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Abstract

In this paper, a comprehensive comparison analysis in terms of outage probability and average symbol error ratio
(SER) is presented for cooperative cognitive multiple-input and multiple-output (CC-MIMO) multiuser systems with
amplify-and-forward (AF) protocol. Specially, we consider two scenarios where the CC-MIMO multiuser systems
have the perfect and imperfect channel state information (CSI). The CC-MIMO multiuser systems consist of one
multi-antenna source, one single-antenna relay, and multiple multi-antenna destinations. At the secondary source
and destinations, the maximal ratio transmission (MRT) and maximal ratio combining (MRC) are employed,
respectively. For such CC-MIMO multiuser systems, we first obtain the exact closed-form expressions of outage
probability under the two cases where the CC-MIMO multiuser systems have the perfect and imperfect CSI. Then,
to reduce the implementation complexity, the tight lower bounds of outage probability and average SER are
derived. Finally, to obtain insight, by using the high signal-to-noise ratio (SNR) approximation, the asymptotic
estimations of outage probability are achieved. The numerical results show that the derivations are agreed with the
simulations, which validate our derivations. At the same time, the results show that, for the systems without perfect
CSI, the achievable diversity order reduces to one, regardless of the number of antennas at the cognitive source
and destinations as well as the number of the cognitive destinations. Nevertheless, these key parameters affect the
coding gain of the CC-MIMO multiuser systems. When the systems have the perfect CSI (or without feedback
delay), the achievable diversity gain is determined by the minimum between the number of source’s antennas and
the product of the number of destinations and the number of destination’s antennas. For the effect of PU’s
parameters, our results indicate that primary systems only affect the coding gain but not the diversity gain.
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1 Introduction
In recent years, due to the dramatic growth of wireless
applications, the spectrum scarcity is becoming a major
issue in future cellular mobile communications, which
has drawn a lot of attention in academia and industry
[1]. However, the traditional spectrum allocation policy
is static and leads to spectrum congestion. On the other
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hand, the spectrum resources are not sufficiently utilized
as reported by the Federal Communications Commission
(FCC). To overcome these drawbacks, cognitive radio
(CR) has been proposed by Mitola [2] as an effective
dynamic spectrum allocation policy. There are three main
CR paradigms: underlay, overlay, and interweave [3].
Among the three existing CR paradigms, the underlay
paradigm, also known as spectrum sharing, has been
extensively studied due to the higher spectrum efficiency.
In the underlay CR, the secondary users (SUs) are allo-
cated to utilize the spectrum of the primary users (PUs) as
long as the interference caused by SUs at PUs is below a
given interference threshold (also referred as interference
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temperature). This means that the SUs’ transmission
power is often subject to various interference constraints
given by PUs. This leads to a limitation in the wireless
coverage of secondary networks. Therefore, a major prob-
lem in the underlay CR is how to guarantee quality of
service (QoS) for SUs and to extend the wireless coverage
range of secondary networks.
To extend the wireless coverage and guarantee the

QoS of the secondary networks, the cooperative cogni-
tive radio has been introduced as a promising solution.
Specially, it has been shown in [4] that the wireless
coverage range and link reliability can be enhanced sig-
nificantly through the help of secondary relays. Inspired
by the remarkable potential from combining the user
cooperative diversity and CR, recently, one novel cogni-
tive network architecture, referred as multiuser cognitive
relaying scheme, has been proposed in [5–11]. In such
multiuser cognitive relaying schemes, there are multiple
cognitive sources or destinations. In a data transmission
round, only one cognitive source or destination are
selected for communications. As a result, the multiuser
diversity gain is achieved [12]. The scheme enhances the
reliability of data transmission due to the multiuser
diversity gain. At the same time, the user cooperation
also extends the wireless coverage range. Specially, in
[8], one multiuser and multirelay CR network has been
investigated in terms of outage probability. The result in
[7] shown that the diversity order of the cognitive sys-
tems is determined by the summation of the numbers of
relays and destinations. On the contrary, [9] focused on
the cognitive system which has single relay and multiple
destinations. The transmit power at the cognitive
transmitters subject to the multiple PUs. For such
multiuser cognitive systems, the outage performance
is investigated over Nakagami-m fading channels. In
[10], authors have investigated the performance of
dual-hop decode-and-forward (DF) spectrum-sharing
systems over Nakagami-m fading channels. The primary
system consists of one transceiver pair, whereas the
secondary system consists of one secondary source, one
secondary relay, and multiple secondary destinations. In
particular, authors have presented a detailed performance
comparison for two different opportunistic scheduling
algorithms, i.e., signal-to-noise ratio- (SNR) and signal-to-
interference ratio- (SINR) based scheduling algorithms. It
was achieved that the SINR-based algorithm always out-
performs the SNR-based scheduling algorithm. However,
when the number of destinations is very large, both
schemes attain almost the same outage performance. This
suggests that, in such scenarios, the SNR-based scheduling
algorithm is preferred because it requires less channel
state information (CSI). While the multiuser downlink
cognitive relay schemes have been discussed in [8] and
[10], the counterpart uplink ones have been investigated
in [11]. In this work, authors have presented the difference
between relay selection and user selection. For multiuser
uplink cognitive relaying schemes, in [8], authors have
presented an optimal solution for secondary multiuser
scheduling by selecting the optimal secondary source
which maximizes the received SNR at the secondary
destination.
For such multiuser cognitive relaying scheme, though

the works [8–11] are of significance, the key limitation
of these works is that all terminals are equipped with
single antenna. It is well known that, besides CR and re-
laying, the multiple-input and multiple-output (MIMO)
is also a promising solution to improve the spectrum
utilization and wireless coverage [13]. Therefore, in an
effort to further improve the performance of CR net-
works, the combination of MIMO and CR (referred as
MIMO CR) has been introduced as another promising
method to improve the spectrum efficiency and through-
out of wireless communications [14]. For example, the
spectrum sharing multi-hop MIMO scheme has been
investigated and an effective precoding scheme is pre-
sented in [15]. In [16], a cognitive radio-inspired asym-
metric network coding scheme is proposed for MIMO
systems, where the information exchange among users
and base station broadcasting can be accomplished
simultaneously. The wireless resource allocation in
MIMO-OFDM cognitive radio systems has been investi-
gated in [17]. In this work, to maximize the achievable
data rate, authors jointly performed the optimal subcarrier
paring, cooperation SU selection, as well as the deter-
mination of the optimal transmit covariance matrices. An
interesting cognitive MIMO scheme, cognitive multiuser
MIMO, has been investigated in [18]. For the multiuser
CR relaying systems, the robust beamforming scheme has
been presented. The results in [15–18] show that the
utilization of MIMO techniques can significantly improve
the performance of cognitive systems. However, it is also
well known that the excellent performance of MIMO sys-
tems is achieved at the cost of implementation complexity
due to the perfect precoding. Therefore, researchers de-
vote to find a scheme with low implementation complex-
ity for multiple antenna systems. We know that, in
MIMO system, the classical combining technique is max-
imum ratio combining (MRC) [19], where the signals
from the received antenna elements are weighted such
that the output SNR is maximized. Besides MRC, the
maximal ratio transmission (MRT) is also a powerful
diversity technique. The joint utilization of MRT and
MRC (or MRT/MRC) in multiple antenna systems has
been shown to offer many benefits such as increasing reli-
ability and low complexity. As a result, the MRT/MRC is
a realistic candidate for MIMO systems and can provide a
good trade-off between implementation complexity and
good performance.
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Inspired by the above literature review, in this work,
we deal with a comprehensive performance analysis of
cooperative cognitive MIMO (CC-MIMO) multiuser
downlink systems. In the interested schemes, the four
promising techniques, CR, MIMO, multi-user selection,
and relaying, are integrated perfectly together. Specially,
the utilization of multi-user selection is a realistic con-
sideration with high energy efficiency. For example, in
wireless local network (WLN), there are multiple access
points of Internet. Before communications, the user in
WLN first selects one best access point. Then, during
the communications only the selected best access point
is activated, and the others keep silence. As a result, the
energy efficiency is improved greatly even if the spectrum
efficiency is degraded. The secondary system consists of
one secondary source, one secondary relay, and multiple
secondary destinations. The secondary source and second-
ary destinations are equipped with multiple antennas,
while the secondary relay is equipped with one single an-
tenna. Note that the reason that we employ single antenna
relay is that, compared with base station, the relays should
have low implementation complexity and engineering
cost. For example, in a large wireless network, we should
arrange many relays. If all relays are equipped with mul-
tiple antennas, the total engineering cost may be very
expensive. Moreover, the perfect synchronization of
multiple antenna systems leads to high implication com-
plexity. Besides this, our schemes can be extended easily
to the systems in which the relays have multiple antennas,
and the relays employ the antenna selection technique.
The transmit power of the secondary transmitters is con-
strained by the interference threshold of primary user.
One data transmission round consists of two phases. In
the first phase, by using MRT, the secondary source trans-
mits signal to the single antenna secondary relay. In the
second phase, only one secondary destination is selected
for receiving data from relay. Then, by using the amplify-
and-forward (AF) relaying protocol, the secondary relay
transmits the received signal to the selected best destin-
ation. At the selected secondary destination, the MRC is
employed to process the received signal from relay. At the
same time, in this paper, we consider the effect of feed-
back delay on MRT/MRC and user selection. This is
due to the fact that, in beamforming and user selection
schemes, the excellent performance is achieved only
when the perfect CSI is achieved at transmitters. How-
ever, in practice, the available CSI at transmitters and
the actual instant channels may be different due to the
time-varying channels and feedback delay [20, 21]. At
the same time, for comparison analysis, the CC-MIMO
multiuser systems are also investigated under the case
where the systems have the perfect CSI. For such CC-
MIMO multiuser systems, the outage probability and
average symbol error ratio (SER) are investigated over
Rayleigh fading channels. Specially, we first derive the
exact closed-form expressions of outage probability for
the two scenarios with and without perfect CSI. Due to
the fact that the exact closed-form expressions are very
complicated, to reduce the implementation complexity,
the tight lower bounds of outage probability and aver-
age SER are derived. Finally, to gain valuable insights
and to highlight the effect of system’s parameters on the
CC-MIMO multiuser systems, we also present the
asymptotic performance analysis by using high SNR
approximation. The impact of different antenna config-
urations, feedback delay, and SNR imbalance on the
performance is illustrated.
1.1 Notations
Throughout this work, we use bold lower case letters to
denote vectors and lower case letters to denote scalars,
respectively. The probability density function (PDF) and
the cumulative distribution function (CDF) of a ran-
dom variable (RV) X are denoted as fX(.) and FX(.),
respectively. The symbol ‖. ‖F is the Frobenious
norm, E[.] stands for the expectation operator, (.)T de-
notes the transpose operator, and (.)H denotes the
conjugate transpose operator. Γ(.) and ϒ(.,.) denote
the Gamma and incomplete Gamma function Kv(.) is
the vth-order modified Bessel function of the second
kind. Wλ,μ(z) is the Whittaker function Hm n

p q :j:½ � is

the Fox’s H-function. 2F1(.,.,.,.) is the Gaussian hyper-
geometric function. At all receivers, the Gaussian
additive noise power N0 = 1.
2 System model and assumptions
2.1 System models
We consider one CC-MIMO multiuser downlink dual-
hop transmission system as illustrated in Fig. 1, where
the secondary system is allowed to utilize the same
spectrum licensed to the primary system through under-
lay paradigm. In this cognitive system, there exists one
secondary source SS, one secondary relay SR, and M sec-
ondary destinations SDm, m = {1,…,M}. It is assumed
that the secondary source SS is equipped with N1 anten-
nas, and all secondary destinations SDm have the same
N2 antennas. At the same time, with the consideration
of implementation complexity and engineering cost, we
consider the case where the secondary relay SR is
equipped with one single antenna. Thus, at the cognitive
source SS and the cognitive destinations, the MRT and
MRC are employed for signal transmission and receiving.
Moreover, the primary system only includes one primary
receiver PR that is equipped with one single antenna.
There is no direct link between the secondary source and
destinations. The communications between SR and SDm is
accomplished with the help of the secondary relay SR.



Fig. 1 CC-MIMO multiuser downlink model
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Due to the fact that the secondary source SS and destina-
tions SDm have multiple antennas, the secondary system
is equivalent to one cooperative MIMO system. With the
consideration that the underlay paradigm is employed, the
interference power at the primary receiver PR created
by the secondary transmitters must be below a prede-
fined interference threshold Q. We also assume that
all links are subject to Rayleigh fading, and the re-
ceived signals are corrupted by Gaussian additive noise
with power N0.
An entire communication round between the second-

ary SS and SDm consists of two orthogonal phases. In
the first phase, the secondary source SS transmits its sig-
nal xS with power PS, where E[|xS|

2] = 1. To maximize
the instantaneous received SNR at the secondary relay
SR, the secondary source SS employs the MRT principle
and steers the signal along the direction matching the
first hop channel. Due to the fact that the cognitive
source has N1 antennas and the cognitive relay has sin-
gle antenna, the channel between the secondary source
and relay can be modeled as one 1 ×N1 vector h1. It is
assumed that the elements h1j of the channel vector h1
follow the independent and identically distributed (i.i.d)
complex Gaussian distribution with zero mean and vari-
ance ω1, i.e., h1j ~ CN(0, ω1), j = {1,…,N1}. Therefore,
with the beamforming vector W1, the received signal at
SR is written as

yR ¼
ffiffiffiffiffi
PS

p
h1WH

1 xS þ nR ð1Þ

where nR is the Gaussian additive noise at the secondary
relay SR, defined as nR ~CN(0,N0), and the beamform-
ing vector is defined as
W1 ¼ h1

h1k kF
ð2Þ

At the second phase, by using AF relaying protocol
and multiplying an amplification fact G, the secondary
relay SR forwards the received signal to the secondary
destinations. Thus, for a given secondary destination
SDm, m ∈ {1,…,M}, the received signal is given by

yTDm ¼ GhT
2m

ffiffiffiffiffi
PS

p
h1WH

1 xS þ nR
h i

þ nT
D ð3Þ

where nD is the 1 ×N2 noise vector at the secondary des-
tination, whose elements follow CN(0,N0), h2m is the
1 ×N2 channel vector of the link from SR to SDm, and
its elements follow i.i.d complex Gaussian distribution
with zero mean and variance ω2, i.e., h2mi ~ CN(0, ω2),
i = {1,…,N2}. Furthermore, according to (1), the amp-
lification factor is given by

G2 ¼ PR

PS h1WH
1

�� ��2 ð4Þ

where PR is the transmit power at the secondary relay
SR. Then, at the secondary destination, the MRC is
applied by multiplying the received signal yTDm with the
beamforming vector W2. Therefore, after MRC process-
ing, the received signal at the mth secondary destination
SDm is given by

yDm ¼ GW2h
T
2m

ffiffiffiffiffi
PS

p
h1WH

1 xS þ nR
h i

þW2nT
D ð5Þ
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Therefore, from (5), the instantaneous end-to-end
SNR at the mth destination SDm is given by

γDm ¼ PS h1WH
1

�� ��2 hT
2m

�� ��2
F

N0 hT
2m

�� ��2
FþN0=G2

ð6Þ

At the same time, due to the interference constraint
Q at primary user, both the secondary source SS and
relay SR must control their transmit powers PS and
PR to meet the interference constraint at primary re-
ceiver, i.e., the transmit powers PS and PR constrained
by [22–25].

PS ¼ Q

h3k k2F
PR ¼ Q

h4j j2 ð7Þ

where h3 is the 1 ×N1 channel vector of the link
from SS to PR with all i.i.d complex Gaussian RV en-
tries, h3i ~ CN(0,Ω3), and h4 is the channel coefficient
of the link from SR to PR whose distribution is CN(0,Ω4).
Note that, in (7), only the PUs’ interference power con-
straint is considered. Indeed, in realistic engineering im-
plementation, the transmit power of SUs is also limited by
the available maximum power level of SUs. Specially,
when the value of the channel gains from SUs to PUs is
very small, the effect of the available maximum power
level must be considered. However, for simplicity, as an
approximation, we can only consider the PUs’ interference
constraint as in [22–25].
Finally, combining (7), (6), and (4), the end-to-end

SNR at the mth secondary destination SDm is written as

γDm ¼ 1
N0

Q h1WH
1j j2

h3k k2F
Q hT2mk k2

F

h4j j2

Q hT
2mk k2

F

h4j j2 þ Q h1WH
1j j2

h3k k2F

¼ 1
N0

γ1γ2m
γ1γ4 þ γ2mγ3

ð8Þ

where we define γ1 ¼ Q h1WH
1

�� ��2 , γ2m ¼ Q hT
2m

�� ��2
F , γ3 ¼

h3k k2F , and γ4 = |h4|
2. Since h1j ~CN(0, ω1), j = {1,…,N1},

it is achieved that the RV
ffiffiffiffi
Q

p
h1j eCN 0;Ω1ð Þ, where

Ω1 =Qω1. Similarly, we have that the RV
ffiffiffiffi
Q

p
h2mi eCN

0;Ω2ð Þ, i = {1,…,N2}, where Ω2 =Qω2.
To exploit the multiuser diversity, the user selection is

employed in our interested CC-MIMO multiuser sys-
tems. In this case, the secondary relay first identifies and
selects the best relay-destination link out of all achiev-
able relay-destination links and then feeds back the
index of the selected best destination to the secondary
source. Thus, the equivalent instantaneous SNR from
the secondary relay to the selected best destination is
given by

γ2 ¼ max|{z}
m¼ 1;…;Mf g

γ2m
� � ¼ max|{z}

m¼ 1;…;Mf g
Q hT

2m

�� ��2
F

� �
ð9Þ

Therefore, by using the above discussion, (8) and (9),
and the assumption N0 = 1, the equivalent instantaneous
end-to-end SNR for the CC-MIMO multiuser system
with the best destination user selection can be formu-
lated as

γD ¼ γ1γ2
γ1γ4 þ γ2γ3

ð10Þ

2.2 Outdate CSI
It is well known, in practical implementation, due to
channel estimation error, mobility, feedback delay, lim-
ited feedback, or feedback quantization, obtaining the
full CSI is difficult, and often only partial CSI informa-
tion can achieved. Thus, the analysis for imperfect CSI
channel knowledge is also very beneficial for the design
of systems. In our work, we only consider the imperfect
CSI of secondary link, i.e., h1 and h2. This yields that in
(8), (9), and (10), hi are the delay version of the channel
~hi , i = {1, 2}. Specially, with feedback delay, the design of
the beamforming vectors W1 and W2 and the user
selection are based on the delay version. According to

[26, 27], the relationship between ~hi and hi is expressed as
the following time-varying channel model

hi ¼ ρi
~hi þ

ffiffiffiffiffiffiffiffiffiffi
1−ρ2i

q
ei i ¼ 1; 2f g ð11Þ

where ρi stands for the normalized correlation coeffi-
cient between hi and ~hi. According to the Jakes’ autocor-
relation mode [28, 29], we have ρi = J0(2πfdiτi), where
J0(.) is the zeroth-order Bessel function of the first
kind, τi is the time delay, and fdi is the maximum
Doppler frequency. Furthermore, ei is an 1 ×Ni error
vector whose elements follow the complex Gaussian
distribution CN(0, ωi). Obviously, under the case
where the feedback delay exists, according to (8) and (9),

we have the definitions ~γ 1 ¼ Q ~h1 ~WH
1

�� ��2, ~γ 2m ¼ Q ~hT
2m

�� ��2
F ,

and ~γ 2 ¼ max|{z}
m¼ 1;…;Mf g

~γ 2m

� �
.

3 Statistical descriptions of RVS γ1, γ2, and γ3
To obtain the outage performance and average SER of the
interested CC-MIMO multiuser downlink transmission
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systems, (10) indicates that the statistical descriptions of the
RVs γ1, γ2, and γ3 are required firstly [30–33]. Therefore, in
this section, we first present the statistical descriptions for
the RVs γ1, γ2, and γ3 as well as the detailed proof, which
will be frequently utilized in the sequent derivations. Note
that, although the statistical description of γ1 has been pre-
sented in [30], it is also given here for the purpose of im-
proving the readability of this paper.
Proposition 1: In the presence of feedback delay

(0 ≤ ρ1 < 1), the exact closed-form expressions for the
PDF f γ1 xð Þ of the RV γ1 is given by

f γ1 xð Þ ¼
XN1−1

i¼0

CN1−1
i

ΩN1−i
1

ρN1−i−1
1 1−ρ1ð Þi
N1−i−1ð Þ! xN1−i−1 exp −

x
Ω1

	 

ð12Þ

Fγ1 xð Þ ¼ 1−
XN1−1

i¼0

CN1−1
i ρN1−i−1

1 1−ρ1ð Þi
XN1−i−1

p¼0

1
p!Ωp

1
xp exp

� −
x
Ω1

	 

ð13Þ

where CN
n ¼ N != n! N−nð Þ!ð Þ is the binomial coefficient. Δ

Proof: Since h1j ~ CN(0, ω1), where j = {1,…,N1}, we
have

ffiffiffiffi
Q

p
h1j eCN 0;Ω1ð Þ , where Ω1 =Qω1. Thus, using

the definition γ1 ¼ Q h1 tð ÞWH
S tð Þ�� ��2 and the similar

method as the one presented in [30], (12) and (13) can
be achieved.

Δ

Proposition 2: In the presence of feedback delay
(0 ≤ ρ2 < 1), the exact closed-form expressions for the
PDF f γ2 xð Þof the RV γ2 are given by

f γ2 xð Þ ¼ M
Γ N2ð Þ

dXΦxN2þkk−1 exp −
1þmð Þx

1þm 1−ρ2ð Þð ÞΩ2

	 

ð14Þ

where we define

dX ¼
XM−1

m¼0

CM−1
m −1ð Þm

X
a0þ…þaN2−1¼m

m
a0;…; aN2−1

	 
 Y
0≤t≤N2−1

1
t!

	 
at

ð15Þ
Φ ¼
X
XN2−1

t¼0

att

kk¼0

C

XN2−1

t¼0

att

k

ρkk2 1−ρ2ð Þ

XN2−1

t¼0

att−kk

 !

Ω2 1þm 1−ρ2ð Þð Þð ÞN2þkk 1þm 1−ðð
In (15),
m

a0;…; aN2−1

	 

¼ m!

a0! :::: aN2−1ð Þ! is a multinomial

coefficient.
Proof: See Appendix A.

Δ

Proposition 3: In the presence of feedback delay
(0 ≤ ρ2 < 1), the exact closed-form expression for the
CDF Fγ2 xð Þ of the RV γ2 is given by

Fγ2 xð Þ ¼ 1−
M

Γ N2ð Þ
dXΦ

XN2þkk−1

qq¼0

Γ N2 þ kkð Þ
qqð Þ!

� 1þmð Þx
1þm 1−ρ2ð Þð ÞΩ2

	 
qq−N2−kk

exp

� −
1þmð Þx

1þm 1−ρ2ð Þð ÞΩ2

	 

xqq

ð17Þ

where dX and Φ are defined by (15) and (16),
respectively.

Δ

Proof: By taking the integral of (14) with respect to γ2
and using (3.351.1) in [34], we have

Fγ2 xð Þ ¼ M
Γ N2ð Þ

dXΦ
1þmð Þ

1þm 1−ρ2ð Þð ÞΩ2

	 
− N2þkkð Þ
ϒ

� N2 þ kk;
1þmð Þx

1þm 1−ρ2ð Þð ÞΩ2

	 

ð18Þ

Then, using the series representation of the incom-
plete Gamma function ϒ(.,.) leads to the result (17).
Proposition 4: If ρ2 = 1, the PDF and CDF of the RV γ2

defined by (9) are

f γ2 yð Þ ¼ M
Γ N2ð Þ

dX 1
Ω2

	 
XN2−1

t¼0

attþN2

y

XN2−1

t¼0

attþN2−1

exp −
mþ 1ð Þy
Ω2

	 

ð19Þ

Fγ2 yð Þ ¼ ~X exp −
m
Ω2

y

	 

y
Ω2

	 

XN2−1

t¼0

at t

ð20Þ

Δ

where b∑ is defined by (15).
ρ2ÞÞ

XN2−1

t¼0

att

Γ
XN2−1

t¼0

att þ N2

 !
Γ N2 þ kkð Þ ð16Þ



Jia et al. EURASIP Journal on Wireless Communications and Networking  (2015) 2015:203 Page 7 of 21
Proof: Using the definition γ2 defined by (9) and Fγ2m

yð Þ ¼ 1−
XN2−1

i¼0

1
i!

y
Ω2

� �i
exp − y

Ω2

� �
, it is easy to see that the

CDF Fγ2 yð Þ is given by

Fγ2 yð Þ ¼ 1−
XN2−1

i¼0

1
i!

y
Ω2

	 
i

exp −
y
Ω2

	 
 !M

ð21Þ

By using the similar method as the one employed in
Propositions 2 and 3, the results (19) and (20) are achieved.

4 Exact outage performance
Based on the statistical descriptions of the RVs γ1, γ2, and
γ3 presented in previous section, in this section, we inves-
tigate the outage probability of the CC-MIMO multiuser
downlink transmission systems, which is an effective ap-
proach to quantify the system performance. Specially, by
using appropriate mathematical proof, the closed-form
expressions of outage probability would be achieved for
the two cases where the CC-MIMO multiuser systems
have the perfect and imperfect CSI. It is well known that
the outage probability is defined as the probability that the
instantaneous end-to-end SNR falls below a predefined
outage threshold γth that is determined by the spectrum
efficiency R0 (bit/s/Hz). Mathematically, by using (10), the
outage probability POut(γth) can be formulated as [35]

POut γth
� � ¼ Pr γD < γth

� � ¼ FγD γth
� � ð22Þ

Since we consider two systems with and without perfect
CSI, the corresponding outage probabilities in (22) are
denoted by PExa‐CSI

Out γth
� �

and PExa‐ImCSI
Out γth

� �
, respectively.

Therefore, we have Theorem 1 that presents the exact
closed-form expression of the outage probability for the
CC-MIMO multiuser systems with imperfect CSI.
Theorem 1: For the CC-MIMO multiuser downlink

transmission systems with imperfect CSI (0 ≤ ρ1 < 1,
0 ≤ ρ2 < 1), the exact closed-form expression of outage
probability is
PExa‐ImCSI
Out γth

� � ¼ Pr γD < γth
� � ¼ FγD γth

� � ¼ 1−M
XN1−1

i¼0

CN1−1
i ρN1−i−1

1 ð

� Γ N1 þ pþ tt−q þ 1ð ÞΓ N1 þ pð Þ
Γ N2ð ÞΓ N1ð Þ

Γ N2 þ kk þ 1ð ÞΓ
Γ N2 þ N1ð

� 1þm 1−ρ2ð Þð Þ
1þmð Þ

	 
 N2þkkþ1ð Þ ΩN1
1 Ωpþtt−qþ1

3 Ω

Ω1 þ γthΩ3
� �N1þpþtt−

�2F1 N2 þ kk þ 1;N1 þ pþ tt−q þ 1;N2 þ N1 þ
 

where dX and Φ are defined by (15) and (16),
respectively.
Proof: See Appendix B

Δ

In Theorem 1, the exact closed-form expression of out-
age probability (or the CDF of the equivalent end-to-end
SNR) is presented for the CC-MIMO multiuser systems
without the perfect CSI. Using the obtained result and the
similar method, we also can obtain the exact outage prob-
ability for the CC-MIMO multiuser systems with the
perfect CSI, i.e., ρ1 = ρ2 = 1. We have Corollary 1.
Corollary 1: Under the case where the CC-MIMO

multiuser systems have the perfect CSI (ρ1 = ρ2 = 1), the
exact outage probability is given by

PExa‐CSI
Out γth

� � ¼ 1−M
XN1−1

p¼0

Xp
q¼0

Cp
q

p!
dX XN2þφ−1

tt¼0

CN2þφ−1
tt

� Γ N1 þ pþ tt−q þ 1ð ÞΓ N1 þ pð Þ
Γ N2ð ÞΓ N1ð Þ

� Γ N2 þ φþ 1ð ÞΓ N2 þ φ−tt þ qð Þ
Γ N2 þ N1 þ φþ pþ 1ð Þ � 1

1þm

	 
 N2þφþ1ð Þ

� ΩN1
1 Ω2Ω

pþtt−qþ1
3 ΩN2þφ

4 γth
N2þφþpþtt−qþ1

Ω1 þ γthΩ3
� �N1þpþtt−qþ1

γthΩ4 þ Ω2

1þm

	 
N2þφþ1

�2F1

 
N2 þ φþ 1;N1 þ pþ tt−q þ 1;N2 þ N1 þ φ

þpþ 1;
1þmð ÞγthΩ1Ω4 þ Ω2Ω1 þ γthΩ2Ω3

� �
Ω1 þ γthΩ3
� �

1þmð ÞγthΩ4 þΩ2
� � !

ð24Þ
Proof: See Appendix C

Δ

5 Tight lower bounds of outage probability and
average SER
In Section 4, we obtain the exact closed-form expres-
sions of the outage probability (or the CDF of the
1−ρ1Þi
XN1−i−1

p¼0

Xp
q¼0

Cp
q

p!
dX

Φ
XN2þkk−1

tt¼0

CN2þkk−1
tt

N2 þ kk−tt þ qð Þ
þ kk þ pþ 1Þ

N2þkkð Þ
4 Ω N2þkkþ1½ �

2 γth
N2þkkþpþtt−qþ1

qþ1
γthΩ4 þ 1þm 1−ρ2ð Þð ÞΩ2

1þmð Þ
	 
 N2þkkþ1ð Þ

kk þ pþ 1;
1þmð ÞγthΩ1Ω4 þ 1þm 1−ρ2ð Þð Þ Ω2Ω1 þ γthΩ2Ω3

� �
Ω1 þ γthΩ3
� �

1þmð ÞγthΩ4 þ 1þm 1−ρ2ð Þð ÞΩ2
� � !

ð23Þ
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equivalent end-to-end SNR). In practice, besides the out-
age performance metric, there are some other perform-
ance metrics that are very important, such as diversity
and coding gain, average SER, ergodic capacity, and so
on. With these performance metrics, we can obtain the
insight and highlight the effect of system parameters on
performance of the interested CC-MIMO multiuser sys-
tems. However, the derivations in Section 4 show that
the exact expressions of outage probability (or CDF) are
very complicated. This yields that it is intractable to ob-
tain the insight. An alternative is to obtain the perform-
ance bounds and high SNR approximation. The
performance bounds are usually used to obtain the ap-
proximated estimation, while the high SNR approxima-
tion is used for the investigation of diversity and coding
gains. Therefore, in this section, we investigate the tight
lower bounds of outage probability and average SER for
the systems with and without perfect CSI. For the high
SNR approximations and the investigation on diversity
and coding gains, it would be presented in Section 6.

5.1 Tight lower bound of outage probability
It is well known that the instantaneous end-to-end SNR
(10) can be upper bounded by [25]

γD≤γUp ¼ min
γ1
γ3

;
γ2
γ4

 �
ð25Þ

Since γUp is the upper bound of γD, the corresponding
outage probability is lower bound of the exact probabil-
ity, defined as PLow

Out γth
� �

. Thus, we have

PLow
Out γth
� � ¼ Pr γUp≤γth

n o
¼ FγUp γth

� � ð26Þ

Due to the independence of random variables γ1, γ2,
γ3, and γ4, using the order statistics [33] in (26), the
CDF FγUp γth

� �
can be expressed as

FγUp γth
� � ¼ Pr min

γ1
γ3

;
γ2
γ4

 �
≤γ

 �
¼ 1− 1−Fγ13 γð Þ� �

1−Fγ24 γð Þ� � ð27Þ

where we define γ13 ¼ γ1
γ3
and γ24 ¼ γ2

γ4
. Eqs. (26) and (27)

indicate that, to obtain the tight lower bound PLow
Out γth
� �

,
the CDF FγUp γð Þ is required. Therefore, we first consider
the CDF FγUp γð Þ of the RV γUp.
For the CC-MIMO multiuser systems without perfect

CSI, we denote the outage probability PLow
Out γth
� �

and

CDF FγUp γth
� �

in (26) as PLow‐ImCSI
Out γth

� �
and FγImCSI

Up
γth
� �

,

respectively. Thus, with the definition γ13 ¼ γ1
γ3
, in (27),

the CDF Fγ13 γð Þ is expressed as
Fγ13 γð Þ ¼
Z∞
0

Fγ1 γ3γ
� �

f γ3 γ3
� �

dγ3 ð28Þ

The CDF Fγ1 :ð Þ is given by (13), and PDF f γ3 :ð Þ is

f γ3 γ3
� � ¼ 1

Γ N1ð Þ
1

ΩN1
3

γN1−1
3 exp −

γ3
Ω3

	 

ð29Þ

Then, using (3.351.3) in [34], after some algebra
manipulation, we have

Fγ13 γð Þ ¼ 1−
X
F13

1

Ω1 þΩ3γð Þ N1þpð Þ γ
p ð30Þ

Where we define

X
F13

¼
XN1−1

i¼0

CN1−1
i ρN1−i−1

1 1−ρ1ð Þi
XN1−i−1

p¼0

ΩN1
1 Ωp

3

p!
Γ N1 þ pð Þ
Γ N1ð Þ

ð31Þ

Similarly, with γ24 ¼ γ2
γ4,

the CDF Fγ24 γð Þ in (27) is writ-

ten as

Fγ24 γð Þ ¼
Z∞
0

Fγ2 γγ4ð Þf γ4 γ4ð Þdγ4 ð32Þ

Substituting the CDF Fγ2 :ð Þ given by (17) and f γ4 γ4ð Þ ¼
1
Ω4

exp − γ4
Ω4

� �
into (32), we have

Fγ24 γð Þ ¼ 1−
X
F24

1þmð Þγ
1þm 1−ρ2ð Þð ÞΩ2

þ 1
Ω4

	 
−qq−1

γð Þqq

ð33Þ
where we define

X
F24

¼ M
Γ N2ð Þ

dXΦ
XN2þkk−1

qq¼0

Γ N2 þ kkð Þ
Ω4

1þmð Þ
1þm 1−ρ2ð Þð ÞΩ2

	 
qq−N2−kk

ð34Þ
Therefore, combining (26), (27), (30), and (33), we

have Theorem 2 that presents that tight lower bound of
outage probability for the CC-MIMO multiuser systems
without perfect CSI.
Theorem 2: For the CC-MIMO multiuser downlink

transmission systems with imperfect CSI, the exact out-
age probability is lower bounded by

PLow‐ImCSI
Out γth

� � ¼ Pr γUp < γth

n o
¼ FγImCSI

Up
γth
� �

ð35Þ
where the CDF FγImCSI

Up
γth
� �

is given by
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FγImCSI
Up

γth
� � ¼ 1−

X
F13

X
F24

1þmð Þγth
1þm 1−ρ2ð Þð ÞΩ2

þ 1
Ω4

	 
−qq−1

� Ω1 þΩ3γth
� �− N1þpð Þ

γth
� �pþqq

ð36Þ
where

X
F13

and
X
F24

are defined by (31) and (34),

respectively.

Δ

From Theorem 2, we can obtain the tight lower bound

of outage probability for the CC-MIMO systems with
perfect CSI, which is given by Corollary 2. Note that, in
this case where the systems have the perfect CSI, we
denote the outage probability PLow

Out γth
� �

and CDF FγUp

γth
� �

in (26) as PLow‐CSI
Out γth

� �
and FγCSIUp

γth
� �

, respectively.

Corollary 2: Under the case where the CC-MIMO
multiuser downlink transmission systems have the per-
fect CSI (ρ1 = ρ2 = 1), the tight lower bound of outage
probability is given by

PLow‐CSI
Out γth

� � ¼ FγCSIUp
γth
� � ð37Þ

where the CDF FγCSIUp
γth
� �

is given by

FγCSIUp
γth
� � ¼ 1− ~XXN1−1

i¼0

1
i!

Γ N1 þ ið ÞΓ
XN2−1

t¼0

att þ 1

 !
Γ N1ð Þ

� Ω3

Ω1

	 
i Ω4

Ω2

	 
XN2−1

t¼0

att
1þΩ3

Ω1
γth

	 
−N1−i

� 1þmΩ4rth
Ω2

	 
−
XN2−1

t¼0

att−1
γth

XN2−1

t¼0

attþi

ð38Þ
where ~X is defined by (15).

Δ

Proof: In the case ρ1 = 1, using (29) and Fγ1 γ1ð Þ ¼ 1−

XN1−1

i¼0

1
i!

γ1
Ω1

� �i
exp − γ1

Ω1

� �
, it is easy to see that, in (27), Fγ13

γð Þ can be formulated as

Fγ13 γð Þ ¼ 1−
XN1−1

i¼0

1
i!

Γ N1 þ ið ÞΩi
3γ

iΩN1
1

Γ N1ð Þ γΩ3 þΩ1ð ÞN1þi ð39Þ

Furthermore, in the case ρ2 = 1, using (20) leads to
Fγ24 γð Þ in (27) given by
Fγ24 γð Þ ¼
Z∞
0

Fγ2 γγ4ð Þf γ4 γ4ð Þdγ4 ¼ 1−gX

�
XN2−1

t¼0

att

 !
!
1
Ω4

γ

Ω2

	 
XN2−1

t¼0

att

� 1
Ω4

þmr
Ω2

	 
−
XN2−1

t¼0

att−1

ð40Þ
Finally, using the fact PLow‐CSI

Out γth
� � ¼ 1− 1−Fγ13 γth

� �� �
1−Fγ24 γth

� �� �
, we have Corollary 2.

Δ

5.2 Tight lower bound of average SER
For a broad variety of modulations, the average SER

can be expressed approximately as �PE ¼ aE Q
ffiffiffiffiffiffiffiffiffiffiffiffi
2bγUp

q� �
,

where Q xð Þ ¼ 1ffiffiffiffi
2π

p
Z∞
x

exp −
y2

2

	 

dγ is the Gaussian Q-

function, where the parameters a and b depend on
the type of modulation. Specially, a = 2(N − 1)/N, b =
3/(N2 − 1) for rectangular N-PAM, a = 2, b = sin2(π/N)
for N-PSK (N ≥ 4), and a = b = 1 for phase-shift keying
(BPSK). After taking the integrating by parts, the
average SER can be alternatively re-expressed by

�PE ¼ a
2

ffiffiffi
b
π

r Z∞
0

FγUp γð Þffiffiffi
γ

p exp −bγð Þdγ ð41Þ

In (41), for the two systems with and without perfect
CSI, the FγUp γð Þ is given by (36) and (38), respectively.

Therefore, for the CC-MIMO multiuser systems without
perfect CSI, by substituting the CDF FγImCSI

Up
γth
� �

given by

(36) into (41), we have Theorem 3.
Theorem 3: For the CC-MIMO multiuser downlink

transmission systems with imperfect CSI, the lower
bound of average SER is given by

�PLow‐ImCSI
E ¼ a

2
−
a
2

ffiffiffi
b
π

r X
F13

X
F24

Ω− N1þpð Þ
1 Ωqqþ1

4

Γ qq þ 1ð ÞΓ N1 þ pð Þ b
−p−qq−1

2H1;
1;

1; 1; 1
1:1½ �;0; 1:1½ �

�
Ω3

Ω1b
1þmð ÞΩ4

1þm 1−ρ2ð Þð ÞΩ2b

1þ qq þ p−
1
2
; 1

	 

1−p−N1; 1ð Þ; qq; 1ð Þ

−−−−
0; 1ð Þ; 0; 1ð Þ

����������

377775
266664

ð42Þ
where HK ; N ; N

0
;M; M

0

E; A:C½ �;F ; B:D½ � :j:½ � is the generalized Fox’s H-

function [36].
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Δ

Proof: Combining (36) and (41), we have the average

SER formulated by
�PLow‐ImCSI
E

¼ a
2

ffiffiffi
b
π

r Z∞
0

1ffiffiffi
γ

p exp −bγð Þdγ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

E1

−
a
2

ffiffiffi
b
π

r X
F13

X
F24

Z∞
0

1þmð Þγ
1þm 1−ρ2ð Þð ÞΩ2

þ 1
Ω4

	 
−qq−1

Ω1 þΩ3γð Þ− N1þpð Þγ
pþqq−

1
2 exp −bγð Þ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
E2

dγ

ð43Þ
With the help of (3.361.2) in [34], the integral E1 is
given byZ∞

0

1ffiffiffi
γ

p exp −bγð Þdγ ¼ 1ffiffiffi
b

p Γ
1
2

	 

ð44Þ

Using (1.7.1) in [36], 1þ cxð Þ−b ¼ 1
Γ bð ÞH

1
1
1
1 cx

1−b; 1ð Þ
0; 1ð Þ

���� ��
.

Thus, in (43), the integral term E2 is written as

E2 ¼ Ω− N1þpð Þ
1 Ωqqþ1

4

Γ qq þ 1ð ÞΓ N1 þ pð Þ
Z∞
0

H1
1

1
1

�
"

1þmð ÞΩ4γ

1þm 1−ρ2ð Þð ÞΩ2

����� 1− qq þ 1ð Þ
0

#
H1

1
1
1

� Ω3

Ω1
γ

1− N1 þ pð Þ
0

���� �
γpþqq−1

2 exp −bγð Þdr
�

ð45Þ
Using (2.6.2 ) in [36], we can obtain the closed-form

expression of E2 given by

E2 ¼ Ω− N1þpð Þ
1 Ωqqþ1

4

Γ qq þ 1ð ÞΓ N1 þ pð Þ
Z∞
0

H1
1

1
1

"
Ω3

Ω1
γ

����� 1− N1 þ pð Þ
0

#
H1

1
1
1

�
"

1þmð ÞΩ4γ

1þm 1−ρ2ð Þð ÞΩ2

����� 1− qq þ 1ð Þ
0

#
γ
pþqq−

1
2 exp −bγð Þdr

¼ Ω− N1þpð Þ
1 Ωqqþ1

4

Γ qq þ 1ð ÞΓ N1 þ pð Þ b
−p−qq−

1
2H1;

1;
1; 1; 1
1:1½ �;0; 1:1½ �

�
Ω3

Ω1b
1þmð ÞΩ4

1þm 1−ρ2ð Þð ÞΩ2b

1þ qq þ p−
1
2
; 1

	 

1−p−N1; 1ð Þ; qq; 1ð ÞÞ

−−−−
0; 1ð Þ; 0; 1ð Þ

����������

377775
266664

ð46Þ

Substituting (46) and (44) into (43), the result (42) is
proved.
Δ

By using the similar approach and the result in (38),
we can obtain the average SER of the CC-MIMO multi-
user systems with perfect CSI for all links, which is given
by Corollary 3.
Corollary 3: Under the case where the CC-MIMO

multiuser downlink transmission systems have the per-
fect CSI, the lower bound of average SER is given by

�PLow‐CSI
E ¼ a

2
−
a
2

ffiffiffi
b
π

r gXXN1−1

i¼0

1
i!

1
Γ N1ð Þ

Ω3

Ω1

	 
i

� Ω4

Ω2

	 
XN2−1

t¼0

att
b
−
XN2−1

t¼0

att−i−1
H1;

1; 1:1½ �; 0; 1:1½ �1; 1; 1

�

"
Ω3

Ω1b

mΩ4

Ω2b

�����
#

1þ
XN2−1

t¼0

att þ i; 1

 !

1−N1−i1; 1ð Þ; ð1−
XN2−1

t¼0

att−1; 1Þ
−−−−

0; 1ð Þ; 0; 1ð ÞÞ
ð47Þ

where ~Σ is defined by (15).

Δ

6 Asymptotic performance in high SNR
To obtain the insight and highlight the effect of system
parameters on performance of the interested CC-MIMO
multiuser systems, in this section, we present the asymp-
totic expressions of outage probability in high SNR for
the systems with and without perfect CSI.
Without loss of generality, we define SNR =Q/N0 and

still employ (25), (26), and (27) to obtain the asymptotic
expressions of outage probability in high SNR. Due to



Jia et al. EURASIP Journal on Wireless Communications and Networking  (2015) 2015:203 Page 11 of 21
the fact the noise power N0 = 1, we have SNR =Q. We
first consider the case where the systems does not have
the perfect CSI, i.e., 0 ≤ ρ1 < 1, 0 ≤ ρ2 < 1. Therefore, ac-
cording to (13), in high SNR, the CDF Fγ1 xð Þ can be
given approximately by

Fγ1 γð Þ≈ 1−ρ1ð ÞN1−1 γ

Ω1
ð48Þ

With the PDF f γ3 γ3
� �

given by f γ3 γ3
� � ¼ 1

Γ N1ð Þ
1

Ω
N1
3

γN1−1
3 exp − γ3

Ω3

� �
and the definition γ13 ¼ γ1

γ3
, in (27), the

CDF Fγ13 γð Þ is given approximately by

Fγ13 γð Þ≈ 1−ρ1ð ÞN1−1N1
Ω3

Ω1
γ ð49Þ

At the same time, according to (14), (15), and (16), in
high SNR, the PDF f γ2 γð Þ and the CDF Fγ2 γð Þ of the RV

γ2 can be expressed approximately by

f γ2 γð Þ≈ M
Γ N2ð Þ

dXΞγN2−1 ð50Þ

Fγ2 γð Þ≈ M

Γ N2 þ 1ð ÞΩN2
2

dXΞγN2 ð51Þ

wheredX is defined by (15), and Ξ is given by

Ξ ¼ 1−ρ2ð Þ

XN2−1

t¼0

att

 !

1þm 1−ρ2ð Þð Þ

XN2−1

t¼0

attþN2

Γ
XN2−1

t¼0

att þ N2

 !
Γ N2ð Þ

ð52Þ

With γ24 ¼ γ2
γ4

and f γ4 γ4ð Þ ¼ 1
Ω4

exp − γ4
Ω4

� �
, in high

SRN, the CDF Fγ24 γð Þ in (27) can be expressed as

Fγ24 γð Þ ¼
Z∞
0

Fγ2 γγ4ð Þf γ4 γ4ð Þdγ4≈dX ΞM

ΩN2
2

1
Ω4

	 
−N2

γN2

ð53Þ
Therefore, according (27) and (26), and using (49),

(53), and Ω1 =Qω1, we have Theorem 4.
Theorem 4: For the CC-MIMO multiuser downlink

transmission systems with imperfect CSI, in high SNR,
the outage probability is approximately given by

PAsy‐ImCSI
Out γth

� �
≈

1−ρ1ð ÞN1−1N1
Ω3

ω1

γth
Q

if N2 > 1

1−ρ1ð ÞN1−1N1
Ω3

ω1
þdXΞM

ω2
Ω4

	 

γ th
Q

f N2 ¼ 1

8>><>>:
ð54Þ
Δ

Similarly, the asymptotic outage probability for the
systems with perfect CSI is achieved, and given by
Corollary 4.
Corollary 4: Considering the case where the sys-

tems have the perfect CSI, i.e., ρ1 = ρ2 = 1, in high
SNR, the asymptotic outage probability is given ap-
proximately by

PAsy‐CSI
Out γth

� �
≈

MN2ð Þ!
N2!ð ÞM

Ω4

ω2

	 
MN2 γth
Q

	 
MN2

f MN2 < N1

Γ 2N1ð Þ
Γ N1−1ð ÞΓ N1ð Þ

Ω3

ω1

	 
N1

þ MN2ð Þ!
N2!ð ÞM

Ω4

ω2

	 
MN2
 !

γth
Q

	 
N1

f MN2 < N1

Γ 2N1ð Þ
Γ N1−1ð ÞΓ N1ð Þ

Ω3

ω1

	 
N1 γth
Q

	 
N1

f MN2 > N1

8>>>>>>>><>>>>>>>>:
ð55Þ

The proof of Corollary 4 is presented in Appendix D.

Δ

Theorem 4 and Corollary 4 present a clear insight
about the joint effect of the primary and secondary sys-
tem parameters on the performance of the CC-MIMO
multiuser systems. Firstly, Theorem 4 shows that, in the
presence of feedback delay (imperfect CSI), the achiev-
able diversity gain of the cognitive systems reduces to
one, regardless the number of antennas at the cognitive
source and destinations as well as the number of the
cognitive destinations. However, the key parameters of
the cognitive systems will still affect the coding gain.
Secondly, Corollary 4 indicates that the diversity order is
min{N1,MN2} under the case where the cognitive sys-
tems have the perfect CSI. Specially, when N1 <MN2,
the outage performance is dominated by the first hop, or
in another word, the contribution of multiuser diversity
is negligible. This is because the performance of a two-
hop communication system is limited by the weakest
bottleneck link. On the contrary, when N1 >MN2, the
second hop dominates the outage performance. The
multiuser diversity has the dominated effect on the
diversity order. In this case, the increasing number of
the secondary destinations can improve the CC-MIMO
multiuser systems and can enhance the reliability of
wireless communications. Only when N1 =MN2, the out-
age performance is determined by both the hops. Finally,
from Theorem 4 and Corollary 4, it is observed that the
CSI of primary systems only affect the coding gain but
not the diversity gain.

7 Numerical results
In previous sections, we obtain the closed-form expres-
sion of the exact outage probability as well as the lower
bound and high SNR approximation for the interested
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CC-MIMO multiuser downlink transmission systems
with and without perfect CSI. Based on these deriva-
tions, in this section, the simulations and numerical re-
sults are presented, which is used to validate the
derivations and to obtain the insight about the mutual
effect of system parameters on system performance. In
all cases, the channels are generated by using MATLAB
toolbox “Rayleighchan,” which models a Rayleigh fading
channel. Throughout the analysis, we take the outage
threshold γth = 1 dB. For simplicity, we also take the cor-
relation coefficients ρ1 = ρ2.
By taking M = 2,N1 =N2 = 2, ω1 =ω2 = 1, and Ω3 =Ω4 =

2, in Fig. 2, we first present the comparison analysis of the
exact outage probability versus the PUs’ outage constraint
Q (or SNR) as well as the lower bound and the high SNR
approximation under different values of correlation coef-
ficients ρ1 and ρ2. For the convenience of comparison
analysis, the outage probabilities corresponding to the dif-
ferent correlation coefficients are presented in separated
figures. Obviously, for the case ρ1 = ρ2 = 1, it represents
(a)

(c)

Fig. 2 Outage performance comparison among the exact result, lower bou
(M = 2, N1 = N2 = 2, ω1 = ω2 = 1, Ω3 =Ω4 = 2) (a) ρ1 = ρ2 = 0.3; (b) ρ1 = ρ2 =
that the system has the perfect CSI. From Fig. 2a–d, it is
clearly observed that the exact derivations match well
the simulations for all realizations, which validates the
obtained closed-form analysis solutions given by The-
orem 1 and Corollary 1. It is also seen that the values
of the correlation coefficient have very severe impact
on outage performance. The figures show that the
outage probability is decreasing with the increase of
the correlation coefficients ρ1 and ρ2. When the CC-
MIMO multiuser system has the perfect CSI, ρ1 = ρ2 = 1,
the outage performance is optimal.
In Fig. 2, compared with the outage probability of the

systems with ρ1 = ρ2 = 0.3, when we take the correlation
coefficients ρ1 = ρ2 = 0.5, 0.8, 1, at 10−2 of outage prob-
ability, the achieved SNR gains by the CC-MIMO multi-
user system are 1.5, 5, and 9.1 dB, approximately. The
result indicates that the design of feedback links with
small delay is a very important topic. The favorable
selection is to reduce the feedback delay as possible as.
For the lower bound, we find that the lower bound is
(b)

(d)

nd, and high SNR approximation with different correlation coefficients
0.5; (c) ρ1 = ρ2 = 0.8; (d) ρ1 = ρ2 = 1
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tight sufficiently, especially in high SNR (or Q) region.
Though in low SNR (or Q) the lower bound does not
match the exact estimation, the gap between the two re-
sults is very small. Therefore, in realistic implementa-
tion, the lower bound is a favorable alternative for the
evaluation of the exact solution due to its low imple-
mentation complexity. In the sequent discussion, the
lower bound is employed to investigate corresponding
performance such as outage probability and average
SER. At the same time, from the figure we can find, in
high SNR (or Q), the exact result, lower bound, and the
high SNR approximation of outage probability are
agreed completely. Moreover, the SNR region in which
these results are agreed completely is increasing with the
decrease of the correlation coefficients. From the results
presented in Theorem 4 and Corollary 4, it is observed
that the high SNR approximation expressions are
simpler than the lower bound given by Theorem 2 and
Corollary 2. This observation indicates that, in high SNR
region, we can employ the high SNR approximation not
only to estimate the performance of the CC-MIMO mul-
tiuser systems but also to obtain the insight about the
effect of system’s parameters on the CC-MIMO multi-
user systems.
By employing the lower bound and taking ρ1 = ρ2 = 1,

in Fig. 3, we investigate the effect of the parameters of
secondary systems on outage probability. In Fig. 3a, the
effect of channel powers ω1 and ω2 is considered. It is
easy to say that the outage probability is decreasing with
ω1 and ω2. Especially, when ω1 and ω2 are greater than
2, the outage probability is less than 0.1 over the entire
values of Q. At the same time, Fig. 3a indicates that the
slopes of all curves are the same. This is due to the fact
that in Fig. 3a, the values of M, N1, and N2 are fixed. As
a result, the systems have the fixed diversity order. In
(a)  

Fig. 3 Effect of the parameters of secondary systems on outage probability
Fig. 3b, the effect of N1 is investigated. We say that the
increase of N1 can improve the outage performance
greatly. Moreover, the diversity order is increasing with
the increase of N1.
In Fig. 4, by employing the lower bound and taking

the correlation coefficients ρ1 = ρ2 <1, we investigate the
effect of the secondary system’s parameters on the diver-
sity and coding gains for the two CC-MIMO multiuser
systems where the values of N1 and N2 are N1 = 12, N2 = 3,
and N1 = 2, N2 = 6, respectively. To illustrate the effect of
the first and second hops on the total outage performance,
in Fig. 4, we also present the outage probabilities of the
first and second hops. It is observed that, for the two
cases, the total outage probability is dominated by the first
hop. Besides this result, we also find the result that, in the
two figures, the slopes of curves for high SNR approxi-
mation are the same. The observation indicates that the
diversity gains are the same. This is to say, when the
systems have the imperfect CSI, the achievable diver-
sity gain is not affected by the number of antennas at
the cognitive source and destinations as well as the
number of the cognitive destinations. At the same
time, for the coding gain, in Fig. 4a, b, we can find
the total outage probabilities are different. This is due
to the fact that in the two figures, the CC-MIMO
multiuser systems have a different number of anten-
nas at the cognitive source and destinations as well as
the number of the cognitive destinations. These observa-
tions can be explained by the using the results given by
Theorem 4. It is found that in Theorem 4, for the systems
without perfect CSI, the achievable diversity order reduces
to one, regardless the number of antennas at the cognitive
source and destinations as well as the number of the cog-
nitive destinations. Nevertheless, these key parameters will
affect the coding gain.
(b)

(ρ1 = ρ2 = 1, M = 2, Ω3 =Ω4 = 2, N2 = 5) (a) N1 = 2; (b) ω1 = 2, ω2 = 1



(a) (b)

Fig. 4 Diversity and coding gains comparison for the CC-MIMO multiuser systems with imperfect CSI under different antenna equipment (ρ1 = ρ2 < 1,
M = 2, ω1 =ω2 = 1, Ω3 =Ω4 = 2) (a) N1 = 12, N2 = 3; (b) N1 = 2, N2 = 6
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With the given systems’ parameters presented in Fig. 4,
we find that the second link outperforms the first link,
and the total outage performance is dominated by the
second link. Indeed, the performance of the two hopes is
greatly dependent on the systems’ parameters. In certain
case, the first link would outperform the second link.
Therefore, the diversity and coding gains are further
investigated in Fig. 5, where the corresponding system
parameters are presented. Due to the fact that when ρi < 1,
i = 1, 2, the multiuser selection diversity disappears, in
Fig. 5, we take M = 1. It is easy to see that with the given
system’s parameters, the first link outperforms the second
link in the interested regime of Q. The total outage per-
formance is dominated by the second link. At the same
(a)

Fig. 5 Diversity and coding gains comparison for the CC-MIMO multiuser sys
ω1 = 2, ω2 = 1, Ω3 = 0.5, Ω4 = 1) (a) N1 = 2, N2 = 1; (b) N1 = 12, N2 = 2
time, we can find that in Fig. 5a, the slopes of the outage
probability of the two hops are the same, while in Fig. 5b,
they are different. The reason is that when ρi < 1, i = 1, 2,
the diversity order of the first hop is one, while the one of
the second hop is N2. In Fig. 5a, we take N2 = 1, and in
Fig. 5b, N2 = 2. Nevertheless, the total diversity order of
the considered systems is one when ρi < 1, i = 1, 2 . The
above observations further validate the derivations.
Using the similar system parameters as in Fig. 4,

the systems with perfect CSI (ρ1 = ρ2 = 1) have been
investigated in Fig. 6. In the figure, we compare the
effect of the first and second hops on the total outage
performance, especially on the diversity and coding
gains. Comparing Figs. 4, 5, and 6, we can find that
(b)

tems with imperfect CSI under different antenna equipment (ρ1 = ρ2 < 1,



(a) (b)

Fig. 6 Diversity and coding gains comparison for the CC-MIMO multiuser systems with perfect CSI under different antenna equipment (ρ1 = ρ2 = 1,
M = 2, ω1 =ω2 = 1, Ω3 =Ω4 = 2) (a) N1 = 12, N2 = 3; (b) N1 = 2, N2 = 6
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the channel correlation coefficients have very severe
effect on the diversity and coding gains. Figures 4
and 5 show that when the CC-MIMO systems does
not have the perfect CSI (ρ1 = ρ2 < 1), the total diver-
sity gain is not affected by the number of antennas at
the cognitive source and destinations as well as the
number of the cognitive destinations. However, Fig. 6
shows that when the systems have perfect CSI, the
values of N1, M, and N2 not only affect coding gain
but also diversity gain, which is different from the
one in Figs. 4 and 5. Specially, the diversity gain is
Imperfect CSI

(a)

Fig. 7 The effect of primary system’s parameters on outage performance (ω
dominated by MN2 when MN2 <N1. On the contrary,
i.e., MN2 >N1, it is dominated by N1. The observa-
tions from Figs. 4, 5, and 6 are agreed complete with
the results given by Theorem 4 and Corollary 4,
which validate our derivations once again.
In Figs. 2, 3, 4, 5, and 6, we investigate the effect of the

secondary system’s parameters on system performance.
Besides the secondary system’s parameters, the ones of
primary systems also affect the system performance.
Thus, in Fig. 7, the effect of primary system’s parameters
on the outage performance is investigated for the two
Perfect CSI

(b) 

1 = ω2 = 1, M = 2, N1 = 12, N2 = 3) (a) Imperfect CSI; (b) Perfect CSI
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CC-MIMO multiuser systems with and without perfect
CSI. Figure 7a is for the system without perfect CSI,
while Fig. 7b is for the one with perfect CSI. From
Fig. 7a, b, it is clearly found that the slopes of lower
bounds are the same over the entire values of Q even if
the primary system’s parameters Ω3 and Ω4 are different.
However, the outage probabilities are changing with the
values of Ω3 and Ω4. Theses observations indicate that,
in cognitive systems, the diversity gain is solely deter-
mined by the parameters of the secondary systems. The
ones of primary systems only affect the coding gain but
not the diversity gain. At the same time, it is also ob-
served that the slopes in Fig. 7a, b are different even if
the other system parameters are the same (besides the
correlation coefficients). Moreover, the diversity order in
Fig. 7a is less greatly than the one in Fig. 7b. The obser-
vations illustrate clearly the effect of feedback delay on
diversity gain. As a result, for the CC-MIMO multiuser
systems with imperfect CSI, the diversity order tends
to one.
Besides the outage performance, in this paper, we also

obtain the closed-form expressions for average SER.
Similar to the investigation on outage performance,
using the derivations, we can investigate the effect of
system parameters on the average SER. However, due to
the limitation of space, we only present the lower bound
of the average SER for the two systems with and without
perfect CSI in Fig. 8. For other system realizations, the
average SERs can be achieved by using the similar
methods as in Figs. 2, 3, 4, 5, 6, and 7. Figure 8 clearly
shows the effect of ρ1 and ρ2 on the average SER. As
expected, when the systems have the perfect CSI, the
increase of Q can improve the average SER greatly. On
(a)

Fig. 8 The lower bound of average SER (M = 2, N1 = 12, N2 = 3, ω1 = ω2 = 1,
the contrary, when ρ1 = ρ2 < 1, the change of average
SER is very small in high SNR.

8 Conclusions
In this paper, the CC-MIMO multiuser downlink trans-
mission systems are investigated in terms of outage
probability and average SER under the idea case (without
feedback delay) and the actual implementation case (in
the presence of feedback delay). By using the approxi-
mate mathematical proof, the exact closed-form expres-
sions of outage probability are obtained firstly. Secondly,
to reduce the implementation complexity, we achieve
the lower bounds of outage probability and average SER.
Finally, we consider the high SNR approximation of out-
age performance to obtain the diversity and coding
gains. Based on these derivations, the simulations are
presented. The presented numerical results show that
the simulations match well with the obtained exact solu-
tions, which validate the derivations. For the systems
without perfect CSI, the achievable diversity order re-
duces to one, regardless the number of antennas at the
cognitive source and destinations as well as the number
of the cognitive destinations. These key parameters only
affect the coding gain of the CC-MIMO multiuser sys-
tems. On the contrary, for the case where the CC-
MIMO systems have the perfect CSI, the diversity gain
is dominated by N1 if MN2 >N1; otherwise it is deter-
mined by MN2. For the effect of PU’s parameters on sys-
tem’s diversity and coding gains, it is achieved that, in
cognitive systems, the diversity gain is solely determined
by the parameters of the secondary systems. The ones of
primary systems only affect the coding gain but not the
diversity gain.
(b)

Ω3 =Ω4 = 2) (a) ρ1 = ρ2 <1; (b) ρ1 = ρ2 = 1
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9 Appendix A
9.1 Proof of Proposition 2
When the feedback delay is considered, with (11) we
have γ2 is the delay version of ~γ 2 . Therefore, according
to the principle of concomitants or induced order statis-
tics, the PDF of γ2 is formulated as

f γ2 xð Þ ¼
Z ∞

0
f
γ2j~γ 2

xjyð Þf ~γ 2
yð Þdy ð56Þ

where f γ2j~γ 2
xjyð Þ is the PDF of the RV γ2 conditioned on

~γ 2 . Due to the fact that all entries in γ2m, m = {1,…,M},
as well as the ones in ~γ 2m , are i.i.d RVs, the conditioned
PDFs f γ2mj~γ 2m

xjyð Þ are identical for m = {1,…,M}. More-
over, it follows from the principle of concomitants of
order statistics that the conditional PDF f γ2j~γ 2

xjyð Þ is
identical to f γ2mj~γ 2m

xjyð Þ, yielding [33]

f γ2j~γ 2
xjyð Þ ¼ f γ2mj~γ 2m

xjyð Þ ¼ f γ2m;~γ 2m
x; yð Þ

f ~γ 2m
yð Þ ð57Þ

where f γ2m;~γ 2m
x; yð Þ is the joint PDF of the RVs γ2m and

~γ 2m . Eq. (57) is very important for the derivation of f γ2
xð Þ . Since ~h2mi eCN 0;ω2ð Þ , i = {1,…,N2}, we have

ffiffiffiffi
Q

p
~h2mi eCN 0;Ω2ð Þ , where Ω2 =Qω2. According to [29],
the joint PDF f γ2m;~γ 2m

x; yð Þ is given by

f γ2m;~γ 2m
x; yð Þ ¼ 1

ΩN2þ1
2

xy=ρ2ð Þ
N2−1

2

N2−1ð Þ! 1−ρ2ð Þ exp

� −
xþ y

1−ρ2ð ÞΩ2

	 

IN2−1

2
ffiffiffiffiffiffiffiffiffi
ρ2xy

p
1−ρ2ð ÞΩ2

	 

ð58Þ

where In(.) is the n-th order modified Bessel function of
the first kind defined by (8.406.1) in [34]. At the same

time, the PDF f ~γ 2m
yð Þ is given by f ~γ 2m

yð Þ ¼ 1
Γ N2ð Þ

1
Ω

N2
2

yN2−1

exp − y
Ω2

� �
. Therefore, f γ2j~γ 2

xð jyÞ is given by

f γ2j~γ 2
xð jyÞ ¼ 1

Ω2

x=ρ2ð Þ
N2−1

2

1−ρ2ð Þ y−
N2−1

2 exp −
xþ ρ2y
1−ρ2ð ÞΩ2

	 

IN2−1

2
ffiffiffiffiffiffiffiffiffi
ρ2xy

p
1−ρ2ð ÞΩ2

	 

ð59Þ

For the multiuser diversity systems, according to (9)� �

we have ~γ 2 ¼ max|ffl{zffl}

m¼ 1;…;Mf g

~γ 2m . That is to say, the selec-

tion of best user is based on outdated CSI ~γ 2m . Using
the order statistics [33], the PDF f ~γ 2

yð Þ of the RV ~γ 2 is

given by

f ~γ 2
yð Þ ¼ M F ~γ 2m

yð Þ� �M−1
f ~γ 2m

yð Þ ð60Þ
where the CDF F ~γ 2m
yð Þ of the RV ~γ 2m is given by

F ~γ 2m
yð Þ ¼ 1−

XN2−1

i¼0

1
i!

γ2
Ω2

� �i
exp − γ2

Ω2

� �
. By using binomial

expansion theorem, the middle term F ~γ 2m
yð Þ� �M−1

in
(60) is written as

F ~γ 2m
yð Þ� �M−1 ¼

XM−1

m¼0

CM−1
m −1ð Þm exp −

my
Ω2

	 


�
XN2−1

k¼0

1
k!

y
Ω2

	 
k
 !m

ð61Þ

Furthermore, using multinomial expansion leads to

F ~γ 2m
yð Þ� �M−1 ¼

XM−1

m¼0

CM−1
m −1ð Þm exp −

my
Ω2

	 
 X
a0þ…þaN2−1

� m
a0;…; aN2−1

	 
 Y
0≤t≤N2−1

1
t!

	 
at y
Ω2

	 
XN2−1

t¼0

att

ð62Þ

Substituting (62) and f ~γ 2m
yð Þ ¼ 1

Γ N2ð Þ
1

Ω
N2
2

yN2−1 exp − y
Ω2

� �
into (60), the PDF f ~γ 2

yð Þ is given by

f ~γ 2
yð Þ ¼ M

Γ N2ð Þ
dX 1

Ω2

	 
XN2−1

t¼0

attþN2

y

XN2−1

t¼0

attþN2−1

exp

� −
mþ 1ð Þy
Ω2

	 

ð63Þ

Where we define

dX ¼
XM−1

m¼0

CM−1
m −1ð Þm

X
a0þ…þaN2−1

m
a0;…; aN2−1

	 
 Y
0≤t≤N2−1

1
t!

	 
at

ð64Þ
Thus, substituting (63) and (59) into (56), the PDF

f γ2 xð Þ is given by

f γ2 xð Þ ¼ M
Γ N2ð Þ

x=ρ2ð Þ
N2−1
2

1−ρ2ð Þ exp −
x

1−ρ2ð ÞΩ2

	 
dX

� 1
Ω2

	 
XN2−1

t¼0

attþN2þ1

�
Z ∞

0
y

XN2−1

t¼0

attþ
N2−1
2

exp

� −
y
Ω2

mþ 1
1−ρ2

	 
	 

IN2−1

2
ffiffiffiffiffiffiffiffiffi
ρ2xy

p
1−ρ2ð ÞΩ2

	 

dy

ð65Þ
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Using (6.643.2) in [34], the integral term in (65) is
given by

Δ ¼ 1
Γ N2ð Þ Γ

XN2−1

t¼0

att þ N2

 !
1−ρ2ð ÞΩ2ffiffiffiffiffiffiffi

ρ2x
p

� 1þm 1−ρ2ð Þ
1−ρ2ð ÞΩ2

	 
−
XN2−1

t¼0

attþ
N2

2

 !
� exp

� ρ2x
2 1−ρ2ð ÞΩ2 1þm 1−ρ2ð Þð Þ
	 


M

−
XN2−1

t¼0

attþ
N2

2

 !
;
N2−1
2

� ρ2x
1−ρ2ð ÞΩ2 1þm 1−ρ2ð Þð Þ

	 

ð66Þ

where Ma,b(.) is the Whittaker-M function defined by
(9.220.2) in [34]. Furthermore, we resort to (14) in [12]
to re-express the Whittaker-M function in term of the
polynomial as

Ma;b zð Þ ¼ exp
z
2

� � X−b−a−1=2

k¼0

C−b−a−1=2
k zbþkþ1=2 Γ 2bþ 1ð Þ

Γ 2bþ k þ 1ð Þ
ð67Þ

Therefore, the integral term Δ is given by

Δ ¼ 1
Γ N2ð Þ Γ

XN2−1

t¼0

att þ N2

 !
1−ρ2ð ÞΩ2ffiffiffiffiffiffiffi

ρ2x
p

� 1þm 1−ρ2ð Þ
1−ρ2ð ÞΩ2

	 
−
XN2−1

t¼0

attþ
N2

2

 !

� exp
ρ2x

1−ρ2ð ÞΩ2 1þm 1−ρ2ð Þð Þð Þ
	 
 X

XN2−1

t¼0

att

kk¼0

C

XN2−1

t¼0

att

k

� ρ2x
1−ρ2ð ÞΩ2 1þm 1−ρ2ð Þð Þ

	 
N2

2
þ kk Γ N2ð Þ

Γ N2 þ kkð Þ
ð68Þ

Finally, substituting (68) into (65), Proposition 2 is
proved.

Δ

10 Appendix B
10.1 Proof of Theorem 1
Proof: According to (22), we first derive the exact ex-
pression for the CDF FγD γð Þ of RV γD. Then using the
definition of outage probability in (22), the exact closed-
form expression of the outage probability can be
achieved. With the consideration that the RVs γ1, γ2, γ3,
and γ4 are mutual independent [35], we have
FγD γð Þ ¼ Pr
γ1γ2

γ1γ4 þ γ2γ3
< γ

 �

¼
Z∞
0

Z∞
0

Z∞
0

Pr

(
γ1γ2

γ1γ4 þ γ2γ3
< γ

�����γ2; γ3; γ4
)
f γ2 γ2½ �dγ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

I1

f γ3 γ3
� �

dγ3

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
I2

f γ4 γ4ð Þdγ4

ð69Þ
For the convenience of derivation, we first consider

the innermost integral in term of γ2, which can be for-
mulated as the following form

I1 ¼
Z∞
0

Pr

(
γ1γ2

γ1γ4 þ γ2γ3
< γ

�����γ2; γ3; γ4
)
f γ2 γ2ð Þdγ2

¼
Zγγ4
0

Pr

(
γ1≥

γ2γ3γ

γ2−γγ4

�����γ2; γ3; γ4
)
f γ2 γ2ð Þdγ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

I11

þ
Z∞
γγ4

Pr

(
γ1 <

γ2γ3γ

γ2−γγ4

�����γ2; γ3; γ4
)
f γ2 γ2ð Þdγ2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
I12

ð70Þ
It is easy to see that the part I11 in (70) can be

written as

I11 ¼ Fγ2 γγ4ð Þ ð71Þ

This is due to the fact that Pr γ1≥
γ2γ3γ
γ2−γγ4

n ���γ2; γ3; γ4o ¼ 1

as 0 ≤ γ2 ≤ γγ4. Moreover, by taking the variable
change x = γ2 − γγ4, the part I12 is written as

I12 ¼
Z∞
0

Fγ1 γ3γ þ γ3γ4γ
2

x

�����γ2; γ3; γ4
!
f γ2 xþ γγ4ð Þdx

 
ð72Þ

For the CC-MIMO multiuser system without perfect
CSI, using the CDF Fγ1 xð Þ given in (13), the integral (72)
is given by

I12 ¼ 1−Fγ2 γγ4ð Þ−
XN1−1

i¼0

CN1−1
i ρN1−i−1

1 1−ρ1ð Þi
XN1−i−1

p¼0

1
p!Ωp

1

Z∞
0

� γ3γ þ γ3γ4γ
2

x

	 
p

exp −
1
Ω1

γ3γ þ γ3γ4γ
2

x

	 
	 

f γ2

� xþ γγ4ð Þdx
ð73Þ

Therefore, combining (73) and (71) results in (70)
given by
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I1 ¼ 1−
XN1−1

i¼0

CN1−1
i ρN1−i−1

1 1−ρ1ð Þi
XN1−i−1

p¼0

1
p!Ωp

1

Z∞
0

� γ3γ þ γ3γ4γ
2

x

	 
p

exp −
1
Ω1

γ3γ þ γ3γ4γ
2

x

	 
	 

f γ2

� xþ γγ4ð Þdx
ð74Þ

With binomial theorem, having

I1 ¼ 1−
XN1−1

i¼0

CN1−1
i ρN1−i−1

1 1−ρ1ð Þi
XN1−i−1

p¼0

Xp
q¼0

Cp
q

p!Ωp
1
γpþqγ3

pγp4 exp

� −
1
Ω1

γ3γ

	 
Z∞
0

exp −
1
Ω1

γ3γ4γ
2

x

	 

x−qf γ2

� xþ γγ4ð Þdx
ð75Þ

Using (14), I1 is expressed as

I1 ¼ 1−
M

Γ N2ð Þ
XN1−1

i¼0

CN1−1
i ρN1−i−1

1 1−ρ1ð Þi
XN1−i−1

p¼0

Xp
q¼0

Cp
q

p!
dXΦ

XN2þkk−1

tt¼0

CN2þkk−1
tt

� γN2þkk−1−ttþpþqγ3
pγ4

N2þkk−1−ttþq

Ωp
1

exp

� −γ
1þmð Þγ4

1þm 1−ρ2ð Þð ÞΩ2
þ γ3
Ω1

	 
	 
Z∞
0

xtt−p exp

� −
1þmð Þx

1þm 1−ρ2ð Þð ÞΩ2
−

1
Ω1

γ3γ4γ
2

x

	 

dx

ð76Þ
Using (3.471.9) in [34], we have

I1 ¼ 1−
2M

Γ N2ð Þ
XN1−1

i¼0

CN1−1
i ρN1−i−1

1 1−ρ1ð Þi
XN1−i−1

p¼0

Xp
q¼0

Cp
q

p!
dXΦ

XN2þkk−1

tt¼0

CN2þkk−1
tt

� γN2þkkþpγ3

2pþ tt−q þ 1
2 γ4

2N2 þ 2kk−1−tt þ q
2

Ω

2pþ tt−q þ 1
2

1
1þm 1−ρ2ð Þð ÞΩ2

1þmð Þ
	 
−

tt−q þ 1
2

exp

� −γ
1þmð Þγ4

1þm 1−ρ2ð Þð ÞΩ2
þ γ3
Ω1

	 
	 

Ktt−qþ1

� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þmð Þγ3γ4γ2

1þm 1−ρ2ð Þð ÞΩ2Ω1

s !
ð77Þ

Therefore, combining (77) and (69), the middle inte-
gral I2 in (69) can be written as

I2 ¼
Z∞
0

I1 f γ3 γ3
� �

dγ3 ð78Þ
Substituting (77) and f ~γ 2m
yð Þ ¼ 1

Γ N2ð Þ
1

Ω
N2
2

yN2−1 exp

− y
Ω2

� �
into (78), the integral I2 is given by

I2 ¼ 1−
2M

Γ N2ð ÞΓ N1ð ÞΩN1
3

XN1−1

i¼0

CN1−1
i ρN1−i−1

1

� 1−ρ1ð Þi
XN1−i−1

p¼0

Xp
q¼0

Cp
q

p!
dXΦ

XN2þkk−1

tt¼0

� CN2þkk−1
tt γN2þkkþpγ4

2N2 þ 2kk−1−tt þ q
2

Ω

2pþ tt−q þ 1
2

1
1þm 1−ρ2ð Þð ÞΩ2

1þmð Þ
	 
−

tt−q þ 1
2

exp

� −
1þmð Þγ4γ

1þm 1−ρ2ð Þð ÞΩ2

	 
Z∞
0

γ3

2N1 þ 2pþ tt−q−1
2

exp

� −γ3
1
Ω3

þ γ

Ω1

	 
	 

Ktt−qþ1 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þmð Þγ3γ4γ2

1þm 1−ρ2ð Þð ÞΩ2Ω1

s !
dγ3

ð79Þ

Using (6.643.3) in [34], we have

I2 ¼ 1−M
XN1−1

i¼0

CN1−1
i ρN1−i−1

1 1−ρ1ð Þi
XN1−i−1

p¼0

Xp
q¼0

Cp
q

p!
dX

Φ
XN2þkk−1

tt¼0

CN2þkk−1
tt

� Γ N1 þ pþ tt−q þ 1ð ÞΓ N1 þ pð Þ
Γ N2ð ÞΓ N1ð Þ

ΩN1
1 Ω

2pþ tt−q
2

3

1þm 1−ρ2ð Þð ÞΩ2

1þmð Þ
	 
−

tt−q þ 2
2

� γN2þkkþp−1γ4

2N2 þ 2kk−2−tt þ q
2

Ω1 þ γΩ3ð Þ
2N1 þ 2pþ tt−q

2

� exp

� −γ4
1þmð Þγ

1þm 1−ρ2ð Þð ÞΩ2
−

1þmð ÞΩ3γ2

2 Ω1 þ γΩ3ð Þ 1þm 1−ρ2ð Þð ÞΩ2

	 
	 

W

−
2N1 þ 2pþ tt−q

2
;
tt−q þ 1

2
1þmð ÞΩ3γ2γ4

Ω2 Ω1 þ γΩ3ð Þ 1þm 1−ρ2ð Þð Þ
	 


ð80Þ

According to (69), by taking the integral of I2 with
respect to γ4 the closed-form expression of FγD γð Þ can
be achieved, and is given by

FγD γð Þ ¼
Z∞
0

I2f γ4 γ4ð Þdγ4 ð81Þ

With (80), we assume
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IΔ ¼ 1
Ω4

Z∞
0

γ4

2N2 þ 2kk−2−tt þ q
2 � exp

� −γ4
1þmð Þγ

1þm 1−ρ2ð Þð ÞΩ2

2Ω1 þ γΩ3

2 Ω1 þ γΩ3ð Þ
	 


þ 1
Ω4

	 
	 

W

−
2N1 þ 2pþ tt−q

2
;
tt−q þ 1

2

�
1þmð ÞΩ3γ2γ4

Ω2 Ω1 þ γΩ3ð Þ 1þm 1−ρ2ð Þð Þ
	 


dγ4

ð82Þ
Using (7.621.3) in [34], we have

IΔ ¼ 1
Ω4

Γ N2 þ kk þ 1ð ÞΓ N2 þ kk−tt þ qð Þ
Γ N2 þN1 þ kk þ pþ 1ð Þ

� 1þmð ÞΩ3γ2

Ω2 Ω1 þ γΩ3ð Þ 1þm 1−ρ2ð Þð Þ
	 
tt−q

2
þ 1

� 1þmð ÞγΩ4 þ 1þm 1−ρ2ð Þð ÞΩ2ð Þ
Ω2Ω4 1þm 1−ρ2ð Þð Þ

	 
− N2þkkþ1ð Þ
2F1

�
 
N2 þ kk þ 1;N1 þ pþ tt−q þ 1;N2 þ N1 þ kk

�þpþ 1;
1þmð ÞγΩ1Ω4 þ 1þm 1−ρ2ð Þð Þ Ω2Ω1 þ γΩ2Ω3ð Þ
Ω1 þ γΩ3ð Þ 1þmð ÞγΩ4 þ 1þm 1−ρ2ð Þð ÞΩ2ð Þ

!
ð83Þ

Finally, combining (83), (81), and (80), Theorem 1 is
proved.

Δ

11 Appendix C
11.1 Proof of Corollary 1
Proof: When the systems have the perfect CSI, the CDF
Fγ1 γ1ð Þ is given by

Fγ1 γ1ð Þ ¼ 1−
XN1−1

i¼0

1
i!

γ1
Ω1

	 
i

exp −
γ1
Ω1

	 

ð84Þ

The CDF of the equivalent end-to-end SNR can also
be formulated by (69). Similar to (70), (71), (72), (73),
using (10) the integral in (69) I1 is given by

I1 ¼ 1−
XN1−1

p¼0

Xp
q¼0

Cp
q

p!Ωp
1
γpþqγ3

pγp4 exp −
1
Ω1

γ3γ

	 
Z∞
0

exp

� −
1
Ω1

γ3γ4γ
2

x

	 

x−qf ~γ 2

xþ γγ4ð Þdx

ð85Þ
With the consideration that the two RVs ~γ 2 and γ2

have the same statistical properties when ρ2 = 1, by sub-
stituting (19) into (85), after some algebraic operation
we have
I1 ¼ 1−
2M

Γ N2ð Þ
XN1−1

p¼0

Xp
q¼0

Cp
q

p!
dX XN2þφ−1

tt¼0

CN2þφ−1
tt

� 1
Ω2

	 
φþN2 γN2þφþpγ3

2pþ tt−q þ 1
2 γ4

2N2 þ 2φ−1−tt þ q
2

Ω

2pþ tt−q þ 1
2

1
Ω2

1þmð Þ
	 
−

tt−q þ 1
2

� exp −γ
1þmð Þγ4

Ω2
þ γ3
Ω1

	 
	 

Ktt−qþ1 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þmð Þγ3γ4γ2

Ω2Ω1

s0@ 1A
ð86Þ

Then, similar to (78), (79), (80), (81), (82), (83), the
result (24) is proved.

Δ

12 Appendix D
12.1 Proof of Corollary 4
With perfect CSI (ρ1 =1), in high SNR the CDF Fγ1π γð Þ
is expressed as Fγ1 γð Þ≈ 1

N1!
γ
Ω1

� �N1

. Then, similar to (49),

the CDF Fγ13 γð Þ

Fγ13 γð Þ ¼
Z∞
0

Fγ1 γ3γ
� �

f γ3 γ3
� �

dγ3≈
Γ 2N1ð Þ

Γ N1−1ð ÞΓ N1ð Þ

� Ω3

Ω1

	 
N1

γN1

ð87Þ

With ρ2 = 1, in high SNR the PDF f γ2m γ2ð Þ≈ γ
N2−1
2

N2−1ð Þ!ΩN2
2

,

and CDF Fγ2m γ2ð Þ≈ 1
N2!

γ2
Ω2

� �N2

. This leads to F ~γ 2
γ2ð Þ ¼

Fγ2m γ2ð Þ� �M≈ 1
N2!ð ÞM

γ2
Ω2

� �MN2

. Thus, having

Fγ24 γð Þ ¼
Z∞
0

F ~γ2 γγ4ð Þf γ4 γ4ð Þdγ4≈
MN2ð Þ!
N2!ð ÞM

Ω4γ

Ω2

	 
MN2

ð88Þ

Combining (87) and (88), Corollary 4 is proved. Δ
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