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Abstract
In this contribution, we investigate the concept of time division duplexing (TDD) mode as an alternative to underlay
short-range femtocells on the uplink of legacy macrocell deployments. To mitigate the resulting co-channel
interference, the underlaid femtocell tier uses a distributed mechanism which is based on regular busy tones and
relies on minimal signaling exchange. Stochastic geometry is used to model practical scenarios by capturing network
dynamics and channel variations. The impact of the fading correlation on the performance of the coordination
mechanism is examined as well. Higher-order statistics through the cumulants concept are used to recover the
distribution of the co-channel interference and evaluate the system performance in terms of the outage probability
and average channel capacity. We observe that our analytical framework matches well with numerical results
obtained using Monte Carlo simulations. In contrast to the uncoordinated frequency division duplexing mode, the
coordinated TDD-underlay solution shows a reduction in the outage probability of nearly 80%, while the average
spectral eﬃciency increases by approximately 90% in high loads.
1 Introduction
Lately, the femtocell concept has emerged as a promising solution to achieve the stringent requirements of the
next generation of cellular systems owing to the intrinsic better link quality of short range communications.
Femtocells indeed constitute an inexpensive alternative to
provide better indoor coverage, fairness at cell border and
oﬄoading of the overlaid macrocells [1,2]. Unfortunately,
the unplanned deployment and uncoordinated operation
of such small cells leads to harsh Co-channel interference
(CCI) in both macro and femtocell tiers [3].
To deal with the interference problem in two-tier
networks, various solutions have been proposed. For
instance, López–Pérez et al. ﬁrst characterize the crosstier interference problem and then provide a comprehensive summary of candidate solutions wherein the use of
dynamic spectrum allocation in conjunction with selfconﬁguration and optimization of femtocells play a determinant role [4]. Similarly, a sub-band scheduling and
interference cancelation mechanism is proposed in [5] by
which the macrocell bandwidth is partitioned and femtocells use load-spillage to control their power across
the sub-bands. As an alternative to the typical spectrum
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partitioning solutions, the time division duplexing (TDD)underlay concept is proposed in [6] to take advantage of
the natural traﬃc asymmetry between the downlink (DL)
and uplink (UL), as well as the user spatial diversity. Unfortunately, time-multiplexed communicating links operating in universal frequency reuse are still exposed to the
CCI generated by dominant interferers transmitting in
an uncoordinated manner. Thus, we augment the TDDunderlay concept by incorporating a distributed mechanism which dynamically coordinates inter-cell time-slot
allocation to avoid strong interference from nearby conﬂicting transmitters [5,7].
In this study, the coordination policy consists of a decision criterion (whether to coordinate or not) and an interference avoidance algorithm. According to the adopted
policy, short-range femtocells then coordinate their transmissions with co-channel interferers by means of regular
busy tones. Additionally, we evaluate the two-tier coexistence scenarios considering a practical radio channel
propagation model which includes path loss attenuation,
shadowing and multi-path fading. Furthermore, an analytical framework which captures the impact of channel
variations and network dynamics on the system performance is introduced. The main contributions of this study
are summarized in the following list:
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1. Comprehensive channel model: we employ a detailed
radio channel propagation model that includes path
loss attenuation, log-normal (LN) shadowing and
Nakagami-m fading as described in Section 2.
2. Analytical framework: in Section 2.4, stochastic
geometry and higher-order statistics are combined
into an stochastic framework which captures channel
eﬀects and network algorithms on the performance
of the two-tier network under study.
3. Dynamic evaluation scenarios: by combining the
channel model of Section 2 with network algorithms
and strategies through the proposed framework, we
examine practical evaluation scenarios as described
in Section 4.
4. Coordinated TDD-underlay strategy: as described in
Section 3, self-organizing femtocells communicate in
the TDD mode and coordinate so as to reduce the
interference that is generated towards the overlaid
tier and among themselves.
In Section 5, the outage probability and average channel capacity of the tagged receiver are used to assess the
performance of the two-tier coexistence scenarios under
consideration. Thereafter, we draw conclusions and make
ﬁnal remarks in Section 6.

2 System model and analytical framework
In this section we make deﬁnitions, present assumptions
and characterize our system model. Thereafter, we resort
to the theory of stochastic geometry and recall the concept of spatial point processes to establish our analytical
framework.
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function, l (r) = r−α , where α is the path loss exponent, describes the path loss attenuation (unbounded path
loss model [8]), while the received squared-envelop due to
multi-path channel fading and shadowing is represented
by a RV X ∈ R+ with cumulative distribution function and
probability density function (PDF) denoted by FX (x) and
fX (x), respectively. An interferer disrupts the communication of the tagged receiver with an interfering component
given by
pr = p l (r) x,

(1)

where p represents the interferer’s transmit power, r is
the separation distance from that interferer to the tagged
receiver, and x corresponds to the channel shadowed
fading.
The composite distribution of the received squaredenvelop due to LN shadowing and Nakagami-m fading has
a Gamma-LN distribution with PDF,
 ∞
 m
m m xm−1
exp − x
fX (x) =
ω
(m)
ω
0
2

ξ ln ω − μp
ξ
dω,
(2)
exp −
×√
2σ2 p
2πσ ω
where m is the shape parameter of the Gamma distribution, ξ = ln (10) /10, p is the mean squared-envelop,
μp and σp is the mean and standard deviation of p ,
respectively.
Ho and Stüber show in [9] that a composite Gamma–LN
distribution can be approximated by a single LN distribution with mean and variance (in logarithmic scale) given
by

2.1 Deﬁnitions and notation

μdB = ξ [ψ (m) − ln (m)] + μp ,

(3)

Deﬁnition 1. (Tagged receiver) A femto base station
(FBS) that is taken as the reference (typical node) to compute the CCI on the UL of the evaluation scenarios.

2
σdB
= ξ 2 ζ (2, m) + σ2 p .

(4)

Deﬁnition 2. (Observation region) An annular region
around the tagged receiver over which we account for
the interference contribution. The observation region is
denoted by O and deﬁned by the minimum and maximum
radii which are denoted by Rm and RM , respectively.
Deﬁnition 3. (Partial moment of a random
 variable)

Let Y be a random variable (RV), then EY ym , yM , n =
 yM n  
th
ym y fY y dy denotes the n partial moment of that RV
with ym and yM denoting the lower and upper integration
limits, respectively.
2.2 Propagation channel model

Radio links are degraded by path loss and shadowed fading, which is assumed to be independent over distinct
network entities and positions. A signal strength decay

where ψ (m) is the Euler psi function and ζ (2, m) is
the generalized Riemann zeta function [10]. In what follows, we use this single LN approximation to simplify our
mathematical treatment and then characterize the radio
channel attenuations in various coexistence scenarios.
2.3 Network deployment model

Spatial point processes are the common approach to
model and analyze random point patterns. For instance,
point processes are used in statistical ecology to model
locations of trees and bird nests, in astrostatistics to study
the relative disposition of stars and galaxies, in stereology to provide spatial interpretations of planar sections of
materials and tissues, and in wireless systems to account
for the eﬀect of the random distribution of communicating nodes in the network performance [11-15]. Herein,
we use the stochastic geometry framework to model the
two-tier coexistence scenarios wherein a reference macro
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base station (MBS) is underlaid with FBS which operate
in closed access mode [16]. The underlaid tier is composed of femtocells uniformly scattered over the network
area (unplanned deployment). In other words, the homogeneous Poisson point process (PPP)
with density λ
(FBS/m2 ) in R2 consists of the locations of all femto base
stations in the network at any given time instant. Thus,
the number of active femtocells in an arbitrary region
R of area A is a Poisson RV with parameter λA [17].
The fading eﬀect is incorporated into the model as a
random mark associated with each point of
[18]. By
virtue of the Marking theorem [17], the resulting process corresponds to a marked point process (MPP) on
the product space R2 × R+ with intensity λfX (x) [17].
A MPP
can be formalized as a pair (ϕ, x) [11] and
deﬁned as
= {(ϕ, x) ; ϕ ∈

},

(5)

where ϕ is the point location (an element of the original
PPP ) and x is the shadowed fading mark attached to it.
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Proposition 1. Let I be a RV and I (ω) its CF. Let n ∈ N.
Provided that the nth moment exists and is ﬁnite. Then,
I (ω) is diﬀerentiable n times and,


 
1 ∂n
κn
= n
ln I (ω)
.
(7)
j ∂ωn
ω=0
Proof. See ([22], Section 9.4).
Unfortunately, there is no general closed-form expression for the PDF of the sum of LN RV, though a plethora of
analytical approximations have been suggested in the literature [23-26] and references thereof. Motivated by the
fact that the PDF of the aggregate interference is positively skewed [9,18], we use a single “equivalent” LN RV
to approximate the summation of the individual components. The parameters of this LN approximation are
estimated from the cumulants of the aggregate CCI as
presented next.
⎞
⎛


2
κ
κ2
⎟
⎜
2
1
(8)
μ = ln ⎝ 
⎠, and σ = ln 1 + 2 .
κ1
κ2 + κ
1

2.4 Approximating the aggregate interference

In this section, stochastic geometry is used to model the
network deployments [17,19], while the cumulants concept is used to recover the distribution of the aggregate
CCI at tagged receiver [10,18]. As pointed out in [11],
a point process is often characterized by the conditional
probabilities of events given there exist a point of the process in a speciﬁc location—the typical point. The Palm
probability [20] formalizes this concept of conditioning on
a point of the process, while the Campbell’s theorem is
used to compute the associated moment measures ([21],
Chapter 16). By using the above concepts, a mathematical framework is established to characterize the aggregate
interference perceived by the tagged receiver within the
observation region O. We begin by applying Campbell’s
theorem [17] to determine the characteristic function
(CF) of the aggregate CCI distribution for the MPP
deﬁned in (5).
Deﬁnition 4. Let I =
(ϕ,x)∈ pr be a RV representing
the interference perceived
by
√ the tagged receiver from active
transmitters, and j = −1 be the imaginary unity; then,
the function  : R → C deﬁned as,
 
I (ω) = E ejωI ,

(6)

is called the CF of I.
The corresponding nth cumulant is obtained from (6)
using the formulation presented in the following Proposition [10].

2

where μ and σ 2 are the location and scale parameters of
the distribution LogNormal(μ, σ 2 ), respectively.

3 Coordinated TDD-underlay
In the two-tier network under study, MBS are underlaid
with standalone FBS operating in the closed access mode
[2]. Communications follow two transmission schemes:
(i) either macro and femtocells operate in the frequency
division duplexing (FDD) mode where they interfere with
each other on DL and UL frequency bands [27]; (ii) or
femtocell transmissions are time multiplexed in the UL
of the macrocell tier which operates in the FDD mode.
In either scheme, serving cells schedule only one of their
associated users per frequency-time resource block allocation (transmission interval). Furthermore, simultaneous
transmissions are assumed to be synchronized and communicating nodes use omni-directional antennas. We also
consider that all deployments operate under the partial
co-channel conﬁguration wherein the available spectrum
is split into clear and shared parts [27] which are denoted
Bc and Bs , respectively. From Figure 1, the clear part is
allocated such that the macrocell traﬃc requirements are
guaranteed, while active femtocells in the shared part
compete for the remaining spectrum and are exposed to
the uncoordinated CCI. Thereby, the macrocell user (MU)
does not interfere with the tagged receiver but opportunistic strategies which allow femtocells to dynamically
coordinate their transmissions so as to reduce the CCI
are still needed. In the following, we introduce such a
strategy which is based on regular busy tones [28] and
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Figure 1 Spectrum arrangement. TDD-underlaid in the UL of the
Macrocell tier with partial co-channel conﬁguration [27].

enables nearby femtocells to coordinate their simultaneous transmissions. The scenarios with the coordination
mechanisms are denoted as coordinated, whereas the
uncoordinated term is used to designate deployments that
do not use such collaborative procedures.
3.1 Coordination mechanism

Inspired by the concept of reservation busy tones which
are used in [28-30] to eﬀectively mitigate interference, we
deﬁne the Coordination mechanism (CM) to control the
CCI in the uncoordinated scenarios under study. Following our approach, the tagged femtocell user (FU) triggers
the coordination of surrounding FBS by issuing an in-band
requesting signal to advertise its presence. To achieve
that, the victim user momentarily suspend its reception
and transmit a requesting signal that surrounding interferers detect [5,29]. Diﬀerent from the original busy burst
solution whereby detecting transmitters estimate their
interference parcel from the received feedback; herein,
surrounding femtocells only use the busy tone as an indication of the nearby victim receiver presence. To reduce
the likelihood that multiple simultaneous requests trigger
the coordination procedure, an interference margin can be
introduced in order to reduce the sensitivity of potential
interferers to the triggering criterion. The beacon power is
maintained low so as to ideally restrict the group of detecting femtocells to the dominant set of interferers. It is also
worth noting that any FBS that has already triggered the
coordination procedure ignores further requests that may
occur while transactions related to the ﬁrst request are
still ongoing.
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Therefore, transmitters use the CM to control their CCI
parcel which is inﬂicted on the macrocell tier and themselves. The tagged femtocell receiver initiates the coordination procedure by experiencing the aggregate CCI
above a predeﬁned triggering threshold [31]. Notice that
the network performance is assessed provided that the
triggering criterion has been already satisﬁed. Potential
interferers use the tagged receiver requesting beacon to
decide about their participation in the ongoing coordination procedures. In this study, there are two distinct
decision criteria which interferers employ in a distributed
manner. On the one hand, potential interferers coordinate based solely on the received signal strength from the
tagged receiver and we refer to it as CM1. On the other
hand, we call CM2 the scenario where potential interferers use the received beacon to estimate their channel
gain to the tagged receiver and then use their intending
transmit power to compute the interference they would
cause on that receiver similar to the busy burst solution
introduced in [7]. In fact, surrounding interferers do not
coordinate only by detecting the victim receiver, but use
the received beacon to estimate if their interference component is above the coordination threshold ρth . Notice
that the channel gain between each such interferer and
the tagged receiver is assumed to be perfectly estimated
(this is important to guarantee that CM2 encompasses the
coordination criterion of CM1).
In the CM1, the event that surrounding interferers
detect the victim receiver’s beacon signal pb above the
predeﬁned coordination threshold ρth is denoted by


(9)
ϒ1 = pb R−α X ≥ ρth .
Without loss of generality, we introduce the following
indicator function,

1 if pb r−α x ∈ ϒ1
 −α 
(10)
1ϒ1 pb r x =
0 otherwise,
which deﬁnes the ﬁrst coordination region denoted by
R1 , and is composed of FBS that do detect under the
assumptions of ϒ1 the victim receiver in their vicinity.
In accordance with the formulation of Section 2.3, femtocells within
this region constitute
 a MPP denoted by

(ϕ, x) ∈ | pb r−α x ≥ ρth . Similarly, femtocells
1 =
in R2 , which
 MU, form a pro do not detect the victim
cess 2 = (ϕ, x) ∈ | pb r−α x < ρth . The coordination
regions R1 and R2 are disjoint and statistically independent by construction, therefore it follows immediately
from the Superposition theorem [17] that = 1 ∪ 2 .
The coordination regions for ϒ2 are obtained in a similar
way and the coordination criterion for the CM2 becomes,


(11)
ϒ2 = PR−α X ≥ ρth , pb R−α X ≥ ρth .
where P yields the potential interferer’s transmit power
RV. With (11) we can develop an analysis similar to
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the previous case and ﬁnd corresponding coordination
regions.
Figure 2 illustrates the non-coordination region R2 for
both coordination criteria. It is worth noticing that after
coordinating, the tagged receiver is only interfered by
active transmitters in R2 , since nodes in R1 switch to
non-conﬂicting resource allocations.

4 Evaluation scenarios
Herein, we apply the framework of Section 2 to compute
the aggregate interference in distinct evaluation scenarios.
These scenarios are identiﬁed by the transmission mode
(either FDD or TDD) and by the coordination mechanism
used by nodes to autonomously avoid interference. In
the UL of such scenarios, higher-order statistics are used
to characterize CCI distribution at the tagged receiver.
Campbell’s theorem is employed to determine the CF
of the aggregate interference generated by the Poisson
ﬁeld of transmitters. Thereafter, Proposition 1 is used to
compute the cumulants of the actual distribution of the
interference perceived by the tagged receiver. Then, (8) is
used to estimate the parameters of the LN approximation
from the respective cumulants.
4.1 Uncoordinated scenarios

Herein, co-channel transmitters use Bs without exchanging any information about their intending transmissions.
In this section, we initially address the FDD conﬁguration
and thereafter the TDD-underlay mode.
Coordination Regions
100

Y (m)

4.1.1 FDD mode

In this uncoordinated deployment, FU transmit in the
FDD mode lacking any sort of coordination with other
co-channel transmitters in surrounding femtocells. As a
consequence, communicating links are exposed to the
highest interference levels. The resulting uncoordinated
IP1 accounts for the interference that is caused by interferers within O and belonging to the point process as
deﬁned by (5). The nth cumulant is computed as follows.
Proposition 2. Consider the IP1; then, the nth cumulant of
the aggregate CCI perceived by the tagged receiver within
O and with respect to is given by,
κn

 

=


2πλ pn  2−αn
Rm
− RM 2−αn EX [0, ∞, n] .
nα − 2
(12)

Proof. See Appendix 1.
4.1.2 TDD-underlay mode

This is an uncoordinated deployment where FU are time
multiplexed in the UL of the macrocell tier. Without loss
of generality, we assume that the tagged receiver operates
in the ﬁrst of the two slots which compose the UL frame
structure [6]. The aggregate interference is represented by
IP2 and is caused by transmitters which operate in the ﬁrst
time slot within O and belong to the point process with
intensity ϑλfX (x). Hence, by observing that transmitters
independently access either slot with equal probability
(ϑ = 50%) and that all interfering nodes communicate
with the ﬁxed transmit power p, we extend the result
in (12) to derive the cumulants for the uncoordinated
TDD-underlay case as follows.
Corollary 1. Under the assumption of the IP2, the nth
cumulant of the aggregate CCI perceived by the tagged
receiver within O and with respect to is given by,

50

κn

0

 

=


2πϑλ pn  2−αn
− RM 2−αn EX [0, ∞, n] .
Rm
nα − 2
(13)

4.2 Coordinated scenarios

− 50

− 100
− 100
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Figure 2 Coordination regions. Illustration of the coordination
regions. The circles identify interferers within R2 after coordinating
with CM1, while crosses represent non-detecting interferers by
following CM2. The black shaded square identiﬁes the tagged FBS at
the origin.

In these scenarios, self-organizing femtocells coordinate
with nearby potential interferers so as to reduce the overall CCI. When operating in the FDD mode, femtocells use
the coordination criterion 1, while in the TDD underlay
the femtocell tier beneﬁts from both criteria as described
in Section 3.
4.2.1 FDD mode with CM1

In this scenario, femtocells coordinate through the CM of
Section 3 given that ϒ1 is satisﬁed. In the FDD mode, UL
and DL operate over distinct frequency bands which gives
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rise to uncorrelated fading between beacon and data (signaling and communication) channels. We consider that
data and signaling channels have shadowed fading with
composite Gamma and LN distributions and are indicated
by independent and identically distributed RV X and Y,
respectively. The remaining CCI at the tagged receiver is
characterized by IP3 and its nth cumulant is,
Proposition 3. Consider the IP3, then the nth cumulant
of the aggregate CCI perceived by the tagged receiver in O
with respect to 2 has the following form,

  2πϑλ pn EX [0, ∞, n]  2−αn
2−αn
− RM
Rm
κn 2 =
nα − 2


 α
 n− α2
2
α
α
× FY Rm th +th EY Rm th , RM th , −n
α





2−nα 
− RM
FY RαM th − FY RαM th
. (14)
where th =

ρth
pb

is the normalized coordination threshold.

Proof. See Appendix 2.
4.2.2 TDD-underlay with CM1

In this scenario, femtocells still follow the coordination
criterion ϒ1 as indicated in (9). Recall that the coordination is carried out through in-band signaling exchange, so
that data and signaling channels are fully correlated (channel reciprocity). As described in Section 3, non-detecting
femtocells of 2 in R2 constitute the remaining set of
interferers identiﬁed by IP4.
Proposition 4. Consider the IP4, then the nth cumulant
of the aggregate CCI perceived by the tagged receiver in O
with respect to 2 has the following form,

  2πϑλ pn  2−αn
2−αn
EX [−∞, ˜ m , n]
κn 2 =
− RM
Rm
nα − 2



2
n− α2
2−nα
+ th EX ˜ m , ˜ M ,
−RM EX [˜ m , ˜ M , n] .
α
(15)
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attenuation to that victim receiver. Thereafter, transmitters adapt their link to meet the minimum requirement
of their desired receivers and still being able to transmit
together with the tagged link. The standard power control
(PC) algorithm is used by FU to adjust their power so as to
compensate for the desired receiver channel attenuations
[32]. We assume that FU are uniformly distributed within
the transmission range of serving cells which schedule a
random user in every transmission interval. The transmit power is set as a function of the distance between
transmitter and receiver pairs, but independently of the
interference at that receiver.
Lemma 1. Under the assumptions given above, the distribution of the femtocells transmit power is,
fP (p) =



1
p−1+1/α fR (p/β)1/α
αβ 1/α

(16)

where dM = (pM /β)1/α is the radio range of FBS, such that
the received power at the desired user is β, pm , and pM are
the minimum and maximum FU transmit powers, respectively, and dm = 1 m is the minimum distance between an
FU and its serving FBS.
Proof. Let P and R be RV representing the FBS transmit
power and the distance to a random user within range,
respectively. The PC fully compensates for the desired
channel attenuations (channel inversion), so that P =
2 −
βRα . The density function of R is fR (r) = 2r/(rM
2
rm ), where the radii rm and rM deﬁne an annular region
centered at a serving femtocell. Thereby, after using the
standard procedure of the change of variates in probability
theory, we obtain (16).
The nth cumulant of the resulting aggregate CCI is then
written as follows,
Proposition 5. Consider the IP5, then the nth cumulant
of the aggregate CCI perceived by the tagged receiver in O
with respect to 2 has the following form,


  2πϑλ
κn 2 =
(17)
T1 + T2 − T3
nα − 2
where T1 , T2 , and T3 are derived in Appendix 4.

Proof. See Appendix 3.
Proof. See Appendix 4.
4.2.3 TDD-underlay with CM2

This scenario is represented by the IP5 wherein transmitters decide whether or not to coordinate based on
their interference contribution to the aggregate CCI at the
tagged receiver [7]. Working under the assumption that
ϒ2 is met, the coordination procedure is carried out in the
two following steps. After detecting the tagged receiver,
intending transmitters rely on the channel reciprocity and
use the received beacon strength to estimate their channel

4.3 Approximating the aggregate CCI

For each one the evaluation scenarios, the analytical
framework of Section 2.4 is used to recover the respective
aggregate CCI. In this example, the observation region is
determined with Rm = 1 m and RM = 100 m. The density of interferers is λ = 0.05 FBS/m2 . As aforesaid, when
operating in the TDD-underlay mode, femtocells choose
either slot with equal probability ϑ = 50%. The radio
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channel is aﬀected by path loss with exponent α = 3, LN
shadowing with σdB = 6 dB, and Nakagami fading with
shape factor m = 16. In the femtocell tier, transmitters
use a ﬁxed power level of p = 20 dBm. When using PC
with full compensation, femtocells control their transmit
power to fully compensate for the average value of the
desired receivers’ large-scale fading.
Figure 3 compares the CCDF of the aggregate CCI from
Monte Carlo simulations with those from the LN. As
can be seen from these ﬁgures, the LN approximation
matches quite well with the simulation results, though the
proposed approximations work slightly better with lower
fading variance (m = 16). In the coordinated scenarios,
a coordination threshold of ρth = −40 dBm and an MU
requesting power of pb = 0 dBm are used. Comparing
the aggregate CCI of uncoordinated scenarios with that
of coordinated ones, we observe that the two-tier networks under study beneﬁt most from avoiding dominant
interferers through the CM. Indeed, the coordinated cases
provide gains due to the formation of dynamic exclusion
regions around the tagged receiver.

5 Performance analysis
We evaluate the performance of the scenarios under study
in terms of the outage probability and average channel capacity with respect to the tagged receiver. Next,
closed-form expressions to approximate the aforementioned ﬁgures of merit are introduced.

10 0

Aggregate CCI at the Tagged Receiver
Simulation
LN approx.
FDD

10 −1

CCDF

FDD + CM1
TDD + CM1

10 − 2

5.1 Signal-to-interference ratio and outage probability

The outage probability is given by Pr [ < γth ], where 
is the perceived signal-to-interference ratio (SIR) at the
tagged receiver, and γth is the SIR detection threshold.
Notice that the scenarios under study are interference
limited and hence the thermal noise is negligible in comparison to the resulting CCI [33].
Theorem 1. Let Z0 and Z be LN RV representing the power
received from the tagged transmitter and the aggregate
CCI at the tagged receiver, respectively. Under the assumption of the shadowed fading with composite Gamma-LN
distribution, the SIR at the tagged receiver is


(18)
 ∼ LogNormal μV0 − μV , σV20 + σV2 ,
and the outage probability is given by
Pr { < γth } = Q [(μSIR − γth ) /σSIR ] .

(19)

Proof. The SIR distribution is given by the quotient of
two independent LN RV, namely, Z0 = eV0 that is the
power received from the tagged transmitter, and Z = eV
that is an equivalent LN RV approximating the aggregate
CCI at the tagged receiver. Hence, we apply the multiplicative reproductive property of LN RV to obtain the SIR
distribution [34].
5.2 Average spectral eﬃciency

We also evaluate how the CM perform in the two-tier
coexistence scenarios by means of the location-dependent
average channel capacity of the tagged receiver [35]. By
using the analytical framework previously established, and
assuming that all users are allocated on the same bandwidth, W, we initially recover the SIR distribution of
the tagged receiver, and then compute the corresponding
capacity.
Theorem 2. Under the assumption of the shadowed fading
channel regime, the average channel capacity of the tagged
receiver is given as,
 √

K

ηk 2σ + μ
ωk
. (20)
C̄  W
√ log2 1 + exp
ξ
π
k=1

TDD + CM2

10

Page 7 of 11

Proof. To compute the location-dependent average
channel capacity,
 ∞
(21)
C̄ = W
log2 (1 + γ )f (γ ) dγ ,

−3

0

10 −4
-45

-37.5

-30

-22.5
CCI (dBm)

-15

-7.5

0

Figure 3 Aggregate CCI at the tagged receiver. Complementary
cumulative distribution function (CCDF) of the aggregate CCI at the
tagged FBS under shadowed fading with σdB = 6 dB and m = 16
(corresponds to a Rician factor K = 14.8 dB).

we use the PDF of the SIR with respect to the tagged
receiver, which is indicated by f (γ ).
To do that, we use the Gauss-Hermite quadrature [10],


+∞

−∞

e

−η2

f (η) dη =

K

k=1

ωk f (ηk ) + RK ,

(22)
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where ηk is the k th zero of the Hermite polynomial HK (η)
of degree K, ωk is the corresponding weight of the function
f ( · ) at the k th abscissa, and RK is the remainder value.
K corresponds to the number of sample points which are
used to approximate f (η) [10,26].√After that, by using the
substitution η = (ξ ln γ − μ)/ 2σ in (21), we obtain
expression (20).
5.3 Numerical results

Herein, we consider the same assumptions and conﬁguration parameters of Section 4.3. In Figure 4, we use
Theorem 1 to plot the outage probability for an increasing density of FU. The uncoordinated scenarios present
the poorest performance, while in the time-multiplexing
scenario the tagged receiver experiences slightly better
performance since the CCI is reduced by a factor that is
proportional to the number of time-slots available in a
UL frame. By avoiding the dominant interferers through
the coordination procedure, the tagged receiver performance signiﬁcantly improves, whereas the extent of the
coordination gains depend on the correlation between
beacon and data channels. When nodes coordinate by
fulﬁlling ϒ1 , the time-multiplexed scenarios outperform
the typical FDD transmission mode. However, by comparing the coordination criteria in the TDD-underlay case,
we observe an interesting trade-oﬀ between individual
link quality and overall spectrum eﬃciency. In fact, when
nodes coordinate following the criterion given by ϒ1 ,
the tagged receiver experiences better link quality since
less interferers are active. However, when nodes follow

ϒ2 , the overall utilization of radio resources is increased
since more simultaneous transmissions are allowed at the
expense of slightly worse outage ﬁgures for the tagged
link.
We use Theorem 2 to present the ergodic capacity of the
tagged link for an increasing density of interfering nodes
in Figure 5. As previously observed with the outage probability, the coordinated scenarios outperform the uncoordinated ones. The uncoordinated TDD-underlay case
presents ergodic channel capacity comparable to the FDD
deployment with the CM1. Moreover, by assessing the
conﬁguration with TDD-underlay and CM2, it becomes
clear that the tagged link experiences lower average channel capacity owing to the higher number of simultaneous
transmission which are allowed in this case.

6 Conclusions and ﬁnal remarks
In this article, we address the CCI problem in two-tier
coexistence scenarios. As opposed to the typical spectrum
partitioning approaches, the TDD concept is assessed as
an alternative to underlay short-range femtocell communications on the UL of legacy macrocell deployments.
Herein, we consider distributed mechanisms based on
the regular busy tones and that rely on minimal signaling exchange to coordinate the underlaid femtocell tier to
reduce the co-channel interference. An analytical framework based on stochastic geometry and higher-order
statistics through the cumulants concept which captures
network dynamics and channel variations is introduced.
We use this framework to recover the distribution of the

Average Spectral Efficiency at the Tagged Receiver

Outage Probability at the Tagged Receiver
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Figure 4 Outage probability. Outage probability at the tagged
receiver for increasing density of interfering FU. We consider a
Nakagami-m shape parameter m = 16 (that corresponds to the Rice
parameters K = 14.8 dBm) and network radius of 100 m.
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Figure 5 Average spectral eﬃciency. Average spectral eﬃciency at
the tagged receiver for increasing density of interfering FU. We
consider a Nakagami shape parameter m = 16 (that corresponds to
the Rice parameters K = 14.8 dBm) and network radius of 100 m.
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co-channel interference and to evaluate the system performance in terms of the outage probability and average
spectral eﬃciency of the tagged link. Our analytical model
matches well with numerical results obtained using Monte
Carlo simulations. When compared to the uncoordinated
FDD deployment, the outage probability of the evaluation scenarios with the coordinated TDD-underlay solution is reduced by nearly 80%, while the average spectral
eﬃciency increases by approximately 90% at high loads.

The nth cumulant is then given by
 ∞  ∞  RM
κn = 2πλ
pn r1−nα xn fX (x)

1/α
max Rm ,(y/th )
0
0
× fY (y)dr dy dx
= 2πλp

n



x fX (x) dx

M



 
I (ω) = exp 2π

∞  RM
0





exp jwpr−α x − 1

Rm


(23)

By evaluating (7) using (23), and integrating with respect
to r, we obtain

2πλpn  2−αn
=
− RM 2−αn
Rm
nα − 2



∞

xn fX (x)dx,

0

(24)
as the nth cumulant of the CCI distribution. Since transmissions are aﬀected by the shadowed fading, the LN
approximation of Section 2.4 is used with Deﬁnition 3 to
1 2 2
obtain EX [0, ∞, n] = enμ+ 2 n σ and from there derive
(12).

1/α

Rm

 
r1−nα fY y dr dy .

(26)

where th = ρth /pb , m = th Rαm and M = th RαM . By
integrating (26) with respect to r, we obtain

 m
2πλ pn EX [0, ∞, n]  2−αn
2−αn
Rm
− RM
fY (y)dy
κn =
nα − 2
−∞


 M 
2
2
2−nα
−n n− α
α
y
fY (y)dy .
th − RM
(27)
+
Finally, we obtain the expression (14) after computing
the partial moments of the approximating LN RV X
and Y by repeatedly applying Deﬁnition 3, and by
using the change of variable Y = eμ+σ Z , where Z ∼
−μ
Normal (0, 1), along with the substitutions ˜ M = ln M
σ
and ˜ m = ln σm −μ .

Appendix 3
Proof of Proposition 4

By considering the indicator function in (10), we write the
CF of the aggregate CCI for the R2 as,
  ∞  RM




I (ω) = exp 2π
exp jwpr−α x − 1
0

Rm




× ϑλfX (x) 1ϒ1c r−α x rdrdx .

(28)

And from (7), the nth cumulant is
 ∞  RM
n 1−nα n
x fX (x)dr dx
κn = 2πϑλ

 (p) r

Appendix 2
Proof of Proposition 3

Considering interfering FBS in R2 , the nth cumulant of
the aggregate interference is determined from the CF as
follows
∞  ∞  RM
0

RM

 
r1−nα fY y dr dy

m

× λfX (x) r dr dx .

 
I (ω) = exp 2π

0

(y/th )

m

Using Deﬁnition 4, the CF of the aggregate CCI perceived
by the tagged receiver is written as

m RM

n

X

+

Proof of Proposition 2

κn
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0






exp jwpt r−α x − 1

Rm


 
 −α 
c
× λfX (x) fY y 1ϒ1 r y rdr dy dx , (25)
where ϒ1c = 1 − ϒ1 corresponds to the event of not
detecting a victim receiver.

0



= 2πϑλ

+

M

m



max Rm ,(x/th )1/α

∞  RM
M

(p)n r1−nα xn fX (x)dr dx

Rm

(x/th )1/α

(p)n r1−nα xn fX (x)dr dx .

(29)

Rm

Similar to the derivation of (27), we ﬁrst integrate with
respect to r and obtain

 ∞
2πϑλ pn  2−αn
2−αn
− RM
xn fX (x)dx
Rm
κn =
nα − 2
M


 M 
2 n− 2
2−nα
(30)
xn Rm
+
− x α th α fX (x)dx
m
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Likewise the previous case, after computing the following partial moments with respect to X, and using the
change of variable X = eμ+σ Z , we obtain the expression
(15).
EX [−∞, m , n] = enμ+

n2 σ 2
2

(1 − Q[˜ m − nσ ]) ,

(31)


! 



"
2μ 2σ 2
2
2σ
2σ
+
EX m , M ,
= e α α2 Q ˜ m −
−Q ˜ M −
,
α
α
α
(32)
EX [m , M , n] = enμ+
where Q[ u] =

√1
2π

∞
u

n2 σ 2
2

(Q [˜ m − nσ ]−Q [˜ M − nσ ]) ,
(33)

− v2

dv.

Proof of Proposition 5

By using the indicator function of (11), we write the CF of
the aggregate CCI for the resulting R2 as,
  pM  ∞  RM




exp jwpr−α x − 1
I (ω) = exp 2π
0

Rm


 −α 
× ϑλfX (x) fP (p) 1ϒ2 pr x rdrdxdp .

(34)

And from (7), the corresponding nth cumulant becomes
 ∞  RM
n 1−nα n
x fX (x) fP (p)
κn = 2πϑλ

p r
max Rm ,(xp/ρth

0

)1/α

× dr dx dp


pM ∞  RM

= 2πϑλ

+

pM
pm

pm

ρM
p

M

RM

pn r1−nα xn fX (x)dr dx dp

Rm


x fX (x) fP (p)dr dx dp ,

n 1−nα n

(xp/ρth )1/α

m

p r

(35)
where ρm =
and ρM =
After integrating
(35) with respect to r, we obtain

 pM  ∞
2πϑλ  2−αn
2−αn
− RM
pn xn fX (x)
Rm
κn =
nα − 2
pm
ρM /p
 pM  ρM /p !
2−nα
pn xn Rm
× fP (p)dx dp +
ρth RαM .

ρth Rαm

2

2

"
2

n− α

− p α x α ρth



2−αn
2−αn
T1 = Rm
− RM

ρ̃m =
pM

ln (ρm /p)−μ
,
σ

pn enμ+

n2 σ 2
2

and

(1−Q[ρ̃m − nσ ])

pm

× fP (p)dp,
! 

 pM
2μ 2σ 2
2σ
2−nα α + α 2
Q ˜ m −
T2 =
pn Rm
e
α
pm
"

2σ
fP (p) dp,
− Q ˜ M −
α
 pM
2 n− 2
n2 σ 2
T1 =
p α ρth α enμ+ 2 (Q [˜ m −nσ ] − Q [˜ M − nσ ])
× fP (p) dp.

Appendix 4

pm

ln (ρM /p)−μ
,
σ

pm

2

e

where ρ̃M =
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pm

ρm /p

fX (x)fP (p)dx dp


(36)

Using the change of variate from Appendix 2 we can
rewrite the cumulant expression as,


2πϑλ
(37)
T1 + T2 − T3
κn =
nα − 2

(38)

The cumulant in (37) can be computed in a closed form
expression, but unfortunately it is ﬁnal format is overly
cumbersome. Thereby, we decide to simply indicate the
corresponding operation in (17).
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