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Abstract

success and overall system performance.

Spectrum sensing is an important aspect of an (interweave) cognitive radio network. In the particular case of
orthogonal frequency division multiplexing (OFDM) transmission, many previous spectrum sensing algorithms have
utilized the unique correlation properties provided by the cyclic prefix (CP). However, they have also had to both
estimate and compensate for the inherent timing offset of a practical system. This is because the timing offset will
affect both the test statistic and the threshold, and the inaccurate estimation of timing offset will lead to poor
performance. So in this paper, we propose an improved CP detector by constructing a likelihood ratio test (LRT) based
on the multivariate probability density functions (pdf) of a particular auto-correlation vector that is chosen to exploit
the existence of the CP. This leads to ‘probability of detection’ (P4) and ‘probability of false alarm’ (P¢) terms that are
actually independent of timing offset, and we can get an accurate threshold without estimating timing offset.
Simulation results illustrate that the proposed algorithm outperforms existing methods, even for low SNR values.
Finally, we show how the algorithm’s parameters must be carefully chosen in a trade-off between spectrum sensing
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Introduction
Recently, cognitive radio (CR) has been used as an effec-
tive method to tackle the conflict between spectrum
scarcity and spectrum utilization [1,2]. CR technology has
the inherent ability to sense the wireless communication
networks’ environment and immediately adapt to meet
the requirements of the system [3,4]. One of the most
challenging and crucial tasks in (interweave) CR networks
is spectrum sensing in order to avoid interfering with the
primary users [5-7]. As a result, it is important to be
able to detect the presence of the primary users within
a short time under very low signal-to-noise ratio (SNR)
conditions [8]. Existing spectrum sensing methods can
be broadly classified into energy detection [9], cyclosta-
tionary detection [10], matched filter detection [1], and
covariance detection [11].

Energy detection is one of the most basic sensing tech-
nologies, and it is widely employed for its simplicity.
However, it is highly sensitive to noise uncertainty [12]. In
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[13], an alternative method based on the cyclostationary
nature of the orthogonal frequency division multiplexing
(OFDM) signal was investigated, and it was shown that it
can satisfy system requirements. However, compared with
energy detection, the cyclostationary detection approach
needs additional computational load for real-time appli-
cations.

Now OFDM, which has the capability of mitigating
inter-symbol interference (ISI) and combating multipath
fading [14-16], is the most popular communication tech-
nology in current and next-generation communication
systems, such as WiMAX, WiFi, and LTE [17,18]. Hence,
it is reasonable to assume that any CR should be able to
detect OFDM signals by exploiting their properties. There
are existing OFDM sensing algorithms proposed and ana-
lyzed in the literature. Most of them use the features of
the pilot tones (PT) [19,20] and the cyclic prefix (CP)
[21,22] inherent in OFDM signals. In [8], the authors pro-
posed a spectrum sensing algorithm using the PT, which
is based on time-domain symbol cross-correlation. How-
ever, the method is highly susceptible to carrier frequency
offset. New detection algorithms based on the correlation
properties of the CP are proposed in [21,22]. But these
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algorithms are sensitive to timing offset, which therefore
needs to be estimated, and so this will decrease the overall
performance of the system.

In this paper, a new spectrum sensing algorithm based
on correlation of the CP is proposed. It is designed to
detect OFDM signals in a multipath environment, and it is
based on the generalized likelihood ratio test (LRT). The
advantage of our proposed scheme is that the expressions
for probability of detection P; and probability of false
alarm Py are independent of the timing offset. Thus, we
can get an accurate threshold without timing offset esti-
mation. The contribution of this paper can be summarized
as follows.

e A new method which just needs to test auto-
correlation of the received signal (i.e., R; in (5) to detect
the PU is proposed in this paper. It is much simpler than
most of the current methods (especially the optimal detec-
tor), and the performance of the proposed detector just
degrades a little compared with the optimal detector.

e The theoretical expressions of P; and Py (see (25)
and (26)) are derived through the probability distribution
function for R; under Hy and H; based on the LRT. As a
result, it is easy to get the threshold for any given Py.

o The expressions derived for P; and Py are indepen-
dent of the timing offset parameter (r), and so unlike
other methods, no estimation of 7 is required to obtain
the appropriate decision threshold. As a result, the cor-
rect threshold will be obtained without any error, leading
to performance improvement. So although we make some
assumptions which will lead to minor performance degra-
dation, the correct threshold will compensate.

e The performance of our proposed method is com-
pared with other recent OFDM sensing schemes through
both simulation and theory. Moreover, the effects of
changing the CP ratio and the OFDM block size are
analyzed through simulations.

The paper is now organized as follows. Section ‘System

model’ presents the system model of the OFDM signal
under frequency selective fading channels. The theoretical
derivation of the proposed detection statistic is given in
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section ‘OFDM signal-sensing algorithm’ In ‘Simulation
results’ section, we present simulation results and com-
pare our proposed method with other recent algorithms.
Finally, conclusions are given in the ‘Conclusions’ section.

System model

Figure 1 illustrates a simplified block diagram of an OFDM
system and the spectrum sensing algorithm. The mth
block of data symbols mapped onto the sub-carriers are
shown as I,,(0),...,I,,(N; — 1), where N, is the data
block size. Without loss of generality, the inverse fast
Fourier transform (IFFT) block size is also taken to be
Ny. And after the IFFT, we have the time-domain signals

%m(0), ..., %u(Ny — 1), where
k=N /2—1
X (n) = Ez > Lk MNa (1)
k=—Ny/2

and E is the power of each transmitted symbol with n =
0,...,N; — 1. Then, the CP is added by putting an exact
copy of X (Ny — N¢), ..., %m(Ny — 1) at the front of the
block. So, we have the transmitted signal {x,, (n) };\ISSN" 71,
where N, is the length of CP. Figure 2 shows the structure
of this mth block of an OFDM transmission.

As regards the channel model, we will use the same
model as [21]. But the important difference between the
two models is that we actually incorporate the timing off-
set (7) into our paper which is more practical. Thus, the
received signal of the mth block after passing through a
multipath fading channel can be written as

L-1
Ym(n) = eI CTa=DNTEO) Ny, (1—1— 1)+ (1)
=0

(2)

where m = 0,...,M — 1 and M is the total number
of received OFDM blocks; n = 0,...,N; + Ny — 1; f,
is the carrier frequency offset normalized to the subcar-
rier spacing; 6o is the original phase; /; is channel gain
of the I/th path and #; ~ CN(0, 0}3); L is the number

— 5, () s, (1)
Data for transmission IFFT > Add »|  Channel
1,(0), -+ Lu(Nir 1) cp
Xp(1) l
T —
Statistic
Make decision B Test

}

Threshold

Figure 1 Block diagram of an OFDM system and the spectrum sensing algorithm. OFDM spectrum sensing structure in a cognitive radio

network.
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Figure 2 The structure of the transmitted mth OFDM block. The
traditional structure of the transmitted mth OFDM block.

of the multipaths; and 7 is the integer timing offset
and ey, (n) is the complex additive white Gaussian noise
(AWGN) with zero-mean and variance anz. The SNR at the
receiver is defined as E; ZIL:_OI |h1|2/03. If we let a,,,(n) =
e /2fa=0)/Natbo and 5, (n) = Y170 hyx(n—1), then [2]
can be rewritten as

Ym (1) = A (W)Y (n — T) + e (n). (3)

OFDM signal-sensing algorithm

Consider two binary hypotheses, Ho and H;, where Hg
and H; denote the absence and presence of a primary user,
respectively. A test statistic 7 is formulated to distinguish
between Hg and H; as follows:

Tsvy (4)

where yy is the test threshold.
Noting the unique feature of the CP, we will now pro-
pose the following measure of auto-correlation:

M—-1N.—-1

Ri=>">" g+ )ymi+j+Ng) (5)
m=0 j=0

where i = 0,...,N. + N; — 1 and * stands for the com-
plex conjugate operation. According to the central limit
theorem, if the M is large enough, then R; approximates
a complex Gaussian random variable under both #( and
‘H;. This assumption is used in most research papers to
get the probability density function (pdf) and has some
implications. On the negative side, the sensing time will
increase. On the positive side, the derivation progress will
be greatly simplified. In most simulations, M will be cho-
sen appropriately to decrease the sensing time. As a result,
the performance will be slightly affected. But this degrada-
tion is acceptable for most papers. The impact of choice of
the M will be discussed in the ‘Simulation results’ section.

And as we will later construct 7 as a LRT, we now need
both the means and variances of R;|H and R;|H; to form
their respective p.d.f’s. So, for hypothesis H, the received
signal only contains noise and so:
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M—-1N.—1
RifHo= )Y Y €+ emli+j+Na). (6)
m=0 j=0

From (6), the mean and variance of R; can easily be
computed as

ro,i = E [Ri|Ho]
[M-1N.—1
3 > e+ Pemli+j+Na) | =0,
| m=0 j=0
og; = E[IRiI*IHo] — E[Ri|Ho)*

1
y

=E

M—-1N.—1 2
=E|| D] D €.+ pemli+j+Ny)
m=0 j=0
[M-1N,—1
—E| Y Y e+ enli+j+Na)?
| m=0 j=0
= E[MN.e}, (i) em(i)*]
= MN,o,.

(7)
Similarly, under hypothesis H;, R; can be written as

M—-1N.—1

Ri\Hy =Y > @i+ )i +j— 1)

m=0 j=0

+ €+ )] [ami +j+ Ny)

X Yu(i+j— 174+ Ng) +em(i+j+Na)].
)

We will now do a similar evaluation for R;|H1, which as
we shall see, results in more complex expressions. So,

m1,; = E[Ri|H1]
M—1N,—1

=E| D) (a,G+)7G+)— 1)+ €, +)

m=0 j=0
X (amG+j+ N)¥mG+j— T + Ng)

+ em(i+i+Nd))}
Ne—1L-1
=e MM YN olElx i+ — T — D)
j=0 =0
X Xm(i+j—1 =14+ Ngl. 9)
Now when i +j— t — [/ € C, then we get

E[xp(i+j—1—Dxm(i+j—1—1+Ny| =Es (10)
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where C =[1,2,...,N.]. Let us define the indicator
function
1, ifxeC
le@®) = { 0, ifxgC (1)
then using (10) and (11), so we can rewrite (9) as
Ne—1L-1
i =e Mgt ME; Yy " Y lci+j—T—1D. (12)
j=0 =0
N.—1L—1

Finally, letting W(i;7,L) = Y. > 1lc+j—1t = 1),
j=0 =0
i=0,...,N.+N;— 1, then

1 = e a2 MEW (55 T, L). (13)
Now, the variance of (8) can also be computed as
of; = E[IRiI>|H1] — E[Ri|H1]?
M—-1N.—1
=E| YN (ah, G+ )T +)— 1) + el +))
m=0 j=0
X (am(i+j + No)ym G +j — T + Ny)
2
+ em(i+j+Np)| | = luril
= Mo E2W (i;1,1)> + MN, (Lo 2Es + 02)°.  (14)

Optimal CP detector

For most of the published CP detection methods, they
have to choose the largest R;,i = {0,1,...,N, + Ny — 1},
and then apply some method (such as ML) to estimate the
timing offset . After that they will use the estimated t
to calculate the test statistic and its threshold. However,
due to the limitations of these estimation methods (i.e.,
complexity, accuracy, etc.), the system performance will
inevitably suffer due to the inaccurate estimation of both
the test statistic and threshold. But in this paper, we will
propose using {R; }ﬁ\ig Na=1 ather than a single R; and thus
avoid explicit estimation of 7 to get the test threshold. So
we will define the vector:

R =[Ro,Ry,..., Ry, N1 . (15)

Based on the LRT, we can define the following test
statistic:

P(RIH) Ho

T= .
PRIHy) 7.

(16)
where p(-) denotes the probability density function (pdf)
and yyp is the threshold.The pdf of p(R) under Hy and H;
can be expressed (respectively) as
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1 Hp—1
p(R|Hp) = o —exp (—2R BOJR> (17)
(27)7 7 " |Bos2
1
p(R|H) = NNy )
(2m) 2 " |Byel?

exp (—; R-mp) B! (R- mR)> (18)

where By ; and By, are the covariance matrices of R under
Hjy and H; with the ‘t’ indicating dependence on the tim-
ing offset; and mp is the mean vector of R under H;. As a
result, we will get

(NC+1}[d) - exp(—% (R— mR)H Bl_i R — mR)>
Q1) T [Bi?

T =

1 1 -1
(Nc+Ny) €xp <_ 2 RH By, R)

@m) 2

1
[Bo,r|2

|B0r|% exp (—% (R — mp)H Bl_i R - mR)) Ho

= — S V0.
1pHRB-1 1?

exp (—3R"B; ;R 1

- 1
|B1,'L' | 2
(19)

We can see from (19) that there appears to be no closed-
form expression for the distribution of the test statistic 7T,
so the threshold yy has to be computed empirically.

The proposed improved CP detector

So as discussed above, using (19) as the test statistic for
spectrum sensing is both difficulty and impractical. Firstly,
computing the inverse and determinant of the covariance
matrices is complex, especially for large N.+N,. Secondly,
we have to compute the threshold empirically. This means
that every time we sense the spectrum, additional time
and system resources are needed to obtain the threshold.
In order to solve this problem, we will make some assump-
tions during the algorithm derivation. The details will be
shown in the rest of the paper. First, to simplify the deriva-
tion of the joint distribution of R, we assume that all the R;
in (15) are independent. Note that although not theoreti-
cally correct, simulations have shown that this assumption
has indeed very little effect on the true result. Thus, (16)
can be approximated as

N+Ny—1
l_f L pil®
T =0 A/ 27‘[01,1' 201%1
L= 7NN

[T e (- IR;|?
i=0 A/ 27‘[0’(”' ZO&i

NeAN;—1
{00, IR — 1> | |Rif?
= l_[ —exp | — 5 + —5]-(20)
A 207, 200,
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Using Mathematica and some algebra, then from (20),
we can show that (16) is equivalent to:

Ro+ Bol> IRy + B1)?
[Ro + Bol +| 1+ Bl .
(e 7)) o1

T =

2
n IRN,+N;—1 + BN+Ny—1]

aNC-‘rNd—l
N +Ny—1 9
IR: + B Ho
= ) sn (21)
i=0 G M
2 2 2 2 2
where a; = GO,ial,i/(Gl,i — GO,i)’ Bi = Oli/il,i/ffl,,’ and
NE+Nd71 2 2 N+N;—1
B | Hii O,
n= 2 |\gto)+an{n [ 2=
i=0 % o =0 O0i

In particular, when the SNR is very low, then from (7)
and (14), we can say oy; ~ 012,1" So (21) can be rewritten as
Ne+Ny—1 ~

Zd RR) + B)* + IR)*

o

T =
i=0
_ N‘*ZNd‘l B RR) 4 SR
im0 i i
+2ﬁi9f(Ri)

o

(22)

where 9i(-) takes the real part and J(-) takes the imaginary

part. Because as 0021. — crlzl-, so a; — 00, then we have

N¢+Ny—1
M1, Ho
E 7 NR) S y2
(o H-
i=0 0,i 1

T =

(23)

where y» = In(yp) + Z&JN”[_I ,u%,i/ZaOZ,i, and it is the

threshold of the proposed method. According to (23), 71
is the test statistic of the proposed method. And it is obvi-
ous that 77 contains three parts (i1, o&i and R(R)) ).
With the priori knowledge, 111, and a&i could be calcu-
lated according to (13) and (7), respectively. In order to
calculate the R(R;), the observation value of y,, should be
collected firstly, and then we could use (5) to evaluate the
autocorrelation measures R;,i = 0,1,...,N. + N; — 1
from the received OFDM signal. Finally, using both R;, i =
0,1,...,N; + Ny — 1 and the statistics of Hy and H; in 24,
we can evaluate the test statistic 77 in 24. Clearly 7; in (23)
will have a Gaussian distribution:

Ne+Ng—1 o
M1,
Nlo, Y ,Ho
‘ 200}
7_ N i=0 Ll
1 Ne+Ny=1 2 NeANy~1 o o
M1 1,i%1i
v X Ty i) g,
iz %0 =0 200
(24)
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Then, the probability of detection and false alarm can be
easily computed as

NeANz—1 2
-y
V2 : 002'
P;=Q = > |, (25)
Nc"!‘Nd_l 2 2
1,V 1,0
0s Y M
i=0 0,i
(26)

In order to test the performance the spectrum sensing
method, we usually test the probability of detection or
the probability of misdetection for a fixed Pr. So based
on the NP criterion, we could calculate the threshold y;
according to the (26) as

N+N;—1 /L2
1,i ~A—
= |05 Y QP (27)
i—0 90

The detection process of the proposed spectrum sens-
ing method can be summarized as follows.

(1) Compute the real partsof R;,i = 0,1,...,N.+Ny;—1
as defined in (5) by applying the received samples.

(2) Compute p1,; and a&i as stated in (13) and (7) with
the priori knowledge such as M, N, and so on.

(3) Compute the test statistic 77 as defined in (23), using
the 11, o> and R(Ry).

(4) Compute the threshold y, according to (27) for a
given Py.

(5) Compare the test statistic 7; with threshold y,. If
the 77 is smaller than y», the primary user is absent.
Otherwise, the primary user is present.

The effect of timing offset

Now presence of an unknown timing offset (7) will affect
the performance of any spectrum sensing algorithm. Most
existing approaches attempt to estimate 7, and then use it
to obtain the test statistic and the threshold. But an inac-
curate estimate of t will give incorrect values for these two
parameters. So in this paper, we will now prove that P,
and Py of our proposed suboptimal CP detector are in fact
independent of the timing offset (7). As a result, for a fixed
Py or Py, we can obtain the accurate threshold without
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explicitly estimating 7. So, considering the terms in (25)
and (26):

_ _ . . 2
Nc-'rZNd IM%J ~ Ne+Ny—1 (e—jzﬂfqo-}?MESW(l;r,L)>
2 4
i—0 90 i=0 MN,oy,
e fy g4 ppp2 NetNa—1
= % > Wit L)*(28)
On i=0
and
Ne+Ng—=1 2 2
i M1,01,i
7
=0 00,i
Ne+Ng=1 1 —jonf, 2 . 2
e 10 MEW (i1, L
-y [ il 8( )] [MafEfW(i;r,Lﬂ
P M=Nzo,

+ MN, (LoPE, + o)’

i N+Ng—1
e PigtME? |:02‘E52 el

Z Wi t,L)*

Nco}b N, ~
NeANg—1
+ (LofEs + o) Z W(i;t,L)?
i=0

(29)

From (29), we can see that 7 only appears in the terms
Y NetNa=L w7, )2 and Y NN Wi T, L)*. But now
consider W (i;7,L) in Figure 3, which we have plotted
against i for different values of t (using L = 4 as an
example). We can clearly see that W(i;7,L) > 0 and the
timing offset t only affects the position (i.e., the i value)

corresponding to (W (i; 7, L)) max and not the actual value
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of (Wi T,L))max. As a result, YN Wi 7,1)2 and

Zfig Na—1 W (i; T, L)* are both constants for fixed L and
any value of 7. Therefore, P; and Py are in fact completely
independent of 7. So we will get an accurate threshold y;
in (23) for a given P4 or Py, and thus greatly reduce the
effect of estimation error for timing offset.

Simulation results

In this section, we investigate the performance of the
proposed sensing scheme for OFDM signals over fre-
quency selective Rayleigh fading channels, where #; ~
CN (0, 1). To simplify the simulation processes, we assume
that the carrier frequency offset (f;) is known. We fix
Py = 0.05, and from (25), we calculate y,. Then, with y»
known, and via 10° Monte Carlo simulations for 77 in (23),
we estimate Pj;.

Figure 4 is a performance comparison of the proposed
CP detection method (based on (23)) with the recent
OFDM sensing schemes in [21,22]. We also examine the
performance of the optimal detector based on (19), where
we use exact value for t. The OFDM block size is chosen
as N; = 256 and the CP is set to N, = Ny/32. The total
number of received OFDM blocks is set to M = 50 and
the number of mulitpaths is L = 4. The probability of mis-
detection (P,,) is defined as P,, = 1 — P,;. As expected,
the optimal detector approach of (19) is the best, but
our proposed sub-optimal approach of (23) comes second,
outperforming [21,22]. The reason for the improvement is
that the proposed method computes the correlation over
the whole CP range and uses the vector R in (15) instead
of a single R;, not withstanding the approximation that all
the elements of (15) are independent.

60 @ + T T
—*—1=10
—6— 1=100
50 —+— 1=200 ]
=500
40 —
3
& 30% 1
=
4
20 -
10+ B
0 100 200 400 500 600

300
i

Figure 3 The value of W(i; 7, L). W(i; 7, L) in (27) and (28) parameterized by T and plotted against i for L = 4.
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€
a
—%— Improved CP detector,((24) and(26))
107t —© Optimal CP detector (19) |\
—— CP detector in [21]
- — @ — CP detector in [22]
107° : ; O
-25 -20 -15 -10
SNR(dB)
Figure 4 Detection performance comparison. P, = 1 — P4 performance comparison of proposed method against other methods when
P = 0.05.
Figure 5 compares the performance of our proposed The performance of our proposed method under differ-

method for different CP ratios (N./N,;), where N; = 512,  ent numbers (M) of received OFDM blocks is shown in
M = 20, and L = 4. Clearly, the higher the CP ratio, the  Figure 6, where N; = 512; N. = N;/32; Py = 0.05, and
lower will be P,,. However, increasing the CP ratio will L = 4. It is apparent that by the increasing M, then P,
also increase the signal redundancy and so decrease the rapidly decreases. Moreover, the performance improve-
system performance. ment due to an increase in M is smaller for low SNR

—%— Nc/Nd=1/8
—©— Nc/Nd=1/16 1
10 F — A Nc/Nd=1/32 |:::::::::: PrrirririiriiiirNiiiiiiiiriiiiiiiioi\iio: i

-5

10 | 1 1 |
—24 —22 -20 -18 -16 -14
SNR(dB)

Figure 5 Detection performance comparison of proposed algorithm for different CP ratios. P, = 1 — P4 performance of proposed method
(see (23) and (25)) for different CP ratios (N¢/Ng) when P = 0.05.
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Q
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-24 -22 -20 -18 -16 -14
SNR(dB)
Figure 6 Performance comparison of proposed algorithm for different numbers of received OFDM blocks. P,, = 1 — P4 performance of our
proposed method (see (23) and (25)) for different numbers (M) of received OFDM blocks.

compared to high SNR. On the other hand, the larger M,
the longer the sensing time that will be needed. So in prac-
tical applications, we should make a trade-off between the
sensing time and the detection performance.

Figure 7 illustrates the performance of the proposed
method under small M so as to further analyze the impact

of M. The parameters are set as N; = 256, and the CP
is chosen as to N, = N,;/32. It is clear that when M is
small (less than 10), then P, is too large. The performance
degradation is due to both the auto-correlation compu-
tation and the fact that the approximation by a Gaussian
random variable does not hold anymore. When M is small,

| T
—— SNR=-15dB
—&8— SNR=-10dB .
—O6— SNR=-7dB

Figure 7 Performance analysis of the proposed algorithm for small numbers of received OFDM blocks. P, = 1 — P4 performance of our

proposed method for small numbers (M) of received OFDM blocks.
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the value of 77 in (23) is small. So the difference between
the 77 in Hy and H; is not obvious, which will increase the
error and decrease the performance. On the other hand,
the assumption will not hold anymore if the M is small. So
a large error will be obtained. As a result, both factors will
affect the overall final performance.

Conclusions

In this paper, a new spectrum sensing method for OFDM
signals is investigated. The proposed algorithm uses the
unique CP property of OFDM signals to detect the pres-
ence of a primary user over frequency selective channels.
The multivariate pdfs for a correlation vector (exploiting
the CP property) under both hypotheses (i.e., presence
and absence of primary) are calculated. These are then
used to construct a test statistic. The expressions derived
for P; and Py are independent of the timing offset param-
eter (7), and so unlike other methods, no estimation of t
is required to obtain the threshold. The simulation results
show that the proposed improved CP detector outper-
forms recently published algorithms dealing with a similar
problem and it can also achieve a good performance at
very low SNR. We also show in Figure 4 that, assum-
ing independence of all the elements of (15), although
not strictly correct, reach in an excellent CP detector.
Moreover, the impact on the algorithm’s performance of
changing either the CP ratio or the number of received
OFDM blocks is also illustrated. Clearly, these parame-
ters should be carefully chosen as a trade-off between
detection and system performance.
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