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Abstract

Orthogonal frequency division multiplexing (OFDM) has been adopted in many modern communication systems
due to its robustness against frequency-selective fading channels as well as its near-rectangular spectrum that can
achieve high spectral efficiency. However, its major drawback is the resulting signal with high peak-to-average
power ratio (PAPR), which causes severe nonlinear distortion at the power amplifier (PA) unless input backoff is
chosen sufficiently large. The effect of the nonlinear distortion is two-fold: out-of-band radiation and signal quality
degradation. The former causes adjacent channel interference and thus degrades the bandwidth efficiency. The
latter affects the system level performance and is often measured by the error vector magnitude (EVM). It is thus
important for the system designer to analyze the nonlinear distortion caused by a given PA in terms of power
spectral density (PSD) and EVM, but accurate calculation of these characteristics may be generally involved. In this
work, by establishing the link between the cross-correlation coefficient of the input and output signals from PA and
the resulting PSD, we characterize the in-band and out-of-band distortion of nonlinearly amplified OFDM signals
based exclusively on the cross-correlation coefficient. The accuracy of the proposed approach is confirmed by both
simulation and measurement using a real PA.
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1 Introduction
As the mobile terminals become smaller while meet-
ing their demand for communication with even higher
data rate, the future wireless communication signals
should satisfy high bandwidth efficiency without sacri-
ficing power efficiency. Orthogonal frequency-division
multiplexing (OFDM) signaling has gained significant
attention due to its high bandwidth efficiency and robust-
ness against frequency-selective fading channels. How-
ever, its well-known drawback is the high peak-to-average
power ratio (PAPR) property of the resulting signals.
High PAPR signal is difficult to amplify without sacrific-
ing its power conversion efficiency at the linear power
amplifier (PA). In order to maximize PA efficiency, it
is essential to adjust the input signal to be amplified
mostly around the saturation region. This PA operation
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introduces severe nonlinear distortion which degrades
the signal quality and, in turn, increases bit error rate
(BER). In addition, it also introduces out-of-band radi-
ation which causes adjacent channel interference (ACI).
On the other hand, when we set the operation point of
the PA much lower than its saturation point, it suffers
from a severe power penalty. This is a well-known trade-
off between the PA efficiency and the quality of trans-
mit signals [1,2], a salient issue for the OFDM systems
that exhibit highest PAPR among many communication
systems.
The PA models are categorized into strictly memo-

ryless, quasi-memoryless, and memory [3]. The output
signal of strictly memoryless PA models (e.g., Rapp
model [4]) depends only on the amplitude-to-amplitude
(AM-AM) characteristic, while that of the quasi-
memoryless PA models (e.g., Saleh model [5]) depends
on both the AM-AM and amplitude-to-phase (AM-PM)
characteristics.
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Most wireless communication standards such as IEEE
802.11 wireless LAN strictly regulate the permissible
spectral sidelobe levels in order to avoid ACI and thus
enhance overall spectral efficiency of the multi-user sys-
tems. The error vector magnitude (EVM) is another
measure that characterizes the performance degradation
caused by nonlinearity due to the system impairments
and often restricted by the specification. The EVM is
an alternative measure for a ratio of the power of the
received signal to that of the in-band distortion and
noise [2,6].
Therefore, from the viewpoint of communication sys-

tem designers, it may be helpful if performance measures
such as power spectral density (PSD) and EVM of the PA
output signal are easily predicted or estimated.
The PSD of the signals affected by the nonlinearity of

the PA has been extensively studied, mostly in conjunc-
tion with the OFDM signals that can be characterized as a
band-limited complex Gaussian process.
For example, in [7,8], based on the autocorrelation func-

tion of memoryless PA output signal, the out-of-band
spectrum has been theoretically analyzed and good agree-
ment with the experimental result has been observed. In
[9,10], using cumulant expression as a generalization of
the autocorrelation function, the closed-form polynomial
expression is derived. In [11], the spectrum estimation is
performed by autocorrelation function with curve fitting
by a series of Bessel function.
More recently, the nonlinearity analysis has been

extended to the multiple-input and multiple-output
(MIMO)-OFDM signals [12-14] as well as the degradation
in terms of channel capacity [15].
One of the major issues associated with the above-

mentioned approaches is how to accurately model a
given PA. In principle, any well-behaved nonlinear func-
tion can be approximated by Taylor series expansion or
a series of special functions, but reducing the residual
error in the estimated PSD requires an addition of higher
order terms. Incorporating higher order terms, in turn,
makes the analysis complicated or even mathematically
intractable.
In this work, we propose an approach to develop a

simple model that can accurately characterize the PSD
and EVM of the resulting OFDM signals. Our approach
is based on the use of the cross-correlation coefficient
between the input and output signals from the PA, which
can be easily calculated from its AM-AM and AM-PM
characteristics and input backoff (IBO) operation. This
cross-correlation coefficient is directly related to the con-
cept of the total signal-to-distortion power ratio (SDR)
discussed in [2]. Here, we emphasize that unlike con-
ventional curve fitting approaches, our approach does
not necessarily require the precise expressions for the
AM-AM and AM-PM curves of a given PA in order

to characterize the resulting PSD and EVM. The accu-
racy of the proposed approach is confirmed by simu-
lation as well as an experimental measurement using a
real PA.
The major contributions of this work are summarized

as follows: 1) We theoretically establish the link among
the cross-correlation coefficient, total SDR as well as in-
band SDR (or EVM), and the resulting PSD. In particular,
the effect of the higher-order distortion terms is theo-
retically analyzed for two representative and analytically
tractable nonlinear models. 2) We propose a simple PSD
estimation approach that only makes use of the cross-
correlation coefficient and the spectral shape of the third-
order distortion. 3) The effectiveness of our approach is
verified by both simulation and measurement using real
PA with OFDM signal input. As is common in the statis-
tical analysis of OFDM signals [8,9,11,16,17], the PA input
signal is assumed to be a zero-mean circular symmet-
ric stationary complex Gaussian process [18] throughout
this work.
This paper is organized as follows. A general mathemat-

ical expression of PSD for nonlinearly amplified Gaussian
signals in terms of the correlation coefficients of input sig-
nals is described in Section 2, followed by its examination
through two specific nonlinearity examples in Section 3.
In Section 4, the proposed estimation of PSD based on
the cross-correlation coefficient of input and output sig-
nals is developed and its application to OFDM signaling
is discussed. The simulation and experimental results are
compared with those based on the proposed theoretical
approach in Section 5. Finally, the concluding remarks are
given in Section 6.

2 PSD expression of nonlinearly amplified
Gaussian signals

2.1 Input signal model
Throughout this paper, we assume that a complex base-
band signal zi(t) input to the PA is characterized as a zero-
mean circular symmetric stationary complex Gaussian
process, which is considered as an accurate model for
OFDM signals with a large number of subcarriers. It then
follows that zi(t) is expressed as

zi(t) = xi(t) + jyi(t) = r(t)e jθ(t) , (1)

where r(t) = |zi(t)|, θ(t) = arg zi(t), xi(t) = � {zi(t)},
and yi(t) = � {zi(t)}. By assumption, xi(t) and yi(t) can be
considered as statistically independent real-valued zero-
meanGaussian processes. The autocorrelation function of
a stationary process zi(t) can be defined as

Rzi(τ ) � E
{
zi(t)z∗

i (t + τ)
}
, (2)
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where E{·} denotes an expectation operator. The corre-
sponding correlation coefficient can be expressed as

ρzi(τ ) �
E
{
zi(t)z∗

i (t + τ)
}√

E
{|zi(t)|2}E{|zi(t + τ)|2} = Rzi(τ )

Pin
, (3)

where

Pin = Rzi(0) = E
{|zi(t)|2} = E

{
r2(t)

}
(4)

is the average power of zi(t). It also follows that

ρzi(τ ) = ρxi(τ ) = E{xi(t)xi(t + τ)}
E
{
x2i (t)

} , (5)

where ρxi(τ ) is a real-valued correlation coefficient,
and thus, ρzi(τ ) is a real-valued function as well, satis-
fying −1 ≤ ρzi(τ ) ≤ 1.

2.2 Correlation coefficient of output signals
In principle, the amplitude and phase distortions associ-
ated with a PA depend only on the amplitude of input
signal envelope r(t) [9], and the corresponding output
baseband signal zo(t) from the PA can be expressed as

zo(t) = g[r(t)] e j{φ[r(t)]+θ(t)} = G[r(t)] e jθ(t) , (6)

where g[·] and φ[·] denote the AM-AM and AM-PM
conversions, respectively, and the complex gain is defined
as

G(r) = g(r)e jφ(r). (7)

Following the results by Blachman [19], when the input
signal is expressed as a complex stationary Gaussian pro-
cess, the correlation coefficient of the output signal zo(t)
can be expressed in terms of the correlation coefficient of
the input signal ρzi(τ ) = ρxi(τ ) as

ρzo(τ ) = Rzo(t)
Pout

= Pin
Pout

∞∑
n=0

Cnρ
2n+1
xi (τ ) =

∞∑
n=0

Cn
ξ

ρ2n+1
xi (τ )

(8)

where

Rzo(τ ) = E
{
zo(t)z∗

o(t + τ)
}
, (9)

Pout = Rzo(0) = E
{|zo(t)|2} = E

{
g2(r)

}
, (10)

ξ � Pout
Pin

. (11)

The coefficient Cn ∈ R associated with the (2n + 1)th
order term is expressed as [19]

Cn = 1
(n + 1)Pin

∣∣∣∣
∫ ∞

0
p(r)G(r)

r√
Pin

L(1)
n

(
r2

Pin

)
dr
∣∣∣∣2 ,
(12)

where p(r) is the probability density function (PDF) of
the input envelope r(t) = |zi(t)|, which follows Rayleigh
distribution, and expressed as

p(r) = 2r
Pin

e−r2/Pin . (13)

(The above PDF assumption is valid for the OFDM sys-
tem without PAPR reduction. When the PAPR of input
signal is reduced before power amplification, the use of
other distributions, e.g., [20], may result in more accu-
rate result.) The function L(m)

n (z) in (12) is the generalized
Laguerre polynomial [21], which can be expressed in a
polynomial form for a non-negative integer m as

L(m)
n (z) =

n∑
k=0

(
n + m
n − k

)
(−z)k

k!
, (14)

where(
a
b

)
= a!

b! (a − b)!
. (15)

Note that in the case of n = 0, since L(m)
0 (x) = 1 for any

x, (12) reduces to

C0 = 1
P2in

|E {rG(r)}|2 (16)

and thus

C0
ξ

= |E {rG(r)}|2
E
{
r2
}
E
{
g2(r)

} = ∣∣ρzi ,zo ∣∣2 (17)

where ρzi ,zo ∈ C corresponds to the cross-correlation
coefficient of zi(t) and zo(t):

ρzi ,zo = E{zi(t)z∗
o(t)}√

E
{|zi(t)|2}E{|zo(t)|2} = E

{
zi(t)z∗

o(t)
}

√
PinPout

.

(18)

2.3 PSD of output signals
As a consequence of Bussgang theorem [22], the out-
put autocorrelation function of a nonlinearly transformed
Gaussian signal is decomposed as a sum of the scaled ver-
sion of the autocorrelation function of the input signal and
that of the distortion component uncorrelated with the
input signal. It thus follows that the termwith n = 0 in (8),
or equivalently (17), represents the useful signal compo-
nent and the remaining terms correspond to distortion. In
fact, taking Fourier transform of (8) gives the normalized
PSD, which is expressed as

Szo( f ) =
∫ ∞

−∞
ρzo(τ )e−j2π f τdτ =

∞∑
n=0

Cn
ξ
S�(2n+1)
xi ( f ),

(19)
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where Sxi( f ) is the PSD of the input signal directly
obtained by Fourier transform of the correlation coeffi-
cient of input signal ρxi given by

Sxi( f ) =
∫ ∞

−∞
ρxi(τ )e−j2π f τdτ , (20)

and S�(m)
xi denotes the self-convolution process with m

times, i.e.,

S�(m)
xi ( f ) � Sxi( f ) � · · · � Sxi( f )︸ ︷︷ ︸

m

, (21)

with � corresponding to convolution operation. We also
note that due to the normalization, we have∫ ∞

−∞
S�(m)
xi ( f )df = 1 (22)

for any positive integerm.
In principle, once the input signal PSD Sxi( f ) and Cn

are known, the output PSD can be determined through
the above equations. In the case of OFDM, it is reasonable
to assume that the PSD is rectangular, and in this case,
the closed-form expression can be obtained for their self-
convolution terms as will be discussed in Section 4.4. On
the other hand, the coefficient Cn involves the nonlinear
function G(r) and whether it can be given in a tractable
form or not depends on the mathematical structure
of G(r).

3 Examples of distortion coefficients for
nonlinearly amplified Gaussian signals

In this section, we examine the effect of sharpness and
smoothness of the nonlinearity on the resulting PSD by

analyzing the coefficients Cn/ξ in (19). The two spe-
cific example AM-AM models, i.e., soft envelope limiter
model and erf model, are considered as our representative
examples.

3.1 Analysis of coefficients
By substituting (13) into (12), we obtain

Cn = 1
(n + 1)Pin

∣∣∣∣∣∣
n∑

k=0

(−1)k

k!

(
n + 1
n − k

)∫ ∞

0
G(r)

2r2+2k

Pk+
3
2

in

× exp
(

− r2

Pin

)
dr

∣∣∣∣∣∣
2

.

(23)

In general, except for some special cases of G(r), (23)
should be numerically calculated. The soft envelope lim-
iter model and erf model turn out to result in analyti-
cally tractable expressions, where the former serves as an
example of sharpest nonlinearity (but perfectly linear up
to the saturation point) and the latter as a smooth nonlin-
earity (but severer in terms of amount of distortion [23]).
These nonlinearity functions (including those described
later in Section 5) are compared in Figure 1.

3.1.1 Soft envelope limitermodel
The soft envelope limiter model is defined as

G(r) = g(r) =
{
r, r < Amax,
Amax, r ≥ Amax,

(24)

Figure 1 The AM-AM and AM-PM characteristics of PA models used in this work. The reference envelope level Amax is chosen as 1.0. For the
Rapp model, the parameter p is chosen as 3.0.
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where Amax denotes the maximum envelope level of input
signal where it is linearly amplified. Note that without loss
of generality, the amplifier gain is normalized to unity and
the AM-PM characteristic is absent (i.e., φ(r) = 0) in this
model. The clipping process is controlled by the IBO (or
clipping ratio) γ = Amax/

√
Pin. By substituting (24) into

(23) and after some algebra, we obtain

Cn = 1
(n + 1)

∣∣∣∣∣
n∑

k=0

(
n + 1
k + 1

)
(−1)k

k!

{

(2 + k)

+ γ


(
3
2

+ k, γ 2
)

− 
(2 + k, γ 2)

} ∣∣∣∣∣
2

,

(25)

where 
(a, b) is the incomplete gamma function given by


(a, b) =
∫ ∞

b
xa−1e−xdx, (26)

and 
(a) = 
(a, 0). Note that in [11], a recursive expres-
sion of Cn for the soft envelope limiter is derived. On
the other hand, from (25), one may directly obtain the
following form:

Cn = 1
(n+1)

∣∣∣∣∣∣
n∑

k=0
(−1)k

(n + 1)!
(n − k)!

⎧⎨
⎩1 −

⎛
⎝1 +

k+1∑
l=1

[
1
l!

− Fk( 1
2
)
l

]
γ 2l

⎞
⎠

× e−γ 2 + Fk
√

πγ erfc(γ )

⎫⎬
⎭
∣∣∣∣∣∣
2

(27)

where erfc(x) = 1 − erf(x) is the complementary error
function with the error function erf(x) defined as

erf(x) = 2√
π

∫ x

0
e−t2dt, (28)

(a)k is the Pochhammer symbol [21] given by

(a)k = 
(a + k)

(a)

= a(a + 1)(a + 2) · · · (a + k − 1)

=
k−1∏
l=0

(a + l),

(29)

and

Fk �
k∏

m=0

2m + 1
2m + 2

. (30)

Eq. 27 states that Cn can be expressed by the square
of linear combinations of terms γ 2le−γ 2 and γ erfc(γ) for
l = 0, 1, . . . The first three coefficients are calculated as

C0 =
∣∣∣∣1 − e−γ 2 +

√
π

2
γ erfc(γ)

∣∣∣∣2 , (31)

C1 = 1
8

∣∣∣∣γ 2e−γ 2 +
√

π

2
γ erfc(γ)

∣∣∣∣2 , (32)

C2 = 1
768

∣∣∣6γ 2e−γ 2 − 4γ 4e−γ 2 + 3
√

πγ erfc(γ)
∣∣∣2 . (33)

The output power can be derived by using (10) and the
output/input power ratio ξ is given by

ξ = Pout
Pin

= 1 − e−γ 2
. (34)

3.1.2 erfmodel
The erf model is defined as [2,24]

G(r) = g(r) = Amaxerf
(√

π

2
r

Amax

)
, (35)

where Amax in this case corresponds to the maximum
output envelope level if the power gain is normalized to
unity.
By substituting (35) into (23), Cn can be expressed using

γ = Amax/
√
Pin as

Cn = 1
n + 1

∣∣∣∣∣
n∑

k=0

(
n + 1
k + 1

)
(−1)k(k + 1)

× 2F1
(
1
2
, k + 2;

3
2
;−π

4
1
γ 2

)∣∣∣∣∣
2 (36)

where 2F1(a, b; c; z) is the hyper-geometric function [21],
and can be expressed as the following infinite series
expression:

Cn = 1
n + 1

∣∣∣∣∣
n∑

k=0

(
n + 1
k + 1

)
(−1)k

∞∑
l=0

(
k + l
l

)

×k + l + 1
2l + 1

(−1)l
(

π

4γ 2

)l∣∣∣∣∣
2

.

(37)

The infinite series in the above expression rapidly con-
verges when γ is not too small and thus easy to calculate
in the case of a practical operation scenario. Finally, the
output/input power ratio ξ can be calculated as [2]

ξ = 4
π

γ 2√
1 + 4

π
γ 2

arctan

⎛
⎜⎝ 1√

1 + 4
π
γ 2

⎞
⎟⎠ . (38)

3.2 Discussion
Figure 2a,b shows the relationship between Cn/ξ and γdB
in the case of soft envelope limiter model and erf model,
respectively, where the IBO here is defined as γdB �
20 log10 γ . As expected from (17) and (18), since the cor-
relation between the input and output signals becomes
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(a)

(b)

Figure 2 Correlation vs. input backoff. The relationship between higher-order nonlinear distortion components Cn/ξ and input backoff for
(a) soft envelope limiter model and (b) the erf model.

higher as we increase IBO, the effective signal term (C0)
increases, whereas the other terms that represent residual
distortions decrease.
In the case of the soft envelope limiter, when γdB is low,

the third-order distortion term (C1) becomes dominant,
but as γdB increases, higher-order terms eventually dom-
inate. This particular behavior is mostly specific to the
case of the soft envelope limiter which has a piecewise
linear characteristic such that the envelope undergoes
severe nonlinearity at the saturation point. On the other
hand, in the case of the erf model, the third-order distor-
tion term (C1) is always dominant and higher-order terms
become less dominant, and this holds almost regardless
of the IBO value. Therefore, for many practical amplifiers

that have smooth nonlinearity, the third-order term may
be considered as the most effective factor in the PSD
analysis.

4 Simple expressions for approximate PSD and
EVMupper bound

In this section, we first establish the relationship between
the nonlinearity behavior and signal-to-distortion power
ratio under the assumption of Gaussian input signals. We
will then develop a simple approach that does not require
any curve fitting but still can estimate the PSD as well
as the resulting in-band distortion even if the function
G(r) is only partially measured or the signal-to-distortion
power ratio is known only at the detector.
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4.1 Total signal-to-distortion power ratio
From (19) and (22), we observe that the total signal power
after nonlinear amplification is expressed as

∫ ∞

−∞
Szo( f )df =

∞∑
n=0

Cn
ξ

∫ ∞

−∞
S�(2n+1)
xi ( f )df

=
∞∑
n=0

Cn
ξ

= 1

(39)

where the first term n = 0 corresponds to the useful sig-
nal component and the others correspond to distortion.
Therefore, the total SDR can be defined as

SDRtotal �
C0/ξ

∞∑
n=1

Cn/ξ

= C0/ξ

1 − C0/ξ
=

∣∣ρzi ,zo ∣∣2
1 − ∣∣ρzi ,zo ∣∣2 ,

(40)

where |ρzi ,zo |2 is defined in (17). This is referred to as a
design SDR in [2] and can be easily calculated through
the measurement of only the cross-correlation coefficient
(18).

4.2 Effective signal-to-distortion power ratio
As mentioned in [2], the total SDR defined above contains
both in-band and out-of-band distortion components,
whereas the in-band distortion is only a dominant fac-
tor for detection of the data. Thus, the effective SDR may
be defined based on the in-band distortion component
only. To this end, we divide the power spectra correspond-
ing to the order n ≥ 1 into the in-band and out-of-band
components as

∫ ∞

−∞
S�(2n+1)
xi ( f )df =

∫
Din

S�(2n+1)
xi ( f )df︸ ︷︷ ︸

βn,in

+
∫
Dout

S�(2n+1)
xi ( f )df︸ ︷︷ ︸
βn,out

= 1,
(41)

where Din and Dout represent the frequency regions cor-
responding to in-band and out-of-band, respectively.
The effective SDR is then defined as

SDReff �
C0/ξ

∞∑
n=1

βn,inCn/ξ

. (42)

We denote the most dominant in-band spectral compo-
nent as

β∗,in = max
n≥1

βn,in. (43)

Then, we have

SDReff ≥ C0/ξ

β∗,in
∞∑
n=1

Cn/ξ

= 1
β∗,in

SDRtotal. (44)

The EVM can be then upper-bounded by

EVM =
√

1
SDReff

≤
√

β∗,in
SDRtotal

. (45)

4.3 Simple approximate expression of power spectral
density using cross-correlation coefficient

In Section 3.2, we have seen that in both the cases of
smooth and sharp (including piecewise linear) nonlin-
earity, the third-order component (C1/ξ ) is a dominant
factor of distortion. Using this fact, we establish the
simple approximate PSD expression based only on the
input/output cross-correlation coefficient and the PSD of
input signals.
First, let us express (19) as

Szo( f ) = C0
ξ
Sxi( f ) +

∞∑
n=1

Cn
ξ
S�(3)
xi ( f )

+
∞∑
n=2

Cn
ξ

{
S�(2n+1)
xi ( f ) − S�(3)

xi ( f )
}

︸ ︷︷ ︸
δ( f )

.
(46)

Since in general Cn/ξ becomes smaller as n increases,
δ( f ) in the above expression may be negligibly small
in most scenarios, and ignoring this term leads to the
following approximate PSD expression:

Szo( f ) ≈ ∣∣ρzi ,zo ∣∣2 Sxi( f ) +
(
1 − ∣∣ρzi ,zo ∣∣2) S�(3)

xi ( f ). (47)

4.4 Power spectrum expression for band-limited OFDM
signals

The calculation of the exact spectrum (19) or its approxi-
mate form (47) requires the knowledge of the input signal
spectrum and its self-convolution. So far, we have not
specified the form of the input signal spectrum, and we
will now focus on the band-limited OFDM signals. Let us
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define the lth complex baseband OFDM signal centered at
the zero frequency that can be expressed as [25]

zi,l(t) = 1√
N

N−1∑
k=0

Xl,k e j2π(k−(N−1)/2)t/T , (48)

whereN is the number of subcarriers,Xl,k denotes a QAM
(or PSK) symbol on the kth subcarrier of the lth OFDM
symbol, and T is a symbol period.
Note that zi,l(t) defined in (48) is periodic with periodT,

and the resulting input signal formed by the consecutive
OFDM symbols may be expressed as

zi(t) =
∞∑

l=−∞
zi,l(t)w(t − lTs), (49)

where w(t) is a windowing function of length Ts > T
that controls the smoothness of the transition between
the consecutive OFDM symbols. Strict characterization
of the PSD requires the knowledge of w(t) as it also causes
the spectral leakage. In this paper, however, we focus only
on the out-of-band radiation caused by nonlinear distor-
tion through examination of only one OFDM symbol for
simplicity, and the effect of the spectral leakage caused by
this windowing will not be considered.
Provided that {Xl,k} are independent and identically dis-

tributed (i.i.d.), as N increases, the distribution of the
OFDM signal is known to approach that of a complex
Gaussian random process with near rectangular spectral
shape. Therefore, in what follows, we assume that zi(t) is
an ideally band-limited Gaussian random process whose
PSD is expressed as

Szi( f ) = Sxi( f ) =
{
1, | f | < 1

2 ,
0, otherwise. (50)

Then, its self-convolution can be expressed by [26,27]

S�(2n+1)
xi ( f ) = (2n + 1)

n−l∑
p=0

(−1)p
(
n + 1

2 − | f | − p
)2n

p! (2n + 1 − p)!
,

(51)

for

max
(
0, l − 1

2

)
< | f | < l + 1

2
, (52)

where l = 0, 1, · · · , n. In particular, when n = 1, we obtain

S�(3)
xi ( f ) =

{
3
4 − | f |2, | f | < 1

2 ,
1
2
( 3
2 − | f |)2 , 1

2 < | f | < 3
2 .

(53)

After some algebraic manipulation, we obtain the
expression of the power that falls in-band as

βn,in = 2
∫ 1

2

0
S�(2n+1)
xi ( f )df

= 2
n∑

p=0
(−1)p

(
n − p + 1

2
)2n+1 − (n − p)2n+1

(2n − p + 1)! p!
.

(54)

It follows that the first four terms (n = 1, 2, 3, 4) can be
calculated as

{
β1,in, β2,in, β3,in, β4,in

} =
{
2
3
,
11
20

,
151
315

,
15619
36288

}
= {0.667, 0.55, 0.479, 0.439}

(55)

and we observe that it decreases monotonically. Thus, the
maximum in-band spectral component is β∗,in = 2

3 in
this case. Consequently, the following observation can be
made from (44). The effective SDR and the total SDR are
related by

SDReff ≥ 3
2
SDRtotal. (56)

That is, the effective SDR is at least 1.76 dB higher than
the total (or design) SDR in the case of OFDM signals
with near rectangular spectrum, which agrees with the
observation given in [2].
The PSDs of the several beginning orders of S�(2n+1)

xi in
the case of the rectangular input spectrum are plotted in
Figure 3. It is observed that with increasing n, the in-band
component steadily decreases and thus the sidelobe power
increases accordingly.

5 Numerical and experimental results
In this section, through simulation and actual measure-
ments, we verify the effectiveness of the proposed theoret-
ical PSD expression derived in the previous section. The
simulation and experimental procedures are illustrated in
Figure 4.

5.1 Calculation of PSD and EVM for simulation and
measurement

In this work, we calculate the periodogram by taking an
ensemble average of the square of discrete Fourier trans-
form of the generated and power amplified complex base-
band OFDM signals. Upon evaluating the periodogram
through simulation and measurement, the N-subcarrier
OFDM signal is sampled only for one OFDM symbol
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Figure 3 The self-convolution of the power spectral density S�(2n+1)
xi for n = 0, 1, 2, and 3.

period with J times oversampling, i.e., with J N-point FFT.
In this manner, the effect of the spectral leakage associ-
ated withOFDM symbol transition is eliminated from our
PSD calculation, and the results become consistent with
our theoretical analysis.
For the EVM, we calculate the root mean square error

between the detected symbol X̃l,k and the transmitted
symbol Xl,k scaled by an optimal attenuation factor,
i.e., [2]

EVM =

√√√√√E
{∣∣X̃l,k − αXl,k

∣∣2}
E
{∣∣αXl,k

∣∣2} × 100, (57)

where

α =
E
{
X∗
l,kX̃l,k

}
E
{|Xl,k |2

} . (58)

This will be compared by the upper bound based on the
total SDR, i.e., (45) with β∗,in = 2

3 .

5.2 Calculation of cross-correlation coefficient for
measurement

The calculation of our proposed approximate PSD at least
requires the knowledge of the cross-correlation coeffi-
cient (17). In the case of the measurement where the
AM-AM and AM-PM curves of the PA are not known a
priori, we perform its calculation as follows. Let rn denote
the nth input envelope level at which the corresponding
AM-AM and AM-PM of the PA are measured, and let
us choose them such that the interval of any closest two
samples is equal, i.e., we choose {rn} such that for any
n, rn+1 − rn = �r where �r is constant. Let g(rn) and
φ(rn) denote the corresponding measured amplitude and
phase responses to rn. From (17), one may express the
estimate of the cross-correlation coefficient as (59), where

PA
Model

QPSK,
OFDM signal

Performance
Evaluator

Computer Simulation

Experimental Setup

Vector Signal
Generator

Actual PA OscilloscopeAttenuator

Figure 4 Simulation and experimental setups.
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∣∣ρzi ,zo ∣∣2 ≈

{∑
n e

− r2n
A20

γ 2
0 r2ng(rn) cos [φ(rn)]

}2

+
{∑

n e
− r2n

A20
γ 2
0 r2ng(rn) sin [φ(rn)]

}2

{∑
n e

− r2n
A20

γ 2
0 r3n

}{∑
n e

− r2n
A20

γ 2
0 rng2(rn)

} , (59)

γ0 � A0/
√
Pin corresponds to the IBO with the reference

maximum envelope level denoted by A0.

5.3 Simulation setup
For the Monte-Carlo simulation, we generate 1,024,000
OFDM symbols with the number of subcarriersN = 256,
where each subcarrier is modulated by QPSK except for
the center subcarrier that is set to be null. Since arbi-
trary PA characteristics can be generated for simulation,
in addition to the soft envelope limiter and erf models
described in Section 3.1, we consider the well-adopted
Rapp and Saleh models described below as our reference
of more practical PA models. Their complex gains are
plotted in Figure 1. For both cases, the coefficients Cn of
(23) may not be expressed in a convenient analytical form,
and thus they should be calculated numerically.

5.3.1 Rappmodel
The Rapp model (also known as Cann model [28,29])
is frequently adopted for describing an SSPA model and
given by [4]

g(r) = r[
1 + (r/Amax)2p

] 1
2p
, (60)

where the definition of Amax is the same as that of the erf
model, and p is a smoothness factor that controls tran-
sition from linear to nonlinear region of PA. Note that
there is no AM-PM effect in the Rapp model, that is,
φ(r) = 0. Throughout this work, p = 3.0 will be adopted
as a relatively good AM-AM example.

5.3.2 Salehmodel
In contrast to the Rapp model which has no AM-PM
effect, we examine the TWTA model based on the Saleh
model [5]. The AM-AM characteristic is given by

g(r) = r
1 + 1

4 (r/Amax)2
(61)

and its AM-PM characteristic is

φ(r) = π

12
(r/Amax)2

1 + 1
4 (r/Amax)2

(rad). (62)

5.4 Experimental setup
In the case of the measurement using actual PA where the
basic configuration of the experimental setup is illustrated
in Figure 4, the data used for generating the input OFDM
signals are chosen to be the same as those used in the sim-
ulation process. The complex baseband OFDM signal is

Figure 5 AM-AM and AM-PM characteristics of the measured PA.
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generated by a computer and then up-converted to the RF
signal by the vector signal generator (VSG). The number
of the OFDM symbols generated for this measurement is
576,000. The RF-modulated signal by VSG is then power
amplified by the actual PA and then is fed after attenuation
of the signal power to the oscilloscope where the non-
linearly amplified signal is captured and down-converted
to the baseband OFDM signal. Finally, the captured data
is analyzed by computer in terms of the resulting PSD
and EVM.
The PA used in this measurement is the SSPA with gain

of 29 dB at 2 GHz, and operates with the input signal
frequency ranging from 2 MHz to 3 GHz. Our measure-
ment was performed at 800 MHz. The bandwidth of the

OFDM signal was set as 12.5 MHz. The AM-AM and
AM-PM characteristics have been measured by the single
frequency input from VSG, and their characteristics are
plotted in Figure 5.

5.5 Numerical and experimental results
For all the theoretical results on PSD, we refer to the
results as ‘exact’ when it is calculated using (19) with
the coefficients Cn given by (23), where the summa-
tion is taken up to n = 10 terms. On the other hand,
the proposed simple approximate form (which will be
referred to as ‘approximation’ in the results) is based on
(47) where the cross-correlation coefficient is calculated
from (17).

(a)

(b)

Figure 6 PSD comparison of theoretical and simulation results. (a) Soft envelope limiter model and (b) the erf model.
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For the exact case, the required self-convolution of the
spectrum is calculated using (51), whereas only (53) is
used for the approximation.

5.5.1 Power spectral density
We start with the PSD results for the OFDM signal ampli-
fied by the soft envelope limiter shown in Figure 6a. In all
the cases of IBO examined, it is observed that the exact
one and simulation well agree. Furthermore, the proposed
simple approximation shows good agreement with the
simulation results and this tendency becomes noticeable
as the IBO decreases. The reason for this behavior can be
verified from Figure 2a where the lower-order nonlinear
distortion is dominant in lower IBO, whereas higher-order

terms eventually prevail as IBO increases. For example,
we observe from Figure 2a that the amount of nonlinear
distortion of n = 2 becomes greater than that of n = 1
when the IBO is higher than 6.5 dB.
Next, we examine the erf model, and the results are

shown in Figure 6b. In this case, we observe that all the
three cases show almost perfect agreement. This is due to
the fact that the third-order nonlinear distortion is dom-
inant in all the IBO range of interest as observed from
Figure 2b.
The results for the cases of Rapp (with p = 3.0) and

Saleh models are shown in Figure 7a,b, respectively, where
we observe the tendencies similar to the soft envelope lim-
iter and erf models, respectively. This behavior can be also

(a)

(b)

Figure 7 PSD comparison of theoretical and simulation results based on (a) Rappmodel with p = 3.0 and (b) Saleh model.
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Figure 8 PSDs of real PA based on our proposed approximationmethod.

inferred from the similarity of the AM-AM characteristic
curves shown in Figure 1.
In the case of measurement, the approximate PSD is

calculated based on the measured cross-correlation coef-
ficient using (59). The corresponding theoretical PSD is
compared with the measured PSD in Figure 8.We observe
that our approximation approach can capture the distor-
tion accurately, especially when IBO is relatively small as
expected.

5.5.2 Error vectormagnitude
The EVMs in the case of soft envelope limiter and erf
models are calculated by the simulation and shown in

Figure 9, together with the corresponding theoretical
upper bounds.
We observe that both the simulation results and upper

bounds well agree, which may justify the accuracy of our
proposed analytical approach. It is interesting to observe
that when the two curves are compared with the same IBO
value, soft envelope limiter has higher EVM value when
IBO is lower than 3 dB, even though it rapidly decreases as
IBO increases compared to that of the erf model. We note
that similar agreement behavior has been also observed
for the Rapp and Saleh models.
Finally, in Figure 10, the EVM calculated based on the

measurement is compared with the corresponding upper

Figure 9 EVM results of soft envelope limiter and erf model.
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Figure 10 EVM results of actual PA.

bound based on the theoretical calculation using mea-
sured cross-correlation coefficient. For low-IBO region,
good agreement is observed between themeasured results
and our upper bound as expected. However, we observe
some gap when the IBO is high where high SDR is
expected. Several reasons can be considered for this
behavior. First, since the number of subcarriers consid-
ered in this work is not large (N = 256), the assumption
of an OFDM signal as a Gaussian process may not be
accurate enough.
Second, since the OFDM signals with high peak power

occur less frequently than those with low peak power [16],
the event that the OFDM signal is affected by nonlinear
distortion becomes rare [30], especially in the high-SDR
region where the IBO is set high.
Finally, the measured results are affected not only by

the nonlinear distortion but also by the additive white
Gaussian noise (AWGN) (due to the thermal noise) as
well as the quantization noise, where the latter two fac-
tors are not taken into consideration in our theoretical
calculation.

6 Conclusion
In this work, based on the exact mathematical model, we
have first established the relationship between the cross-
correlation coefficient of the input and output envelope
of the nonlinearly amplified Gaussian signals (or total
SDR) and its power spectral density. Based on this result,
we have proposed a simple approximate expression for
the PSD and EVM of the nonlinearly amplified OFDM
signals that can be derived using the cross-correlation
coefficient calculated only from the AM-AM and AM-PM
characteristics of a PA.

Through computer simulation and actual measurement,
the effectiveness and accuracy of our approach have been
demonstrated. Even though this approach is theoretically
valid only for the Gaussian signals with rectangular spec-
tra, which can be approached by the OFDM with a large
number of subcarriers, it is expected to offer an approxi-
mate solution for other linearlymodulated signaling cases.
Further investigation may be necessary to investigate the
applicability of the proposed approach to other modula-
tion formats.
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