the
proposed fusion rule.

Endnote
a To avoid having too many curves on the same figure,

only the analytical result for the case ofM = 15 is shown.
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