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Abstract

With the introduction of small cell into current macro cell structure, the ever-growing demand for mobile data
service has the opportunity to be fulfilled. But the correspondingly overlaid dense deployment situation caused by
the Heterogeneous Network (HetNet) also arouses the interference and mobility management problems. In order to
solve the above problems, we propose the Joint Voronoi diagram and game theory-based power control scheme
for the HetNet small cell networks with two-step approach. The first step focuses on the optimization of the small
cell cluster deployment planning within the coverage of the macro cell. The intra-tier interferences are mitigated by
the min-max power allocation algorithm and the mobility management performance can also be improved by the
Voronoi diagram-based scheme. Then, the second step addresses on the mitigation of cross-tier interferences while
protecting the guaranteed users and high-mobility users usually served by the macro cells. The game theory-based
dynamic power control scheme is proposed via non-cooperative game model with the convex pricing function.
The existence and uniqueness of the Nash equilibrium for the proposed game model are verified, which provide
the feasible solution for the cross-tier power control in the heterogeneous network. From the observation of the
system-level simulation results, the proposed scheme can bring a significant increase in the system throughput,
reduce the outage probability, as well as enhance the energy efficiency over current works.
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Introduction
Faced with the exponentially increasing demand for
mobile data services, the cellular network operators are
confronted with a precarious situation: accommodate
the explosive traffic growth yet reduce the costs and con-
sequently increase average revenue per user (ARPU) [1,2].
While the traditional cellular structure mainly includ-
ing the macro cell has been effective in providing the
required capacity for voice and low data rate services,
with their large coverage, they are not potent in the
provision of higher data rates in the hotspots. Besides,
due to the high penetration losses, the macro cells are
not suitable for further providing adequate indoor cove-
rage where it emerges more than 70% future mobile data
services [3].
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Fueled by the needs of high data rate traffic and im-
proved coverage for home and office use, the Heteroge-
neous Network (HetNet) with small cell network (SCN)
deployment have attracted significant interests in the wire-
less industry and standard organizations [4]. The HetNet
with SCN will be a radically different network design that
could provide a cost- and energy-efficient solution to cope
with the forecast traffic growth. SCN is founded by the
idea of a very dense deployment of self-organizing, low-
cost, low-power base stations that are substantially smaller
than the traditional macro cell equipment [5]. The small
cells could be installed on the building walls or urban
furniture, in the streets, or inside the hotspot buildings.
They are expected to offload part of capacity from the ma-
cro cell, thereby reducing the capital expenses (CAPEXs)
and operational expenses (OPEXs) for the network opera-
tors. In addition, the transmission range of small cells can
offer better signal reception at indoor terminals. Although
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SCNs can provide significant benefits, they may suffer se-
vere interference with the high-density heterogeneous de-
ployments, emanating from other nearby small cells and
the macro cells with the shared spectrum manner. More-
over, with the optimized cell radius of the small cell cluster
deployment planning in the HetNet, user mobility also be-
comes difficult to handle in the HetNet SCNs and thus
raise outage challenges [6].
In order to solve the interference and mobility problems,

which are the key challenges for the HetNet small cell net-
work deployment, there have been several researches
focused on these areas so far. A class of energy-efficient
sleep mode algorithms for small cells is introduced in
[2] and [7]. However, there is no priority in interference
handling problems. Ericsson and ST-Ericsson [8] proposes
a utility-based distributed algorithm to allocate resources
yet with no mobility management considerations taken
into consideration. In [9], the interferences are managed
by a decentralized approach based on multi-armed bandit
solutions and the mobility performances are evaluated
relying only on local user measurement reports. Game
theory has also been used for the power control-based
interference mitigation in the heterogeneous networks in
[10-14]. In [10], a power control scheme based on game
theory is studied for the HetNet. In [11] and [12], the
Stackelberg game model and repeated game model are
studied respectively for two-tier femtocell networks, which
is a typical example for the scenario of macro cells with
shared spectrum small cell networks. In [13] and [14], lin-
ear convex pricing-based non-cooperative game was ap-
plied for the power control schemes, but the deployment
optimization of the small cell cluster and user mobility are
not considered.
Motivated by the limitations of the current literature,

in this article, we researched the power control for the
interference and mobility management of the macro cell
and small cell heterogeneous deployment scenario. The
proposed power control scheme includes two steps:

a) At first, we mainly consider the small cell cluster
deployment within the coverage of macro cells. The
interferences between the macro cell tier and the
co-located small cell tier are ignored temporally. In
order to have the optimal deployment of small cell
base stations (BSs) with lower energy cost and
outage probability while guaranteeing the coverage
of the small cell clusters, we propose the Voronoi
diagram-based power allocation scheme to obtain
the minimizing transmission power limitations,
pmax(BSi), for each small cell, which is named
min-max power allocation algorithm.

b) After getting the deployment of small cell cluster
via the min-max power allocation algorithm, we
propose the game theory-based power control
scheme for further maximizing the throughput and
mitigating the cross-tier interference with taking
into consideration of co-channel interferences
within the macro cell and small cell heterogeneous
deployment. The transmission power of each small
cell BS will be deduced by the actual distribution of
users and interferences via non-cooperative game
model, which varies from 0 to the pmax(BSi) obtained
by the min-max power allocation algorithm.

The contributions of this article include several aspects.
Firstly, the Voronoi diagram-based deployment planning
optimization approach for the small cell clusters within
the HetNet could solve the intra-tier interference prob-
lem by minimizing the maximum transmission power
of densely deployed small cells. The coverage hole and
cross-coverage area are optimized based on the Voronoi
diagram. Therefore, the cell edge user throughput and sys-
tem outage probability are reduced, which could improve
the user mobility performance. Furthermore, considering
the cross-tier interferences, the game theory-based power
control scheme with convex pricing functions could miti-
gate the cross-tier interference while protecting the guar-
anteed users and high-mobility users usually served by the
macro cells. The existence and uniqueness of the Nash
equilibrium for the proposed game model are verified,
which provides the feasible solution for the cross-tier
power control in the HetNet deployment scenario. The
system throughput, outage performances, and energy effi-
ciency are observed to be enhanced over current schemes.
The rest of the article is organized as follows. Section 2

describes the system model and illustrated the problems
to be solved. The Voronoi diagram-based min-max power
allocation algorithm is proposed in Section 3 and based
on the results of that, the game theory-based power con-
trol scheme is described in Section 4 with the analyses of
the game model and Nash equilibrium. In Section 5, the
simulation results for evaluating the heterogeneous net-
work performances are provided. The observations and
analyses for the results are also presented. Finally, there
comes the conclusion.

System model
According to the 3rd Generation Partnership Project
(3GPP) Long Term Evolution-Advanced (LTE-A) stan-
dardization, due to the scarcity of available spectrum,
the HetNet with small cells will inevitably be deployed
in shared spectrum manner. In this article, we will focus
on the shared spectrum scenario with consideration of
cross-tier interferences. An illustration of the deploy-
ment scenario is shown in Figure 1.
We can see that to address the dense deployment sce-

nario for higher traffic, each macro cell area is covered
by several small cell clusters, the number of which can



Figure 1 Deployment scenario for the HetNet SCNs.

Xu et al. EURASIP Journal on Wireless Communications and Networking 2014, 2014:213 Page 3 of 12
http://jwcn.eurasipjournals.com/content/2014/1/213
be 1, 2, or 4 [15]. And each cluster is covered by several
small cell BSs, the number of which can be 2, 4, or 10
[15]. Both small cell clusters and small cell BSs are
considerably less planed as opposed to the typical macro
cell deployments.
We take the downlink scenario of the LTE-A HetNet

small cell networks as the research focus. The main re-
sponsibility of small cell tier is to offload the high data
rate service from the macro cell while the macro cell
tier handles the low data rate services and high-mobility
users, which is also the actual deployment demand for the
HetNet. The service type of the users is full buffer and the
throughput performance, outage probability, and system
energy efficiency will be the evaluation matrices.
The cross-tier and intra-tier interferences are all con-

sidered. But as the first step, we will focus the intra-tier
interferences only because we need to get the optimized
deployments of small cells by adjusting the maximum
transmission power limitation for each small cell BS.
Then, based on the obtained power limitation, the cross-
tier interferences will be mitigated further.

Voronoi diagram-based power control scheme
As the first step of the proposed joint power control
scheme, in this section, our objective is to determine
the maximum transmission power limitation for the
small cells almost tightly to serve their users. If more
power is allocated than demanded, redundant power
settings will not only bring more interference to other
small cells but also cause immoderate energy consuming.
Moreover, users will not be satisfied with their service
quality. The improper transmission power limitation
setting will also impact the coverage and cross area of
each small cell, which will result to worse user mobility
management performances. Herein, we propose a Voronoi
diagram-based power control scheme.
For the LTE-A downlink, it is an orthogonal frequency

division multiple access (OFDMA) system. According to
Figure 1, the achievable signal-to-interference-plus-noise
ratio (SINR) value on sub-carrier k of a small cell user j
served by small cell i can be shown as follows:

γ i;j;k ¼
PS−S
i;k HS−S

i;j;kX
S
0
−S

PS
0
−S

k HS
0
−S

j;k þ N0Δf
ð1Þ

where j = 1, …, L, PS−S
i;k , and PS

0
−S

k are the transmission
powers of the serving small cell i and neighbor small
cells on sub-carrier k. HS−S

i;j;k is the channel gain between
small cell user j and serving small cell i on sub-carrier k,
while channel gain from neighbor small cell is denoted
by HS

0
−S

j;k . N0 is the white noise power spectral density
and Δf is sub-carrier spacing.
After calculating γi,j,k, a corresponding modulation and

coding scheme (MCS) can be assured. When using MSCr,
the bit rate BRr and the throughput TPi of the small
cell i (i = 1, …, N) can be modeled respectively as

BRr ¼ Ωηr ¼
COFDMASOFDMA

T subframe
ηr ð2Þ

TPi ¼
XNRB

k¼1

BRrð1−BLERðMSCr; γ i;j;kÞÞ ð3Þ

where Ω is a fixed parameter that depends on the
network configuration, and COFDMA and SOFDMA are the
numbers of data sub-carriers and symbols per resource
block (RB), respectively. Tsubframe is the RB duration
in time units. ηr is the efficiency in bits/symbol of
MSCr, and BLER(MSCr, γi,j,k) is the block error rate
(BLER) of sub-carrier k, which is a function of both
MSCr and γi,j,k.
Assuming U = {j = 1, …, M || γj < γt arg et} is the set of

users that suffer from network outage due to their SINR
γj below the target SINR γt arg et. The ||U|| denotes the
total number of outage users and the system outage
probability can be obtained as follows:

OP ¼ ∥U∥
M

ð4Þ

And the system energy efficiency is defined as:

EE ¼

XN
i¼1

TPi

XN
i¼1

XNRB

k¼1

Pi;k

ð5Þ
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Min-max transmission power allocation algorithm
We first consider an initial power assignment of small
cells, the purpose of which is to achieve maximal co-
verage with minimized maximum required transmission
power. As shown in Figure 2a, there may be coverage
holes (such as Area 1 in Figure 2a) or large cross-coverage
areas (Area 2) if the same fixed transmission power level
is assigned to all small cells. Therefore, we propose an
adaptive power assignment algorithm to provide a mini-
mum possible transmission power level of each small cell
BS. The proposed algorithm can cover a target area and
optimize the cross-coverage areas.
Implementing the Voronoi diagram, one well-known

geometric structure in computational geometry, we pre-
sent an algorithm in a two-dimensional (2D) domain with
a polygonal boundary [16]. The Voronoi diagram is ap-
plied to solve the problem of dividing space into a number
of regions. A set of sites is specified for that space before-
hand. For each site, there will be a corresponding region
consisting of all positions closer to that site than to any
other. The regions are defined as the Voronoi cells. For the
deployment optimization problem within small cell clus-
ters in the HetNet environment, the Voronoi diagram is
quite suitable for planning each small cell BS’s coverage
via adjusting its maximum transmission power, as long
as the positions of each small cell BSs are predeter-
mined as the ‘sites’ by Voronoi diagram. Moreover, the
optimized Voronoi cell will be the corresponding small cell
BS’s coverage area after the implementation of Voronoi
diagram.
In 2D Euclidean space, the Voronoi diagram V(BS) of

N small cells is the subdivision of the ichnography into
N Voronoi cells. Let d(a, b) be the Euclidean distance
between two positions a and b. The Voronoi cell V(BSi)
of the small cell BSi is defined as follows:

V BSið Þ ¼ x∈ℝ∥∀j≠ i;V BSi; xð Þ < V BSj; x
� �� � ð6Þ
Figure 2 Min-max power allocation algorithm.
where x denotes the positions inside of the Voronoi cell
V(BSi), which means all positions in the V(BSi) are closer
to the small cell BSi than to any other small cell BSs.
Then, the whole Voronoi Diagram for all the sites in

the coverage area V(BS) = ∪ 1 ≤ i ≤ N V(BSi).
From the formulae above, we can see that any positions

in the Voronoi cell are closer to its Voronoi sites. To mini-
mize the maximum required power of BSi, V(BSi) should
be covered by a small cell located at the site of the Voronoi
cell unless the area is covered by other small cells. The first
step of our Voronoi diagram based min-max transmission
power allocation algorithm is to find the small cell as the
Voronoi site whose distance to the farthest position is
longest and allocates sufficient transmit power to cover the
farthest position as described in Algorithm 1. The farthest
position will be one of the vertices of the cell boundary.
Assume the communication range is a circle C(BS, R),
where BS is the center of the circle and R is its radius. It
can be seen from Figure 2b that once the maximum trans-
mission power of the current focused small cell BSi is
assigned, the Voronoi boundary of its neighbor cells could
be adjusted in the following steps according to the already
determined coverage area of the small cell BSi. As shown
in the Figure 2b, once the maximum transmission power
of BS1 is determined with the radius R_max(BS1), the BS2
could adjust its maximum transmission power for the
updated Voronoi boundary from radius R_max(BS2) to the
Modified R_max(BS1). Therefore, we can recalculate the
maximum small cell radius of those neighbor sites to
minimize the cross-coverage areas. Once the distance dmax

(BSi) is obtained, we can assign the maximum transmission
power to the small cell BSi as follows:

Pmax BSið Þ ¼ min PL dmax BSið Þð Þ þ PS BSið Þ;Pmaxf g
ð7Þ

where PL represents the path loss. PS(BSi) is the reference
signal received power (RSRP) from the nearest small cell
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measured by the current focused small cell and Pmax is the
radio frequency (RF) transmission power limitation of the
small cell BSs. Since the algorithm operates with the site
whose distance is currently the maximum at each iter-
ation, it guarantees that the maximum transmission power
assigned is minimized. The Voronoi diagram-based min-
max transmission power allocation algorithm is intro-
duced as follows.

After getting the Pmax(BSi) via the above algorithm, the
optimization deployment of the small cell clusters will be
determined. Then, we can further consider the cross-tier
interferences mitigation issue.
Game theory-based dynamic power control scheme for
cross-tier interference mitigation
With the implementation of Voronoi diagram-based
min-max power allocation algorithm, the transmission
power limitations for all the small cells are determined.
The maximum transmission power of each small cell BS
is minimized and the intra-tier interferences are also
mitigated, which could improve the system energy
efficiency and mobility performances with optimized
deployments. But remember that all above analyses are
based on the simplified scenario that the cross-tier inter-
ferences between the macro cell tier and the small cell
tier are temporally ignored. Actually, in the shared spec-
trum overlaid HetNet deployments, not only the macro
cells will cause interferences to the small cells due to
their relatively higher transmission power, but also the
densely deployed small cells will cause heavy interfer-
ences to the macro cells.
Let us take considerations of the cross-tier interfer-
ences with the system scenario of several small cell clus-
ters located within the coverage of each macro cell. We
assume that there are inter-cell interference coordin-
ation (ICIC) schemes implemented in the macro cell tier,
such as fractional frequency reuse (FFR); the interfer-
ences between different macro cells can be sufficiently
avoided [17]. Without loss of generality, we will focus
only one macro cell with multiple small cell clusters in-
side of the macro coverage as Figure 1 showed. Because
the small cell clusters will share the spectrum with the
co-located macro cell, if we can successfully solve the
cross-tier interferences inside one macro cell, we could
mitigate the interferences in the whole network due to
the ICIC used among different macro cells.
The downlink power control for the above situation

will be researched via the game theory approach based
on the transmission power limitations already achieved
by the min-max power allocation algorithm. The con-
vex pricing-based non-cooperative game will be applied
for the macro cell and small cell overlaid HetNet de-
ployment downlink power control. The convex pricing
function is an exponential pricing function of each
cells’ transmission power, which can reflect the cross-
tier interferences.
Furthermore, in the overlaid HetNet deployment of

the macro cell and small cell, the main responsibility for
the small cells will be the maximum offloading of higher
quality of services (QoS) while the macro cell will mainly
handle the high-mobility users or the guaranteed lower
QoS. Therefore, without loss of generality, we will as-
sume that the users served by the macro cell will have
more priority in the power control-based interference
mitigation via the game theory.
Assume that there are N small cell BSs located in the

focused macro cell coverage, so, there will be totally N +
1 BSs with the macro cell BS. Each BS serves several
users in its coverage. The transmission power of BS i for
its served user j is represented by pi,j Watts. The channel
gain of the link between the BS i and user j is denoted
by gi,j which is calculated from the modified path loss
model in [14,18]. Specially, we take i = 0 to represent the
macro cell BS and i = {1, 2, …, N} to denote the small
cell BSs. The path loss models for the macro cell and
small cell are different [6]. The additive white Gaussian
noises at the macro cell BS and the small cell BSs are
denoted by N0Δf. We will use a more simplified form of
the SINR γi,j from Equation 1 of BS i for user j as:

γ i;j ¼
pi;jgi;j
I i;j

¼ pi;jgi;jX
n≠i

pn;jgn;j þ N0Δf
ð8Þ

where Ii,j is the interference power measured by the BS i.
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Game model for the dynamic power control scheme
From the macro cell BS and the small cell BS view-
point, the power control scheme based on game theory
is illustrated as follows. Each BS will choose the trans-
mission power level to maximize its user-serving utility
to provide better throughput, which is a typical non-
cooperative N + 1-player game. The game model is
defined as:

G ¼ N ; pi;j
n o

; ui;j pi;j; γ i;j p−ij Þ
� on ih

ð9Þ

which represents the downlink power control game via
convex pricing. The related definitions are as follows:

a) i = {0, 1, 2, …, N} is the index set of the macro cell
and small cells.

b) pi,j = {pi,j|pi,j ∈ [0, pmax(BSi)]} is the set of
transmission power of the BS i, in which the pmax

(BSi) is the maximum transmission power limitation
of BS i obtained by the min-max power allocation
algorithm. The maximum power limitation for the
macro cell BS (i = 0) is set by the ICIC scheme.

c) ui,j(pi,j, γi,j|p− i) is the utility function of BS i for the
served user j, where γi,j is the corresponding
received SINR. p−i is the vector of transmission
power of all BSs other than the BS i.

The utility function of the user j with the BS i is
defined as the following two equations, which represent
the macro cell BS and the small cell BS separately [14].
For the macro cell BS (i = 0), the utility function is

defined as:

u0;j p0;j; γ0;j p−0j Þ ¼ − γ0;j − Γ0;j
� �2�

ð10Þ

where Γ0,j is the target SINR of the user served by the
macro cell.
For the small cell BSs (i = {1, 2, …, N}), the utility function

is defined as

ui;j pi;j; γ i;j p−ij Þ ¼ R γi;j; Γi;j
� �

−C pi;j;p−i

� ��
ð11Þ

where R(γi,j, Γi,j) denotes the revenue function and C(pi,j,
p−i) denotes the pricing function for the small cell BSs.
The small cell BS revenue function R(γi,j, Γi,j) is

defined as:

R γ i;j; Γ i;j

� �
¼ 1− e−ai;j γ i;j − Γi;jð Þ ð12Þ

The revenue function (Equation 12) comes from the
bit error rate (BER) expressions in the case of an addi-
tive white Gaussian noise (AWGN) channel for different
modulation techniques, which is directly related with
the throughput performance [19]. The parameter ai,j is a
positive factor and its value will be decided by the adop-
ted modulation type. The revenue function (Equation 12)
means when the user SINR γi,j ≤ Γi,j, the revenue of the
user will be lower sharply as γi,j decreases and when
γi,j > Γi,j, the revenue of the user will be increasing slowly
as γi,j increases. This revenue function could reflect the
user throughput satisfaction level with the QoS require-
ment target Γi,j for full buffer services.
The pricing function C(pi,j, p− i) is defined as:

C pi;j; p−i
� �

¼ bi;jg0;j
I0;j

epi;j − 1ð Þ ð13Þ

which is a convex exponential pricing function of the
transmission power pi,j.

bi;jg0;j
I0;j

stands for the interference
that the macro cell users suffered from the small cells.
The parameter bi,j is a positive factor, which could be
adjusted to reflect how severe interferences of the small
cells affect the macro cell. Generally, the pricing func-
tion is usually defined as the linear function of the trans-
mission power pi,j, but in this paper, the interferences
from the small cell cluster could be more severe due to
the densely overlaid small cell deployments. Therefore,
we define the exponential pricing function, which can
ensure that the small cells will be penalized when caus-
ing serious interference to the guaranteed macro cell
users as mentioned above. The convex property of the
pricing function is designed to fasten the converging
process of finding the Nash equilibrium solution.
Finally, the non-cooperative game model-based power

control problem can be formulated as:

max
0≤pi;j≤Pmax BSið Þ

ui;j pi;j; γ i;j p−ij Þ; ∀i ¼ 0; 1; 2;…;N
�

ð14Þ

In order to find the transmission power pi,j which can
maximize the utility of the above game, we need to find
the solution of the corresponding Nash equilibrium. The
Nash equilibrium is a steady state which offers a predic-
table outcome of a game where the game players com-
pete with selfish actions through self-optimization and
converge to one point that no player wishes to deviate
unilaterally. Moreover, the existence and uniqueness of
the possible Nash equilibrium should also be studied.
For the proposed game via convex pricing for the power
control of the macro cell and small cells, the Nash equi-
librium is defined as follows.
Definition 1: Suppose p�i;j , ∀ i = 0, 1, 2, …, N is one

solution for Equation 14. The p�i;j will be one Nash

equilibrium for the proposed non-cooperative game G if
for any p, the following conditions are satisfied:

ui;j p�i;j; γ
�
i;j p

�
−i

		 �
≥ui;j pi;j; γ i;j p−ij Þ; ∀i ¼ 0; 1; 2;…;N

��
ð15Þ
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Let us verify the existence and uniqueness of the above
Nash equilibrium for the game G.
Existence of the Nash equilibrium
Theorem 1: The Nash equilibrium exists in the game G =
[N, {pi,j}, {ui,j(pi,j, γi,j|p− i)}] if, for all ∀ i = 0, 1, 2, …, N:

a) pi,j is a nonempty, convex, and compact subset of
the Euclidean space ℝN;

b) The utility function ui,j(pi,j, γi,j|p− i) is continuous in
the pi,j and quasi-concave in the pi,j (Debreu, 1952;
Glicksberg, 1952; Fan, 1952).

Proof: Please see Appendix A.
Uniqueness of the Nash equilibrium
Theorem 2: The Nash equilibrium for the game mo-
del via convex pricing has the unique Nash equilib-
rium point [20].
Proof: Please see Appendix B.
After proving the existence and the uniqueness of the

Nash equilibrium for the proposed power control game
via convex pricing, the BSs transmission power at the
Nash equilibrium point could be regarded as the reason-
able solution for the power control problem to maximize
the user utility with improving the throughput perform-
ance but reducing the cross-tier interferences.
Then, based on the proposed joint Voronoi diagram

and game theory-based power control scheme, the opti-
mized deployment approach for the small cell clusters
within the heterogeneous network scenario could solve
the intra-tier interference problem by minimizing the
maximum transmission power of densely deployed small
cells. And the outage probability could also be reduced
to guarantee the mobility performance. The game theory-
based power control scheme with convex pricing func-
tions could mitigate the cross-tier interference while
guaranteeing the macro cell users. And the existence and
uniqueness of the Nash equilibrium for the proposed
game model are verified which provide the feasible solu-
tion for the cross-tier power control in the heteroge-
neous network. We will evaluate the performance via
the system-level simulations in the next section.
Simulation evaluations
In this section, we will analyze the performance of the
proposed joint Voronoi diagram and game theory-based
power control scheme from the viewpoints of system
throughput, cell edge user throughput, outage perform-
ance, and energy efficiency. We first present the simu-
lation scenario, followed by the simulation results with
observations and performance analyses.
Simulation scenario
The scenario used in our downlink system-level simula-
tions consists of multi-macro cell BSs and one small cell
cluster uniformly distributed within each sector of the
macro cell. The small cell cluster is made up of N small
cell BSs where N is a variable in the simulation. We em-
ploy a 19-hexagonal macro cell model with three sectors
per macro cell. Within one sector, there are 60 users in
total. Among them, 2/3 of the users are randomly and
uniformly distributed within the small cell cluster and
1/3 of the users are randomly and uniformly distributed
throughout the macro cell geographical area. Twenty
percent are outdoor users and 80% are indoor users.
To evaluate the most severe case for interference miti-

gation, a full load and full buffer network is established.
Detailed simulation assumptions are largely based on
3GPP LTE-A evaluation methodology [15] for getting
more practical simulation results that are comparable
with other evaluations. The simulation parameters are
summarized in Table 1.

Simulation results and performance analyses
The results are presented with 1,000 random network
instantiations, generated according to the aforementioned
simulation parameters. The simulation results of the
system throughput, cell edge user throughput, outage
probability, and energy efficiency are collected to plot the
figures. The following power allocation schemes are used
for comparisons. We use the joint power control scheme
for the abbreviation of the proposed joint Voronoi dia-
gram and game theory-based power control scheme. The
sleep mode-based algorithm for the small cell HetNet pro-
posed in [2,7] and the efficient power control scheme for
the HetNet proposed in [23] are compared to show the
performances of proposed scheme. For the sleep mode-
based algorithm, the small cell-controlled sleep mode is
applied with the small cell BS that could determine its
ON/OFF state according to the user accessing require-
ments, which has no power control functions. For more
fair comparison, the efficient power control scheme for
the HetNet with implementation of non-cooperative game
model-based power control scheme is simulated as an-
other comparison algorithm. Moreover, the equal power
allocation is set as the baseline that each small cell BS is
assigned with the fixed RF maximum transmission power
of 30 dBm [15].
The simulation results in Figures 3 and 4 show the

system throughput and cell edge user throughput versus
different deployment densities of small cells. As expected,
the best system throughput performance is obtained when
small cells perform the proposed joint power control
scheme. Not only the system throughput performances
are enhanced compared with the other three schemes,
but also the cell edge user throughput observed have an



Table 1 Simulation parameters

Parameters Macro cell Small cell

Bandwidth 10 MHz 10 MHz

RF maximum transmission power 46 dBm 30 dBm

Path loss model ITU Uma [referring to Table B.1.2.1-1 in [21]] ITU Umi [referring to Table B.1.2.1-1 in [21]]

Antenna pattern Three-dimensional (3D) antenna [22] Omni-directional antenna (horizontal)

Antenna gain 17 dBi 5 dBi

Penetration loss Outdoor user: 0 dB

Indoor user: 20 dB +0.5din [21]

Antenna configuration 2 T × 2 Rx in DL, 1 T × 2 Rx in UL, cross-polarized

UE noise figure 9 dB

Inter-site distance macro cell 500 m

Minimum inter-site distance small cell 20 m

UE speed 3 km/h

Small cell numbers in each sector of macro cell [4,10] × cluster number in each sector of macro cell

Minimum distance (horizontal) Macro cell BS to user: 35 m

Small cell BS to user: 5 m
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obvious improvement. This is because by using Voronoi
Diagram based min-max transmission power allocation
algorithm, the coverage areas of the small cells are opti-
mized with both the coverage holes and cross-coverage
areas, which guarantee the throughput performance espe-
cially in the cell edges. The proposed joint power control
scheme with game theory solution further reduces the
cross-tier interferences and enhances the throughput.
Therefore, the cell edge users suffer from less interference,
which making their throughput enhanced greatly.
The simulation results in Figure 5 illustrate the sys-

tem outage probability for the four schemes. The system
Figure 3 The system throughput.
outage probability is referred to as the fraction of users
whose SINR falls below the SINR threshold (−6 dB) [24].
The outage probability can also be adopted to evaluate
the user mobility performance because the users lo-
cated in the cross-coverage area are more frangible for
getting guaranteed service, which may cause heavier
outage probability in the cell edge. We can observe that
the outage probability our scheme provided is lower than
that of the efficient power control scheme, sleep mode-
based algorithm, and equal power allocation algorithm.
Since the proposed Voronoi diagram-based transmission
power allocation algorithm optimized the coverage area of



Figure 4 The cell edge user throughput.
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the small cells, it led to better coverage ability for the users.
Then, the Game Theory based-power control scheme fur-
ther mitigated the cross-tier interferences, which highlights
the cell edge users and enhances their QoS that leads to a
decrease of system outage probabilities especially for the
dense deployed scenario.
Moreover, we also provide the system energy efficiency

as another metric of system performance evaluation.
The energy efficiency is expressed by the ratio of sys-
tem throughput to the whole BS energy consumption
Figure 5 Outage probability performances.
as described in Equation 5. According to the simulation
results in Figure 6, we can observe that the energy effi-
ciency of our scheme and efficient power control scheme
are far better than the sleep mode-based algorithm and
equal power allocation algorithm. Besides, as the num-
ber of small cells in one cluster increases, the proposed
power control scheme provides higher energy savings.
The game theory-based power control schemes implemen-
ted in these two schemes are the main contribution for the
performance enhancements. The proposed joint power



Figure 6 System energy efficiency.
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control can further improve the energy efficiency than
the efficient power control scheme due to the Voronoi
diagram-based min-max small cell transmission power
allocation algorithm.
Taking all the above system performances into consid-

eration, we can conclude that the joint Voronoi diagram
and game theory-based power control scheme is an
effective solution to deploy the small cells in the HetNet
networks.

Conclusions
This article proposes the joint Voronoi diagram and
game theory-based power control scheme for the HetNet
small cell networks in order to solve the interference
and mobility management problems that existed in the
overlaid heterogeneous deployments. The joint power
control approach is separated into two steps. The first
step focuses on the optimization of the small cell cluster
deployment planning within the coverage of one macro
cell via the Voronoi diagram with implementation of min-
max power allocation algorithm. Then, based on the
results of the first step, the second step focuses on the
cross-tier interferences mitigation through the non-
cooperative game model with the convex pricing func-
tion, by which the existence and uniqueness of the Nash
equilibrium are verified, which provide the feasible so-
lution for the cross-tier power control in the heteroge-
neous network. The system-level simulation results reveal
the advantages of the proposed scheme in the system
throughput, outage probability, and the energy efficiency.
Therefore, we conclude that the proposed scheme is a
competitive choice to carry out the small cell deployments
in the HetNet networks.
Appendix
A. Proof of Theorem 1:
Because pi,j is the transmission power of macro cell and
small cell BSs with the strategy space limited by pi,j = [0,
pmax(BSi)] in the above scheme, the first condition is
satisfied.
For any BSs, the first-order partial derivative of the

utility function ui,j(pi,j, γi,j|p− i) with respect to the pi,j is:

∂ui;j
∂pi;j

¼ ai;jgi;j
I i;j

e−ai;j γi;j−Γ i;jð Þ − bi;jg0;j
I0;j

epi;j ð16Þ

The second-order partial derivative is

∂2ui;j
∂pi;j2

¼ −
ai;jgi;j
I i;j

� 
2

e−ai;j γ i;j−Γ i;jð Þ − bi;jg0;j
I0;j

epi;j < 0 ð17Þ

which means that the utility function ui,j(pi,j, γi,j|p− i) is
a concave function, and the ui,j(pi,j, γi,j|p− i) is quasi-
concave in the pi,j.
Therefore, Theorem 1 has been proved and there

exists the Nash equilibrium with the proposed power
control game.
B. Proof of Theorem 2:
Based on the partial derivative of ui,j(pi,j, γi,j|p− i) is given
as Equation 16, let

∂ui;j
∂pi;j

¼ ai;jgi;j
I i;j

e−ai;j γi;j−Γ i;jð Þ− bi;jg0;j
I0;j

epi;j ¼ 0 ð18Þ
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Rearranging Equation 18, we can obtain

pi;j ¼ min
Ii;j

I i;j þ ai;jgi;j
ai;jΓi;j þ ln

ai;jgi;j
bi;jg0;j

 !" #þ
pmax BSið Þ

8><
>:

9>=
>;
ð19Þ

Then with the iterations,

p kþ1ð Þ
i;j ¼ min

p kð Þ
i;j

p kð Þ
i;j þ ai;jγ

kð Þ
i;j

ai;jΓi;j þ ln
ai;jgi;j
bi;jg0;j

 !" #þ

pmax BSið Þ

8>><
>>:

9>>=
>>;

ð20Þ

To provide a general framework for showing the con-
vergence of power control algorithms, the standard inter-
ference function p = f(p) will be introduced. One function
is proved to be standard if it satisfies the following
properties:

a) Positivity: f(p) > 0;
b) Monotonicity: if p ≥ p′, then f(p) ≥ f(p′);
c) Scalability: for all α > 1, αf(p) > f(αp).

For the macro cell BS, the above three properties are
obviously satisfied. For the small cell BSs, we will prove
the above properties as follows.
Assume

f i;j pð Þ ¼ min

p kð Þ
i;j

p kð Þ
i;j þ ai;jγ

kð Þ
i;j

ai;jΓi;j þ ln
ai;jgi;j
bi;jg0;j

 !" #þ

pmax BSið Þ

8>><
>>:

9>>=
>>;

ð21Þ

which is obvious that pi,j ≥ 0, the positivity property is
satisfied.
Rearranging the above equation, we will get

f i;j pð Þ ¼ min
1

1þ ai;jγ
kð Þ
i;j =p

kð Þ
i;j

ai;jΓi;j þ ln
ai;jgi;j
bi;jg0;j

 !" #þ

pmax BSið Þ

8>><
>>:

9>>=
>>;

ð22Þ

If p ≥ p′, then γ
p ≤

γ
p0 and 1

1þγ
p
≥ 1

1þ γ

p
0
, then fi,j(p) ≥ fi,j(p′).

The monotonicity property is verified.
To prove the last property, we define a function F(α) =

αfi,j(p) − fi,j(αp), whose first-order partial derivative with
respect to α is:
∂F αð Þ
∂α

¼ α α−1ð Þ αþ 1ð Þpþ 2γ½ �pγ
pþ γð Þ2 αpþ γð Þ2 ai;jΓi;j þ ln

ai;jgi;j
bi;jg0;j

 !

ð23Þ

Then, for all α > 1, ∂F αð Þ
∂α > 0, and F(1) = 0, we can get

F(α) > F(1).
This means for all α > 1, αfi,j(p) > fi,j(αp). Therefore, the

scalability property is satisfied. The proofs of Theorem 2
are completed.
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