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Abstract

This paper investigates the sparse channel estimation issue of multiple-input multiple-output orthogonal frequency
division multiplexing (MIMO-OFDM) systems. Beginning with the formulation of least squares (LS) solution to sparse
MIMO-OFDM channel estimation, a compressed channel sensing (CCS) framework based on the new smoothed
lo-norm-regularized least squares (/,-Sly) algorithm is proposed. Three methods, namely quasi-Newton, conjugate
gradient, and optimization in the null and complement spaces of the measurement matrix, are then proposed to
solve the /,-Sly unconstrained optimization problem. Moreover, the two former are also applied to solve the /,-Sly
channel estimation. A number of computer simulation-based experiments are conducted showing a better reconstruction
accuracy of the /,-Sly algorithm as compared with the smoothed /-norm (S/p) algorithm in the presence of noise.
The proposed CCS approach can save nearly 25% pilot signals to maintain the same mean square error (MSE) and

bit error rate (BER) performances as given by the conventional LS method.
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1. Introduction

Coherent detection and equalization in multiple input
multiple output orthogonal frequency division multiplexing
(MIMO-OFDM [1]) systems require channel state informa-
tion (CSI) at the receiver. In real wireless environments,
however, the CSI is not known. Therefore, channel estima-
tion is of crucial importance to MIMO-OFDM systems.
In various wireless propagation environments, the channel
may consist of only a few dominant propagation (non-
zero) paths, even though it has a large propagation delay.
Thus, the channel impulse response has a sparse nature
[2-4]. However, conventional methods, such as least squares
(LS), ignore this prior information about the unknown
channel leading to lower spectral efficiency. Recently,
sparse channel estimation with an objective of decreas-
ing the training sequence to improve spectral efficiency
is becoming a hot research topic.
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Previously reported approaches for sparse channel esti-
mation can broadly be categorized into two types, namely
the most significant tap (MST) detection and compressed
channel sensing (CCS). The MST detection methods [4-6]
used a measure to determine if a channel tap was non-
zero (‘active’). The disadvantage of this type of methods is
that a large number of pilots are needed to render an
accurate MST detection and effective channel estima-
tion. The CCS methods are based on the compressed
sensing (CS [7]) technology. In [8], the authors formal-
ized the notion of multipath sparsity and proposed the
CCS approach. In [9], the orthogonal matching pursuit
(OMP) and basis pursuit (BP) algorithms were applied to
estimate underwater acoustic channels with large Doppler
spread. In [10], the authors proposed an overcomplete
basis for doubly selective channels and a metric called
localized coherence for selecting training signals to ensure
good estimation performance. In [11], a CCS approach for
doubly selective channels and a sparsity-enhancing basis
expansion with a method for optimizing it were proposed.
In [12], two criteria as guiding principles to optimize the
pilot pattern for CCS in OFDM systems were proposed.
Methods of this type utilize the prior sparse information
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of the unknown channel and the advantage of CS and
thus can improve the spectral efficiency by reducing the
number of pilot symbols to be transmitted.

Different from literatures [9-12] that used the existing
sparse reconstruction algorithms for CCS in OFDM or
single carrier systems, we aim to exploit a novel recon-
struction algorithm for CCS in MIMO-OFDM systems.
The proposed smoothed /o-norm-regularized least squares
reconstruction algorithm is named /,-Sl, in this paper,
which differs from the smoothed /,-norm reconstruction
algorithm (S/y [13]) in two aspects. First, Sly is a con-
strained optimization problem which is solved in [13]
using the steepest descent approach. However, [5-S/j is
an unconstrained minimization problem which is to be
solved in this paper by using three methods, namely
quasi-Newton approach, conjugate gradient approach,
and optimization in the null and complement spaces
of the measurement matrix. Second, unlike the S/, using a
fixed step size to control the decrease of the parameter o,
which determines the degree of smoothness and the
approximation accuracy of /y-norm, /,-Sl, uses a variable
one. Simulation results show that the proposed -5/,
reconstruction approach outperforms the S/, approach
in the presence of noise, and at the cost of slightly more
computational time, the CCS approach using [,-Sly in
conjunction with conjugate gradient yields a performance
slightly better than that of the CCS method using fast
iterative shrinkage-thresholding algorithm (FISTA [14])
or orthogonal matching pursuit (OMP [15]) algorithm.

The remainder of the paper is organized as follows:
Section 2 formulates the sparse channel estimation prob-
lem of MIMO-OFDM systems based on LS, ideal-LS,
and compressed sensing. Section 3 presents three sparse
reconstruction algorithms using the proposed /,-Sl, ob-
jective function, based on which a new CS-based sparse
channel estimation approach is developed. Section 4
comprises a number of experiments showing a better
reconstruction accuracy of the [,-Sly-based method as
compared with the S/, algorithm, and a higher spectrum
efficiency of the sparse channel estimation employing
[5-Sly than that using the LS method. Section 5 con-
cludes this paper by highlighting some of the contribu-
tions presented.

2. The sparse channel estimation problem of
MIMO-OFDM systems

Consider a similar MIMO-OFDM system as described
in [16] with N; transmit and Ny receive antennas. The
MIMO channel can be characterized by an array of L-tap
finite impulse response (FIR) filters given by a number of
Nz x N7 matrices H(n), (n=0,1,...,L — 1), whose (ig,i7)-th
element ;. (1), (0<I<L-1) represents the /-th tap of the
channel response between the ir-th receive antenna and
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the iz~th transmit antenna. In the case of uniform sam-
pling, a wireless channel can often be modeled as a sparse
channel [17-19], i.e., only a few elements are nonzero
in [A0,(0), Big iy (1), ..., i i (L-1)]. If the length of the
cyclic prefix (CP) is not less than the channel length L,
the received pilot signal in iz-th receiver antenna can be
written as

YiR.pilot = [dl('lg (lepilot) Fpilot» veey dlﬂg (XNT,pilot) Fpilot] hiR
+niR.pilot7

(1)

T
where xiT,pilot = [X,‘T (kl)7 '~7Xir (kp)] and YiR,pilot =

T
[YiR(kl)7 ceey YiR (kp)]

transmit antenna and iz-th receive antenna, diag(X; ,:)
is a diagonal matrix with X, as the main diagonal

T
coohl o hl | with b

iR,iT?

are the pilot signals in the ir-th

elements, h;, = [hiz,;la

gyt —
[h,»RJI,(O),...,hiR,iT(L—l)]T, and nyg ;. represents the
frequency domain noise. Let F;, be a Kx L matrix
formed by the first L columns of a Kx K DFT matrix
E, then F;o can be formed by taking only the rows

of F; associated with the Kp pilot sub-carriers.
By letting A= INR® [dlﬂg (Xl,pilot)Fpilota vouy dldg (XNT-,PiZUt)

T T
— T T _ T T
Fyioe], it = {Yl,pdot,...,YNR’pﬂot} , h= [hl,...,hNR} :

T
o T
and Ny = [nl‘pﬂot,...,nNR’pﬂot} , where ® represents

Kronecker product, we can get
Ypilot =Ah+ Nyilot, (2)

which can be solved by the conventional LS method,

giving h = ATYP,»IO[, where t represents the pseudoinverse.

Assuming the positions /; (d=0,1,...,.D-1, and /<
li<..<lp;) of the MST are correctly estimated,
Equation 1 can be rewritten as

Yi pitor = [diag(Xupitor) Wpitor -+ diag (Xny pitor) W pitot) Zi
+niR,pilot7

(3)

T
_ | T T T . o
where z;, = [Zt,e,v'“aztk,tr’ '”’Zz’R,NT} with  z;,,, =

(Zigir (0), -0, Zig iy (D—l)]T, D is the number of nonzero
taps, and W, can be formed by taking only the D
columns of F,,;,, associated with the nonzero tap positions

lp Let A = Iy, ®[diag (X pior) Wpior, --., diag (Xny pitor)

T
T T .
W i and z = [zl s e ZNJ . We can obtain

Ypilot = AZ + Nyijot - (4)
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When n,;,; is white noise and the positions /; of
MST are correctly estimated, we can obtain the estimate

of the MST as z = A*Ypﬂot, We can also obtain the

Cramer-Rao bound of the sparse channel estimate h
through setting the elements of the positions /; equal
to z and other elements equal to zero [4]. The above

method to obtain the Cramer-Rao bound of h is named as
ideal-LS for comparison in this paper.

Note that the dimension of Y, is proportional to the
number of pilot subcarriers, and Equation 2 is an under-
determined problem when the dimension of Y, is
smaller than that of h. Therefore, the sparse channel
estimation in MIMO-OFDM systems can be viewed as
solving an underdetermined linear inverse problem with
sparsity constraint, i.e.,

mhin ||h||o s.t. Ypilot = Ah—f—npﬂoh (5)

where || ||o represents the number of nonzero compo-
nents named as [,-norm.

3. Sparse channel estimation using /,-S/,
reconstruction algorithm

The sparse signal reconstruction problem in CS is to esti-
mate a sparse vector x € C™ from an observed vector y € CV
based on the linear model

y = Ox +w, (6)

where w € CM is unknown noise and ®e CM*VN is a

known measurement matrix, typically with M « N. This
means that the signal x is ‘sensed” by a reduced or ‘com-
pressed’ number of measurements. Therefore, the signal
reconstruction problem can be described as the following
constrained minimization problem,

n}(ionHo s. t. ||®Ox-yl|2<¢, (7)

where the bound € > 0 is used to allow certain error toler-
ance. In general, ¢ is related to the variance of noise w.
Unfortunately, the problem in Equation 7 is a NP-hard
combinatorial problem, whose computational complexity
grows exponentially with the increase of the signal size
and becomes prohibitive even for signals of moderate sizes.
Consequently, several techniques have been proposed to
tackle this difficult problem. One of the approaches is the
convex relaxation, such as BP [20], which replaces ||x]]o
with ||x||; to make the problem easier to solve. Another
approach, such as matching pursuit (MP [21]) or OMD, is
much faster than BP but is a greedy algorithm and does
not have provable reconstruction quality at the level of
BP method [22]. Different from the above techniques,
the smoothed /y-norm approach [13] is to approximate
the discontinuous /y-norm by a suitable continuous one
and then minimize it by an optimization algorithm
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dedicated to continuous functions. For example, the
following continuous function

N

Fo(x) = f,(x) with f,(x)

i=1
_x.2
= 1- L 8
exp (202), (8)

where o is a small value, has been proposed to approxi-
mate ||x]||o in [13]. In other words, the minimum /y-norm
solution is then found by minimizing F,(x) for a very small
value of 0. The parameter o determines how smooth the
function F,(x) would be and the accuracy of the approxi-
mation. Generally speaking, for larger values of o, F,(x) is
smoother and contains less local minima, but the ap-
proximation to /y-norm is worse. On the other hand, for
smaller values of o, a highly nonsmooth F,(x) results,
which gives a better approximation to /,-norm but a
difficult minimization problem. Consequently, the S/,
approach used a ‘decreasing’ sequence for o.

The Sly reconstruction algorithm is typically 2 to 3
orders of magnitude faster than BP, while resulting in
the same or better accuracy [13]. However, in the presence
of noise, the accuracy of S/, algorithm needs to be im-
proved. Therefore, in the next section, we will propose
several improved S, reconstruction algorithms.

3.1 The 1,-SIy-BFGS reconstruction algorithm for channel
estimation

Like /,-regularized [, approach (I,-I; [14,23,24]) and
l,-regularized [, algorithm [25], we use a parameter 1 >0
to balance the twin objectives of minimizing both error
and sparsity, giving the following unconstrained optimiza-
tion problem:

min F(x) = % [@x-yl; + 1) [1- exp (;j)} O

N
=1

The objective function in Equation 9 remains differen-
tiable, and its gradient can be obtained as

VF(x) = @' (dx-y) + g, (10)
where g = [g1, g5, ...,gn]” with g; being given by
g = A(wifa?)e 1>, (11)

For a fixed value of o, the problem in Equation 9 is
now solved using a quasi-Newton algorithm where an
approximation of the inverse of the Hessian is obtained
using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) up-
date formula [26-28]. As such, the algorithm is referred to
as the [,-Sly-BFGS algorithm.
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The quadratic (l,-norm) error term %||<Dx—y||§ in

Equation 9 is a convex function, but the convex region of
. ad —?
the approximate /o-norm term F,(x) = Z [1- exp (27’2)]
i—1
depends on parameter is o. In general, the greater the value
of o, the larger the convex region is. To see this, we com-

pute the gradient of F (x), denoted as g’ = [g’l, g’27 e g;\[] T,
whose element is given by

2 /952
! -x?/20° )

&= (xi/‘72>e (12)

Also, the Hessian of F,(x) is a diagonal matrix as
given by

VZFU(X) = didg{]’lll, h22, ...,]’lNN} with h,'l'

1«2\ =
= (;—;ﬁl) e’ (13)
Therefore, F,(x) is convex if and only if
x| <o, 1<i<N. (14)

Since Equation 14 defines an N-dimensional hypercube
whose volume is (20), the size of the convex region in
the x-space is proportional to 0. On the other hand, in
order to better approximate the /y-norm, o must be suffi-
ciently small. Consequently, to avoid getting trapped into
local minima, we gradually decrease the value of o, as in
the Sl, approach. More specifically, for minimum F(x) at
0;, the initial point is x:(0,;) obtained in the previous
iteration, which is near the global optimal solution.

Since a broadband wireless channel response h usu-
ally consists of a few dominant propagation paths and
Equation 2 has a similar form as Equation 6, the estima-
tion of h can be viewed as a sparse signal reconstruction
in compressed sensing. Thus, we refer to this kind of sparse
channel estimation method as CCS. Using Equations 2, 6,
and 9, we can obtain the objective function of CCS based
on the [,-Sl, reconstruction algorithm,

) 1
min F(h) = 3| Ah=Y,r |

+1 [1— exp ( :
) 20

(15)

)|

From the above analysis, the proposed CCS using
the [,-Slo-BFGS algorithm can be implemented by the
pseudo-code in Algorithm 1.
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Algorithm 1 CCS using the /,-SIy-BFGS algorithm

Input: measurement matrix A , measurement value Y, 00
regularization parameter A, descent factor r,

target factor 7, , step size &, and target
parameter 7, .

1) Initialization: h, =A'Y,,,,
2) If >0,

a) Using h, as an initial point and applying the BFGS
algorithm to solve the problem in Equation 15,

& = max(| hy(i)[], and k = 0.

we obtain solution h,, .
b)Let r=r+Jd . If r2r,,set r=r,.
c)Let 7=r& k=k+ 1, and go to step 2).

Else, output estimate h, .

Note that in Algorithm 1, the values of &, and 7; are
chosen such that 0 <4, <0.1 and 0.5 <r;< 1. The method
of [,-Sl, uses a variable factor r;=r;_, + §, to control the
decrease of the parameter o. Our idea is to use an ‘increas-
ing’ step size corresponding to the decreasing values of o.

3.2 The 1,-Sl,-CG reconstruction algorithm for channel
estimation

The Hessian matrix of the objective function F(x) in
Equation 9 can be computed as

V2 (x) = ®T® + AV?F,(x), (16)

where V?F,(x) is computed using Equation 13. Since the
gradient and Hessian matrix of F(x) can be efficiently
evaluated using the closed-form formula in Equations 10
and 16, it is convenient to apply the conjugate gradient
method to solve the [,-S/, optimization problem. The
algorithm is thus referred to as the /,-Sl)-CG algorithm.

In the k-th iteration of the conjugate gradient tech-
nique, Xy is updated as

X1 = Xg + ardy, (k = 0,1,...,L—1). (17)
The conjugate direction dy is computed as
_ —8o> k=0 .
& = { g+ B dir, k=1,2,...,L-1 with
T
i 8k
Bra=—_—>
! 8i-18k-1
(18)
and the k-th step size a; is computed using
T
8 8k
ax = , 19
‘ dZdek (19)
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Where g, is the gradient vector computed using
Equation 10 and Hy is the Hessian matrix obtained using
Equation 16 at x =X, respectively. The proposed CCS
using [,-Slp-CG algorithm can be implemented by the
pseudo-code in Algorithm 2.

Algorithm 2 CCS using /,-Sl,-CG algorithm

Input: measurement matrix A , measurement value Y00 >
regularization parameter A, descent factor 7,
target factor r,, step size ¢, target parameter &, ,
and iteration number L.

1) Initialization: h=A"Y,

2)Fork=0,...,L—1

a) Compute g, and H, according to Equations 10 and 16

7= max[| h(i)[], and h, =0.

at h . » respectively;

g.g
b) If k=0, set d, =g, ; else, set d, =—g, +—2=4—d,_;
818k
g.g
¢) Set o, =—=:2%_ and compute h, , =h, +@d, .
) k dZdek p k4l k (A

3)Set r=r+d.If r2r,, set r=r,.

4)Set o=r If o> o, set h, =h, and go to step 2); else,
output the estimate h, .

3.3 Signal reconstruction via optimization in null and
complement spaces of ®

Let ® = UXV” be the singular value decomposition (SVD)
of ® where U, and Vi, are unitary matrices, and
X =[S, 0]y~ with S =diag(sy, ..., s3) being a diagonal
matrix composed by the singular values of ®. Let V=
[V,,V,.], where the columns of V,, span the null space of
@ and the columns of V, span the orthogonal comple-
ment of the null space. Using V,, and V,, a signal x of
length N can be expressed as

x=V,a+V,B, (20)

Where a and B are vectors of length M and N - M,
respectively. Applying the SVD of @, the /,-norm term
in Equation 9 can be simplified as [25]

M

1 1 ~ 1 -
SOyl = S IZa7 I =) (a7, (21)
i=1

Where §; is the i-th singular value of @, o; and y, are
the i-th component of & and y = Uy, respectively.
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Using Equations 20 and 21, the optimization problem
in Equation 9 can be recast as

1M
. _ )2
min Flo,B) =5 2 (siai=y;)
N ~(Va+V .3)2
_ rj nj
+/11E=1 1-exp (—202 ,
(22)

Where V,; and V,,; are the j-th row of V, and that of
V,,, respectively.

An iterative algorithm to solve the optimization prob-
lem in Equation 22 is proposed as follows. In the k-th
iteration of the optimization process, signal x® s
updated as

xkD = x®) ”(k>d(k)’ (23)
where
xk) — V,(X(k) + VnB(k), (24)

d% =v,.d® +v,d®

and the step size u® >0 is determined by the inexact

line search method of Roger Fletcher [26]. Assuming
that the updating vectors d%) and d¥) are written as

& T
A%

ab = [, %, ..d%, ]

d(k) _ [d(k) d(k)

r,1o%r2y e

(25)

T

which are determined by minimizing F(a,p) along each
of the directions defined by the column vectors of

[V,,V,]. Therefore, dﬁk) and d(nk) become descent direc-

tions of F(a,B), and in the case of real ® and x, dy? can be
calculated via iteration as

(26)
Where x; is the j-th component of vector x®, vy i
the (j,i)-th component of matrix V,, a; is the i-th compo-

)
nent of vector a®, and (dikl)) is the p-th iteration

0)
value of dii) with the initialization value (dﬁkl) ) =0.
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Similarly, dqul) in Equation 25 is given by

i (_D 2
s+ (a) )

|
—Z exp
j=1

n,i

202 i VE{J)
(9)
(dff}) - . . (1sisN-M), (27)
' Gi) (k47D
N - x] + v dn,i 2
exp 207 ()
=1
. (q)
where V,({") is the (j,i)-th component of matrix V,, and (d(k,)) ! is the g-th iteration value of di,kl) with the

0
initialization value (dikl) ) = 0. The derivation of Equations 26 and 27 is given in the Appendix. In addition, the

computation of dy? using Equation 26 requires vector a® to be computed first as

VIxk) = vT (V,a<k> n V,,B(k)) — b (28)

The reconstruction algorithm via optimization in null and complement spaces of measurement matrix @ is
referred to hereafter as the /,-S/)-NC algorithm, which can be implemented by the pseudo-code in Algorithm 3.

Algorithm 3 The /,-SIy-NC reconstruction algorithm

Input: measurement matrix @ , measurement value y , regularization parameter A, descent factor r,

target factor r,, step size o, , and target parameter o, .
1) Initialization: X, =®'y, o =max[| %,())[], X” =0, & =0.001, and &, =0.01.
2) Perform SVD of @ to get ®=UXV’, and construct V, and V, using the first M columns and

last N-M columns of V , respectively. Set ¥ = U”y and construct vector s using the singular values

of .
HNIlf o>0,,

a) Set Ax=Ad, =Ad, =1, and k= 0.
b) While Ax> ¢, do the following:
@ Set (@) =@?)” =0, p=g=0, and compute a* according to Equation 28.
@ While Ad, > 6,,
Setp=p + 1, and compute (d)"” according to Equation 26 at point X, (i =1, ..., M).

M
Set Ad, = Y| (d\))"” ~ (@) .
i=1

(B While Ad, > 6,),
Set ¢ =g + 1 and compute (d')'”" according to Equation 27 at point X*', (i =1, ..., N— M).

N-M
Set Adn = Z |(dl§_’:l_))(ci) _(d(k))(q—l) ‘ )

n,i
i=1

@ Set d© =(@®)?, dP =@®)@, dP =v.d® +Vv .a®, and compute the step size x*.

n 2

N
® Compute X“=3%"+ 44", Ax=>"| u"d" ()|, and set k=Fk+ 1.

P
c)Set r=r+36, . If r=r,,set r=r,.

d) Set o =ro, X =" and go to step 3).

Else, output the estimate X' .
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4. Simulation results

In this section, the reconstruction performance of the pro-
posed approach (/-Slp) is evaluated by computer simula-
tions. The spectral efficiency of the CCS using /[»-Sly
algorithm is also discussed. More specifically, the /,-S[,
algorithm includes /,-Sly-BFGS, [,-Slp-CG, and [,-Sly-NC
in the scenario where y, ® ,x are real-valued. While in
complex-valued scenarios, [,-Sly only means /,-Sl,-BFGS
and /[,-Sl)-CG. Note that Equations 26 and 27 are obtained
only in the case where y, @, x are real-valued. Namely, the
»-Slp-NC is not suitable to reconstruct complex signals.
In all the experiments, the initial value of r is set to 0.5 for
both Sl and /,-Sl, algorithms. The values of §, and r; re-
quired by the /,-Sl; algorithm are chosen as 0.05 and 0.7,
respectively.

In experiments 1 and 2, the signal length and the num-
ber of measurements are set to N =1,000 and M =400,
respectively. A K-sparse source x was artificially created
as follows: (1) set x to a zero vector of length N, (2)
generate a vector z of length K assuming that each
element z; is a random value drawn from the normal
distribution N(0,1) in the real-valued scenario or from
N(0,1/2)+jN(0,1/2) in the complex-valued scenario, and
(3) randomly select K components of x and set them
to z. Each element of the measurement matrix @ is
randomly generated using the normal distribution N(0,1)
or N(0,1)+jN(0,1), and each row is normalized to unity.
Then, the mixtures are generated using the noisy model
y=O®x+w, where w is an additive white Gaussian noise
with covariance matrix o,I;; (I;; stands for the M x M
identity matrix). To evaluate the estimation accuracy, the
signal-to-noise ratio (SNR) defined as 20 log(||x]|>/||x—%]|2)
is used, where x and x denote the true value and its
estimate, respectively.

In experiment 1, we compare the reconstruction per-
formance of [,-Sly with that of Sl,. Figures 1 and 2 show
the reconstruction SNR at different powers of noise oy,
in real and complex signal scenarios, respectively. For
each value of o,, the reconstruction SNR is averaged
over 100 runs. It is seen that /,-Sl, produces a better SNR
than Sl,, which shows the robustness of [,-Sl, against
noise. The objective function of /,-Sl, algorithm in

Equation 15 comprises the quadratic error term %HAh—

Ypﬂot||§ which permits a small perturbation. Therefore,
the [,-S[y algorithm has a larger capability to reconstruct
sparse signal in the presence of noise than Sl For
smaller values of o, Fy(x) contains more local minima.
Therefore, the decrease of ¢ should not be too quick in
the Sly and /,-Sly algorithms. Moreover, unlike S/, using
a fixed step size to control the decrease of the parameter
0, l>-Sly uses a variable one, and the step size §, slightly
increasing with the reduction of ¢ may also help the
[,-Sly to improve its estimation accuracy.
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In experiment 2, the ,-Sly algorithms are tested using
N=1,000, M =400, and various K sparse signals with
0,=0.01, to examine the algorithms' performance for
signals of different sparsity levels. The results obtained
are plotted in Figures 3 and 4 with y, ®, x being real
and complex values, respectively. It is observed that
the performance of the /,-Sly algorithm is better than
the Slo algorithm in most cases. In real-valued scenario,
the [,-Sly-BFGS, [,-Sly-CG, and [,-S[-NC are compar-
able for K smaller than 130, but /,-Sl,-BFGS performs
better for K between 130 and 210. In addition, when
K is smaller than 90, the final SNR of the S/, algorithm
increases with the rise of sparsity K. This is because the
initial estimate X is set to the minimum /,-norm solution
of y = ®x + w, which has few zero elements and is far away
from the actual signal with many zero elements, and X, is
gradually close to the actual signal with the rise of sparsity
K. However, this phenomena is not obvious in [,-S/,
algorithm, since the initial estimate X, is set to zeros
in [,-Slp-CG and [,-SI,-NC, which is near the actual
solution for a small value of K. Because of X( being set
to zeros and the thresholds of §; and §, being not small
enough for the value sparsity K above 230, the [,-S[,-NC
performs the worst among the algorithms tested.

Next, we investigate the accuracy and the spectral
efficiency of CCS method using /,-Sly. We consider a
MIMO-OFDM system with two transmit and two re-
ceive antennas (N7 = Nz = 2). The number of subcarriers
is 512, and the QPSK modulation is used. The length of
cyclic prefix is 20, which equals the length of wireless
channel impulse response. In experiment 3, a Rayleigh
channel modeled by a 4-tap MIMO-FIR filter is assumed,
in which each tap corresponds to a 2 x 2 random matrix
whose elements are i.i.d. complex Gaussian variables with
zero mean and unit variance, and the position /; of MSTs
is {2, 6, 13, 19}. The estimation performance is evaluated
in terms of the bit error rate (BER) and mean square error

> iy
(MSE) given by MSE(Ah) = W, where M
i=11172

represents the number of simulations and h; and h;
represent the actual and the estimated channels from
the i-th simulation, respectively.

In experiment 3, we investigate the performance and
required computational time of the CCS using [5-Slo-
BFGS, ,-Sly-CG, and S/, reconstruction algorithms with
30 pilot signals in each transmit antenna. The simula-
tion consists of 2,000 Monte Carlo runs. Moreover, their
performance is compared with those of the CCS using
OMP and FISTA. OMP is the most popular one in the
type of greedy reconstruction algorithm, and FISTA is
the most fast one in the type of [,-I; reconstruction
algorithm. Figures 5 and 6 show the MSE and BER plots
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Figure 1 Reconstruction SNR versus noise power in real-valued scenario.
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resulting from the above five CCS methods and the con-
ventional LS method, respectively. As can be seen, the
CCS method using /,-5l5-CG only needs 30 pilot signals
to obtain the approximate performance of the LS method
using 40 pilot signals which implies that the CCS using
[,-Slp-CG can save nearly 25% pilot signals. This merit

-

of CCS is due to the prior sparse information of the
wireless channel utilized and the efficient reconstruc-
tion of sparse signals from a very limited number of
measurements allowed by CS. In addition, the CCS
applying l,-Sly-CG or [,-Sly-BFGS outperforms the CCS
using Sly more obviously than that in experiment 1,
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Figure 2 Reconstruction SNR versus noise power in complex-valued scenario.
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which shows that the /,-Sl, has a larger capability to
reconstruct sparse signal than S/, in the case when each
row of measurement matrix is not normalized to unity.
Since the /,-Sl; algorithm is halted after a fixed number
of iterations, furthermore, the fixed number does not
depend on the sparsity of the signal directly; it is
convenient to set the number in practical applications.
We use the CPU time as a measure of complexity. The
simulations are performed in MATLAB R2009b environ-
ment using an Intel Core i3, 2.53-GHz processor with

2 GB of memory, and under Microsoft Windows XP
operating system. The results shown in Figure 7 indicate
that the CCS using /,-Sly requires more computational
time than that using other algorithms tested. The /,-Sl,
algorithm needs an iterative process to find the optimal
solution at each value of o; therefore, the running time
of [,-Sly is longer than that of others tested. However, at
the cost of slightly more computational time, the CCS
using /»-Sly-CG vyields slightly better performance than
the CCS using OMP or FISTA, and the threshold value

L

Lol

e

Ly

10° ¢
10-1 E
5 102k
) F
O ideal-LS
—+—SL0
—&=— OMP
10-3 B —S— L2-SL0-BFGS
| —©—FISTA
—+— L2-SL0-CG
— LS,40 Pilots
10" * ‘
5 10 15

Figure 6 BER versus SNR.
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for termination iteration in the /,-S/y algorithm is easier
to be set. More specifically, it is shown in Algorithm 2
that [,-Sl,-CG applies a constant value L to stop the
iteration, and the constant value is independent of the
sparsity of signal and the power of noise. However, the valid
threshold values for termination iteration in the OMP and
FISTA algorithms always depend on the power of noise or
the sparsity of signal, which are both quite difficult to
estimate beforehand in practical applications.

In experiment 4, we investigate the BER of the CCS
using 30 pilot signals in each transmit antenna under
different channel sparsities, namely for different numbers
of MSTs. Moreover, the position /; of MST is randomly
selected in each Monte Carlo simulation. Figure 8 shows
the BER plots of CCS using /,-Sl,-CG and /[»-Sly-BFGS
algorithms. The figure shows that a better BER perform-
ance can be expected in general for less number of MSTs.
In addition, when the length of channel response is 20,
the CCS using [,-Sl,-CG and that using [,-Slo-BFGS are
found to vyield acceptable BERs for up to 8 and 4 MSTs,
respectively.

5. Conclusion

In this paper, a new approach for sparse channel estima-
tion of MIMO-OFDM systems based on compressed
sensing has been presented. The new approach uses a
smoothed /y-norm-regularized least squares (/,-Sly) ob-
jective function and solves the optimization problem by
three reconstruction algorithms: quasi-Newton, conjugate

gradient (CG), and optimization in the null and comple-
ment spaces of measurement matrix (ONCS). The better
reconstruction accuracy of the /,-Sly as compared with the
Sly algorithm and the higher spectrum efficiency of the
CCS using [»-Sly-CG or [,-Sly-BFGS as compared with the
conventional LS method have been shown by computer
simulations.

Appendix

Derivation of Equations 26 and 27

Suppose that e; is the i-th column of an M x M identity
matrix, and the vectors a and B in Equation 22 are fixed.
At point a, a line search along direction e; is carried out
by solving the one-dimensional optimization problem

1 N
ming,, F(a+d,e;,B) = §| Is( + die;) V][5

( 4 40
N x]’"’ riVr’ )
+A l-exp| -~ —
; 202

1 _ 1 _
= E(Si (oci + dr,i) —y,-)z + 52 (skak—yk)2

k=1
k=i
G:))*
+1 l-exp| ~————+——% 1|,
= 202
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Where «; is the j-th component of vector x, and vy D s
the (j,i)-th component of matrix V,. By equating the
derivative oF(«x + d,.;e;, B)/od,; to zero, for real @ and
X, we can obtain

N - (x, + V?’i)dr,,')z y
sy-Siai- Z exp| ——— a0
=
dm' = - D)
)L AN _(xj /! d”) G\
S; —&-;j:l exp 297 (vr )

(30)

Note that d,,; can be solved via iterations with the ini-
tial value of d,; being set to zero in the right side of (30).
In a similar manner, d,,; can be obtained as

4 2
i - (x]‘ + Vi )dn,i) (i)
- exp x5,
= 202
dpi = » ) ’
N - (xj + Vg"l)dn.i) N2
Z exp| ————% (qu/"))

202
(31)

where v(y{’i) is the (j,i)-th component of matrix V,,.
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