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Abstract

With the substantial progress in self-interference (SI) cancelation, the full-duplex (FD) technique, which allows the
communication user to transmit and receive signals over the same frequency band simultaneously, enables a
significant enhancement of spectral efficiency (SE) in comparison with the traditional half-duplex (HD) technique.
Recently, relay-assisted device-to-device (D2D) communications underlaying cellular networks have aroused a great
deal of research interests due to its high SE. For the new meaningful paradigm of the combination of the FD and
the amplify-and-forward (AF) relay-assisted D2D communications, analyzing the SE and energy efficiency (EE) is
crucial, which have not been investigated in the existing works. In this paper, we focus on the EE of the FD two-
way (FDTW) relay-assisted D2D communications with uplink channel reuse by considering the residual SI at the
D2D users and compare it with the HD counterpart. Our goal is to find the optimal transmission powers and
amplification gain to maximize the system EE while guaranteeing SE requirements and maximum transmission
power constraints. A new two-tier alternative iteration optimization algorithm is proposed to solve the optimization
problem. Simulation results show that (1) the results obtained by the proposed algorithm is very close to those
obtained by the exclusive searching method, (2) smaller residual power of S| leads to better performance of EE and
SE, (3) the SE obtained by FDTW relay-assisted D2D networks is higher than the SE obtained by the HD counterpart,
and (4) the EE comparison of FDTW relay-assisted D2D networks and its HD counterpart depends on the residual
power of SI. The EE obtained by FDTW relay-assisted D2D is higher than the EE obtained by HD counterpart only

when the residual power of Sl is sufficiently small.
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1 Introduction

It is expected that mobile data traffic will increase a
thousand-fold over the next decade which will be driven
by the expected 50 billion mobile devices connected to
the cloud, anywhere and anytime. With a rapid increase
in the number of connected devices, some challenges for
next 5G networks appear which will be responded by in-
creasing capacity and by improving energy efficiency
(EE), coverage, spectrum utilization, and so on [1]. As
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the key techniques to address the requirements for 5G
networks, direct device-to-device (D2D) communication
and in-band full-duplex (FD) have attracted a great deal
of research interests [2—4].

D2D communications allow proximate cellular users
to communicate with each other directly under the con-
trol of base station (BS) with lower transmit power re-
quirements. The high channel quality of short-range
D2D links facilitate high data rates for local services,
prolong users’ battery lives, and offload heavy traffic of
BS [5]. In addition, D2D links can underlay cellular links
by reusing the same time and frequency resources; thus,
the spectral efficiency (SE) of cellular networks can be
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improved obviously. However, the introduction of D2D
communications into cellular networks poses new chal-
lenge in the resource allocation design due to co-
channel interference caused by spectrum reuse, which
has marked impacts on the performance of communica-
tion reliability and network throughput. Thus, effective
power allocation is required to alleviate the interference
problem. Besides, another efficient way to reduce the
impact of interference is providing a relay user between
D2D pair [6]. We refer to this as relay-assisted D2D
communications which can be an efficient approach to
provide a better Quality of Service (QoS) and lower
transmission powers for communication between distant
D2D users.

Relay communication, in which the relay forwards the
signal received by a source to a destination, has been en-
visaged as a spectral- and energy-efficient technology for
cellular networks [7]. Based on the directions of signal
transmission, relaying systems can be classified into
three transmission types (i.e., one-way, two-way, and
multiway). Compared with one-way relaying, two-way
relaying can achieve higher SE, which allows a relay user
to simultaneously communicate with two end users.
Existing studies also show that the two-way relay-
assisted D2D communications have significant improve-
ment on system performance (e.g., outage probability,
system sum rate) [8, 9]. Thus, with the assistance of
two-way relaying, the performance advantage of D2D
communications can be further improved. Multiway re-
laying, in which multiple users exchange information
with the assistance of a relay, can achieve better per-
formance and flexibility than two-way relaying. However,
its protocol and encoder design are rather complicated,
making it a potential choice for relay-assisted D2D com-
munications in the future.

On the other hand, the in-band FD transmission,
which allows transmitting and receiving at the same fre-
quency and the same time, enables an enormous en-
hancement of SE than half-duplex (HD) [10-12]. The
main limitation impacting FD transmission is the strong
self-interference (SI) signal imposed by the transmit an-
tenna on the receive antenna within the same trans-
ceiver. Both academia and industry reached consensus
that SI cancelation would play the most pivotal role in
implementing FD communication systems. There are
usually two main categories: passive suppression (PS)
and active cancelation [13]. Therein, the active cancel-
ation also includes analog cancelation (AC) and digital
cancelation (DC). Since none of the individual cancel-
ation techniques is capable of satisfying the system re-
quirements in terms of the attainable SI cancelation
capability, a high-capability cancelation scheme by com-
bining the active and passive techniques is necessarily
developed. Among all the SI cancelation techniques, the
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PS has an important position. The primary advantage to
performing PS in the propagation domain is that the
downstream receiver hardware can process signals more
accurately with a large dynamic range [10]. In addition,
DC techniques can be performed in the digital domain,
which are the lowest-complexity active SI cancelation
techniques in FD systems [10, 14]. As the design of AC
usually requires a complex and large-size hardware cir-
cuits with respect to mobile devices [11, 14, 15], a com-
bination of the latest PS and DC (referred to as PSDC)
techniques will be an appropriate way to implement the
mobile FD system [13, 14].

Hence, it can be practically beneficial applying the FD
techniques into two-way relay-assisted D2D communi-
cations with certain SI cancelation where the relay user
and D2D users can transmit and receive signals simul-
taneously, and thus, the SE gets further improved. Since
ED transmission possesses strong SI, it generally con-
sumes more power than HD. Therefore, there is an ur-
gent demand for maintaining high system throughput
while limiting energy consumption. EE, defined as the
ratio of throughput to power consumption, is an import-
ant measure of green communication solutions [7]. It is
urgent and interesting to investigate the EE of FD two-
way (FDTW) relay-assisted D2D communications un-
derlaying cellular networks.

1.1 Related work

In the existing literature, many works have been done
on the EE of D2D communications underlaying cellular
networks. For example, the EE of D2D communications
without channel reuse was investigated in [16]. The au-
thors showed the EE improvement with the deployment
of D2D communications in heterogeneous networks
(HetNets) compared with the full small-cell deployment,
thus provided a greener alternative to cellular network
deployment. Correspondingly, [17] and [18] presented
the analysis of the EE of D2D systems with cellular
channel reuse. Therein, [17] revealed the tradeoff be-
tween EE and delay in D2D communications, where sto-
chastic traffic arrivals and time-varying channel
conditions were both considered. Given the SE require-
ment and maximum transmission power constraints, the
authors in [18] investigated the EE and SE, in which
each user is self-interested and wants to maximize its
own EE. Inspired by the performance gain of a combin-
ation of relay and D2D communications, the authors in
[19] extended radio resource management algorithms
into one-way relay-assisted D2D communications to bal-
ance SE and EE while considering mode selection and
resource allocation constraints. In [6], the maximum
achievable transmission capacity was studied in one-way
relay-assisted D2D communications while guaranteeing
the outage probability of both cellular and D2D links.
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For a higher performance improvement, two-way relay-
ing with network coding technique which can improve
transmission efficiency will be a promising choice in
D2D communications. The authors in [20] demonstrated
the performance gain of D2D communications assisted
by two-way relaying over Rayleigh fading channels. The
achievable rate of different two-way transmission
schemes of relay-assisted D2D communications were
presented in [9], while considering the interference due
to spectrum sharing. Compared with the traditional cel-
lular communications through BS, the EE and SE of
two-way relay-assisted D2D communications were stud-
ies in [21]. The optimal user equipment (UE) transmis-
sion powers to maximize the EE were also derived.
However, there is little work addressing the EE in FDTW
relay-assisted D2D communications underlaying cellular
networks, which is the focus of this paper.

1.2 Summary

In this paper, we provide a comprehensive EE analysis of
FDTW relay-assisted D2D communications underlaying
cellular networks, in comparison to its HD counterpart.
The contributions of this paper are summarized as follows.

e To the best of our knowledge, this is the first work
to investigate the EE of FDTW relay-assisted D2D
communications underlaying cellular networks.
Moreover, the comparison between the FDTW
relay-assisted D2D network and the HD two-way
(HDTW) relay-assisted D2D network in terms of SE
and EE is made. Finally, we demonstrate that the
proposed two-tier alternative iteration optimization
algorithm can converge very quickly.

e From the perspective of practical implementation,
SI cannot be fully canceled due to technical
challenges. Therefore, we consider remaining SI after
cancelation at the FD users in a more reasonable and
relatively tractable way to study EE and SE in the
EDTW relay-assisted D2D communications.

e The joint optimization problem is non-convex. To
solve this issue, the primal optimization problem is
first decomposed into two subproblems, and then,
we solve the two subproblems alternatively. For the
first subproblem, we prove it is convex and then
solve it by the bisection method. For the second
subproblem, we decomposed it into two sub-
subproblems again, and then, we solve the two
sub-subproblems alternatively. For the first sub-
subproblem, we transform it into concave function
by using the nonlinear fractional programming,
which can be effectively solved by the Dinkelbach
method [22]. For the second sub-subproblem, we
first prove it is convex and then solve it by the
bisection method.
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o A full range of power consumption sources is
considered in the power consumption model. In
particular, the power consumed by SI cancelation is
considered. The impact of imperfect SI cancelation
is also considered in the analysis.

The rest of this paper is organized as follows. Section 2
describes the system model and optimization problem
for FDTW relay-assisted D2D communications under-
laying cellular networks. The elaborate solving process
of the optimization problem is presented in Section 3. In
Section 4, simulation results are presented. Finally, some
concluding remarks are given in Section 5.

2 System model

In this paper, we consider the FDTW relay-assisted D2D
communications underlaying the cellular networks
where the uplink radio resource is shared by the D2D
link as depicted in Fig. 1. The cellular link consists of a
cellular user equipment (CUE) and a receiver base sta-
tion (BS), while the D2D link consists of a D2D pair (in-
cluding source user equipment (SUE) and destination
user equipment (DUE)) and a relay user equipment
(RUE). In the FDTW relay-assisted D2D link, SUE in-
tends to exchange information with DUE under the as-
sistance of RUE, where SUE and DUE both transmit
their signals to RUE, and at the same time, RUE broad-
casts the previous received signals to SUE and DUE.
Each user of the D2D link operates in the FD mode
(with one antenna dedicated to transmission and an-
other to reception, in order to increase the isolation of
the SI [23]), which can double the spectral resource
utilization potentially, and the CUE operates in trad-
itional cellular networks with a single antenna. There is
no direct link between SUE and DUE (e.g., due to the
shadowing effect or the poor direct link condition).

D2D transmissions will cause interference to the BS
receiver, and D2D receivers also suffer interference from
the cellular uplink transmission. Moreover, the users in
FD D2D link transmit and receive at the same time and
frequency, causing SI to the receivers from its transmit-
ters. It can be suppressed by the methods in [13, 14],
which is beyond the scope of this paper. However, due
to the practical constraint, the residual SI after interfer-
ence suppression still exists and limits the performance
of FDTW relay-assisted D2D network, which becomes
the main concern in this paper. Hence, in order to
analyze the effect of SI on system performance, we as-
sume the SI in the FDTW relay-assisted D2D communi-
cations can be reduced but cannot be completely
eliminated by SI cancelation techniques. The existence
of SI will make the optimization problem formulation
complicated as shown later. Let p denotes the average
residual power of SI after cancelation at each user in
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Fig. 1 FDTW relay-assisted D2D communications

J

D2D link. Based on the experimental results in [23], the
residual SI power model general includes two cases: the
complicated case that SI power increase linearly with the
transmission power [24], and the other one in which the
SI power is a constant and not a function of the trans-
mission power [25]. Similar to our previous work in
[26], we consider the second case that SI power is mod-
eled as an invariable value. There are two main reasons
for us to employ this model. One is that if p is regarded
as a function of the transmission power of the D2D
users, both the primal problem (16) and the transformed
subproblem (P2) (defined in Sections 2 and 3.2, respect-
ively) may become non-convex. The second reason is
that the power of SI can be controlled in a range after
cancelation [27]. Thus, it is reasonable to regard p to be
fixed. The issue that p may be associated with the trans-
mission power of D2D users will be considered in our
future work. The SI channel coefficients at SUE, RUE,
and DUE are denoted by kg, h,, and h,,; respectively,
which are generally modeled by the zero-mean circularly
symmetric complex Gaussian (CSCG) random variables.

Assume that the channel coefficient between SUE and
RUE and the channel coefficient between RUE and DUE
are both reciprocal and denoted by /4, and 4,,, respect-
ively. Herein, the subscripts s, 1, d represent SUE, RUE,
and DUE, respectively. At the time instant ¢, CUE trans-
mits its symbol to BS, and SUE and DUE transmit their

respective symbols to RUE, respectively. Simultaneously,
RUE broadcasts another symbol r(f) to SUE and DUE.
We consider quasi-static fading in which the channel co-
efficients are constant within one defined frame but may
change independently from one frame to another.
Therefore, at the time instant ¢, the received signal at
RUE can be expressed as

9,(£) = /Pshgs(t) + /Pahraxa(t) + /ol (t)
/Py, (£) + No(2)
(1)

where x,(t), x,4(t), and x,(¢) are the transmitted signals of
SUE, DUE, and CUE, respectively, with E{|x5(t)|2}
:E{|xd(t)|2}:E{|xu(t)|2}:1. Here, E{x} defines the ex-
pectation of the random variable x, and P, Py, and P,
are the transmission power of SUE, DUE, and CUE,
respectively. p, is the residual SI power of RUE which
depends on the amount of SI cancelation, and /4, de-
notes the channel coefficient between the CUE and
RUE. N,(¢) is additive white Gaussian noise (AWGN)
with zero mean and variance ¢*. The expression (1) re-
veals that for the HDTW relay-assisted D2D communi-
cations, the SI is zero, and thus y,(f) has no relationship
with its own transmitted symbol r(f). However, for the
FDTW relay-assisted D2D communications, y.(f) is
decided by r(t), due to the existence of residual SI.
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RUE broadcasts the received signal from both SUE
and DUE at the time instant -1 with the amplify-
and-forward (AF) protocol, namely, r(f) =y(t-1). To
meet the transmission power constraint of RUE, the
average power of r(t) is normalized to 1. Hence, with
network coding technique [28], each user knows its
transmitted signal, the received signals after subtract-
ing interference at SUE and DUE are, respectively,
given by

5,(8) = /Bhsrr(£) + V/Puhusu(£) + /pshss %5(8) + Ni(£)
= \/BPahghyaxa(t-1) + /Bp,hghyr(t-1)
+v/BPuhghiy (6-1) 4 \/Bhg N, (t-1)

F/Putsx(t) + /Py hsss(£) + Ni(t)
(2)

Y4(6) = /Bhrar(t) + /Puhya %u(t) + /P ghaaxa(t) + Na(t)
= \/ﬁ);hsrhrdxs(t_l) + \/B;:hrdhrrr(t_l)
v/ BPuhrghiyx, (t-1) + /BhaN,(t-1)

+/Pubtaxu(t) + /pghaaxa(t) + Na(t)

(3)

where h,, and h,,; denote the channel coefficient be-
tween CUE and SUE and the channel coefficient between
CUE and DUE, respectively. f is the amplification gain
of RUE, which should satisfy the constraint 0<< with
E = PrmaX/(PS‘hsr|2 + Pd|hrd|2 +Pr|hrr|2 + Pu|hur|2 + ‘72)’
and P, . is the maximum allowed transmission power of
RUE. psand p, are the residual SI power of SUE and
DUE which depend on the amount of SI cancelation,
respectively. Ni(t) and Ny(t) are AWGN with zero
mean and variance o*.

At the same time, cellular uplink transmission will suf-
fer interference both from the D2D pair and the RUE.
Therefore, at the time instant ¢, the received signal at BS
can be expressed as

9u(8) = VPuhuy %u(t) + \/Pshaps(t) + \/Pahapxa(t)
+\/Bhyr () + Ni(t)
= /Py, (t) + \/Pshxs(t) + \/Pahapxa(t)
+/BPshghpxg(t-1) + \/BPahrghypxa(t-1)
v/ Bp, ol (t-1) + /PPy by, (t-1)
+\/BhN,(£-1) + Ny (t)
(4)

where h,;,, hy, hyp, and by, denote the channel coeffi-
cient between BS and CUE, SUE, RUE, and DUE,
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respectively. N(f) is AWGN with zero mean and vari-
ance 0.

For a more concise expression, the channel gain
between the transmitter i and j is denoted as Gj
:|h,»j|2, where /; is CSCG random variable with
variance oy = d;j". Herein, d;; is the normalized dis-
tance between nodes i and j, and v is the path-loss
exponent.

According to formulas (2), (3), and (4), the instantan-
eous received signal-to-interference-plus-noise ratios
(SINRs) at SUE, DUE, and CUE can be respectively cal-
culated as

y, = ﬁPdGerrd
y BP,GyGyr + ﬁPerrGrr +;8Gsr0-2 + PGy +p,Ggs + 0?2
(5)
o ﬁPsGerrd
Y4 = BD,GraGur + B, GraGrr + BGra0? + PuGrg + pyGad + 02
(6)
PuGub
Yu

- PGy + PyGap + /)szGerrb + /))PdGrdGrh +/3prGrbGrr
+BP,G Gy + BG,p0% + o2

(7)

The SE of cellular link and FDTW relay-assisted D2D
link are written as

”u‘SE(PﬁPdv/’)?PM) =Ry (8)
456 (Ps, Pa, B, Pu) = Ry + Rq (9)

where R, =logy(1+7y,), R;=logs(1+y,), and R,=

loga(1 + ya).

Hence, the overall system SE which is the sum of cel-
lular link and FDTW relay-assisted D2D link can be
given by

Nse (Psvpdv/))vpu) = ”u,SE(PMPdvﬁ’PM) +’7d,SE(P57P47/))7PM)
=R, +R;+ Ry
(10)

The power consumption in a general wireless node
for communications usually contains two main parts:
power amplifier and circuit power [18]. Power ampli-
fier is related to the power amplifier drain efficiency
and the transmission power level and is usually mod-
eled as the ratio of the transmission power to the
power amplifier drain efficiency [10]. Circuit power
consumption is usually considered to be independent
of the data rate and is regarded as a constant [29]. We
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consider both power amplifier and circuit power con-
sumption in the transmitters. In addition, to be more
practical, the circuit power consumption in the re-
ceivers is also considered. In a practical system, the
circuit power consumption of BS in uplink is huge
that can be supported by various efficient energy
sources including renewable energy. Therefore, the EE
of BS would be less critical as compared to that in the
users since mobile devices are typically hand-held de-
vices with limited battery life and can quickly run out
of battery. So, it is reasonable to neglect the circuit
power consumption of BS in uplink in the system EE
[17, 18]. In addition, in FD communications, applying
PS generally does not consume additional power; how-
ever, the power consumed by active DC is non-
negligible. The power consumed by DC, Ppc, is
regarded as a constant due to the power consumed by
the involved chip components which are not related to
the throughput state.

Therefore, the power consumption of cellular link
and FDTW relay-assisted D2D link can be respect-
ively expressed as

Pu.total(Pu) :£Pu+Pc (11)

Pgotal(Ps, Pa, 5, Py) = EPs + EPy + B(PsGy + PyGra + p, G
+P,G,, + %) 4 3Ppc + 3P,

(12)
where 1/¢ is the power amplifier drain efficiency of the
CUE, SUE, and DUE, respectively. P, is the static circuit
power.

The EE of cellular link and FDTW relay-assisted D2D
link is written as

W”u,SE<PS’Pd7ﬁaPM)
Pu.total (Pu)

Wu‘EE(P57Pd7ﬁ7Pu) = (13)

W”dSE(PSde7ﬁ’Pu)
P, Py, f,Py) = .
Ud’EE( * /3 M) Pd,total(P57Pd7/j7PM)

respectively, where W denotes the channel bandwidth.
Since powers of different users cannot be shared and so
are their throughput and EE, a novel definition of system
EE based on summation of EE of all transmitters rather
than the ratio of sum network throughput to sum net-
work power consumption was proposed in [30]. Inspired
of this novel definition, we define the system EE of the
FDTW relay-assisted D2D communications underlaying
cellular networks as the sum of the EE of cellular link
and FDTW relay-assisted D2D link. Therefore, the EE of
the whole system can be expressed as

(14)

Hep = Wd,EE(PMPdaﬁvPM) + Wu,EE(PS’PdvﬁaPM) (15)
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Our objective is to find the optimal transmission
powers P, Py, and P, and the optimal relay amplifica-
tion gain B to maximize 5gz while keeping 7,se and
nuse above the thresholds and satisfying the maximum
power constraints. The optimization problem can be
formulated as

max Hee
{Ps.Pa.B.Py}
My SE 2 M SE

Hase 2 MasE
0<P,< Pu, max

OSPsSPs,max
OSPdS_Pd,max

0<pB<p

s.t.

(16)

where 77, ¢ and 77, g denote the minimum SE requirements
of the cellular link and the D2D link and 77, sz = Ry min and
ﬁd’SE = R&,min + Rd,min ’ here Ru,mim Rs,minr and Rd,min are
the minimum data rate requirements of CUE, SUE, and
DUE, respectively. P, .00 Ps, max and Py .., are the max-
imum allowed transmission power of the CUE, SUE, and
DUE, respectively.

3 Energy efficiency maximization problem

In this section, we formulate the EE optimization prob-
lem for FDTW relay-assisted D2D communications un-
derlaying the cellular networks. Specifically, we will
seek the optimal transmission powers P, P, P,, and
the optimal relay amplification gain S to maximize EE
while keeping SE above a threshold and guaranteeing
transmission power constraints. Unfortunately, joint
optimization over P, P, P,, and f is very hard to be
found due to that #gg is not concave in P, Py, P, and 8
jointly. So, it cannot be solved by the general convex
optimization methods. To overcome this difficulty, a
new two-tier alternative iteration optimization algo-
rithm is proposed in this section. The basic idea is to
first optimize the EE of the cellular link by the bisec-
tion method and the FDTW relay-assisted D2D link
with iterative optimization algorithm, respectively, and
then alternately iterate the cellular link and the FDTW
relay-assisted D2D link until convergence to produce
the optimal system EE.

3.1 EE maximization of cellular link with fixed P, P,

and B8

In the EE optimization problem of the cellular link,
given fixed Ps, P;, and f5, our objective is to seek the
optimal transmission power P, of CUE to maximize
nuee Wwhile keeping #,sg above a threshold and
satisfying the maximum power constraint. The sub-
optimization problem can be formulated as
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max 7, g
P, ,

st. Cl: My SE 2ﬁuSE
C2: OSPMSPu,maX

It is easy to prove that 7, s is a monotonically in-
creasing function of P,€[0,+ ), and according to
the restricted conditions of 7, se (ie., 7,5£20, 7,

>7,sc )» we have PMG{P,APMG(PVW +e0)} , where
Pvu: G, (2%55—1)/ Gub—<2%~55—1)G1; Gy =pG,,Gp and
G2 = PG, + PyGap + B(PsGs,Grpy + PuGraGry + pr GGy
+ G,p0°) + 0.

Since P, €0, P, ma and Pue{Pu|Pue(Pvu,+oo)}, the
feasible region of the subproblem (P1) can be rewritten
as P,e [Pvm Py max)-

3.1.0.1 Theorem 1 Given Py, P, [<(0,+ ), #,Eeis
strictly quasiconcave in P for P, € [0, + o).

3.1.0.2 Proof Refer to Appendix 1.
From Theorem 1, there are only three cases for the curve

Huee vs. P, for P,e [Pvu, Puvmx], as illustrated in Fig. 2.

Case 1: g, g strictly increases with P, for PL,E[PM7

o ANy Ee
Pu‘max], if d}l;u

in Appendix 1. In this case, the optimal solution to the

g
Py=Py e 20, where 7=

is given by (29)

subproblem (P1) is achieved at p, = Py ax-
Case 2: 5, g strictly decreases with P, for Pue[PVM7

oAy
Pu,mux] ’ if apP,

» —p. <0. The optimal solution to the

subproblem (P1) is achieved at P, = Pvu
Case 3: #,pp first strictly increases and then
strictly decreases with P, for Pue[Pvu,Pu‘max] , if

an, ge an, gx
b, <0 and i

pb, > 0. The optimal

solution to the subproblem (P1) is achieved at b, =P,
where P,* is the point at which #, g reaches its maximum

for P, [0, + ) and is obtained by solving the equation

an, g
dpP,

P,* is not easily obtained and can be found by the numer-
ical methods, such as the bisection method.

u =Py, max

= 0, as shown in Appendix 1. The exact expression of

3.2 EE maximization of FDTW relay-assisted D2D link with
a fixed P,

In the EE optimization problem of FDTW relay-
assisted D2D link, given a fixed P,, our objective is to
seek the optimal transmission powers P, P, and the
optimal relay amplification gain S to maximize 7,gg
while keeping 7, sg above a threshold and satisfying the
maximum power constraints. The sub-optimization
problem can be formulated as
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case 1:

..ze.  optimal point

el
ST v

u u,max

u u,max

case 3:
‘[]u,EE .

Eopt:im | point

B, B, P £

Fig. 2 Three cases of the n, e versus P, curve

max
Ps.Py.p

st C3:inysp2T,ee
C4:0 <Py <P pan
C5:02Py<Pymax
C6:0<B<p

Ma EE

(P2)

In the sub-optimization problem (P2), both 7,k
and 7,sg are non-convex with respect to Py, P, and
f, so that directly solving problem (P2) introduces
enormous computational complexity. To address this
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issue, the iterative optimization algorithm is adopted
in this section. The basic idea is to first optimize the
objective function over a portion of variables when
the others are fixed and then joint optimize these
variables by utilizing the separate optimization results.
Specifically, we first optimize the problem (P2) over
P, and P, with a fixed S and then optimize the prob-
lem (P2) over B with fixed P; and P, This process
will be repeated until convergence.

3.2.1 Optimization over P, and P, with a fixed 3

Given a fixed f, our objective is to seek the optimal
transmission powers P and P, to maximize 7, while
satisfying the required constraints. Thus, given f, the
subproblem (P2) can be rewritten as

Nase

max
P total

Py ’Pd

st. C3: N4 se 2 ﬁd,SE
C4:0<P< Ps,max

C5:0<Py<Pyax
(P2 -1)

3.2.1.1 Theorem 2 For any given [, 4, sgis a concave
and strictly increasing function of Psand Pufor P, P,; e
[0, + o).

3.2.1.2 Proof Refer to Appendix 2.

Although the constraints in the subproblem (P2-1) are
convex according to Theorem 2, the objective function
is still nonconvex. To solve this issue, we transform the
objective function into a concave one by using the frac-
tional programming technique developed in [22]. We
define the maximum EE of the FDTW relay-assisted
D2D link as g}, which is given by

5 = Nase (PS> Py) /Paoal (P Py) (17)
where Pg* and P,* are the optimal values at the max-
imum EE. The following theorem can be proved:

3.2.1.3 Theorem 3 The maximum EE q; is achieved if
and only if’7d7SE(PSaPd)_qripdiOtal(PSan) = 14sE (P:vP:l)
~q 5P g total (P:, P;‘l) = 0 and for a given q,, the transformed
function in subtractive form is a concave function.

3.2.1.4 Proof Refer to Appendix 3.

Theorem 3 shows that the transformed problem
with an objective function in subtractive form is
equivalent to the non-convex problem (P2-1) in frac-
tional form, i.e., they lead to the same optimum
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solution P,* and Pj*. Thus, there exists a non-
fractional expression that is equal to a fractional func-
tion. Searching ¢ can be done by the Dinkelbach
method that can converge to the optimal value at a
superlinear rate [22]. Therefore, for any feasible g,
the corresponding solution of subproblem (P2-1) can
be obtained by solving the following equivalent trans-
formed optimization subproblem (18):

szidx H4.5E(Ps, Pa)~q,4Pa toral (Ps, Pa) (18)
s.t. Cg, C4, C5

The partial Lagrangian function associated with the
subproblem (18) can be expressed as

Lage(Ps, Pas A1) = 1,58 (Ps, Pa)=q4Pa total (Ps, Pa) (19)
+M (Mg 5e~7asE)

where A; is the Lagrangian multiplier of the inequality
constraint C1 and is required to be nonnegative. Since
the subproblem (18) is in a standard concave form with
differentiable objective and constraint functions, the
Karush-Kuhn-Tucker (KKT) conditions are used to find
the optimum solutions. Therefore, the first-order deriva-
tive of L;gg with respect to P and P, is required to be
zero, i.e.,

(1 + Al)

= q41n2(§ + BGyr) (20)

_n
nPs + @
(1+A)

= q41n2(§ + BG) (21)

_n
Py + @y

In addition, since A; is required to be a nonnegative
one, the first-order derivative of L;gr with respect to 1;

should satisfy Alagj{fE =0, ie,

2
M (lpd +Lp 4 1 (22)

P,Ps- w) =0
Pa Ps PaPs

where n= ﬁGerrdr Ps = /J)PuGrdGur + ﬁprGrdGrr + /J)Grdoz
+P,Guq+ paGaa + 0-2’ and ¢4= ﬁPuGerur + /:’)pVGerrr
+BGy0” + PG + psGis + 07, @ = 2Masi—1,

According to formula (20) and (21), we can obtain

[ 1t e

b= [qd In2(€ + Gy '7] (23)
[ 1+ ead]”

Pa= [‘Id In2(¢ + BGq) ’7} (24)

where [x]" denotes max(0,x), which guarantees P;>0
and P;>0.

Notice that the optimal transmission power terms of
SUE and DUE given by (23) and (24) are similar to trad-
itional water-filling solutions, where the heights of the



Chang et al. EURASIP Journal on Wireless Communications and Networking (2016) 2016:222

pool are defined as ¢,/5 and ¢,/7, and the water level is
partially determined by A; and ¢g,. Since both P and P,
involve the Lagrangian multiplier 1; and the KKT condi-
tions of (22) require A; to be nonnegative, we derive 1;
in the following two cases.

Case 1: 1;>0

In this case, according to formula (22), we have (4/¢ )P,
+ (7] P)P; + (11 0 1p)P4Ps — w= 0. After substituting (23)
and (24), we have (A, +1)°S;-S,=0, where S, =#?/
(In2)’q%0,40,(& + BGy) (E + BG,y) and S, =@+ 1. Since
A1 >0, we retain the positive root, i.e, A} = 1/S2/S1-1.
Substituting this positive root back to (23) and (24) yields
the optimal solution of the subproblem (18) as

. VS, KN

b= {qd In2/5:(2 1 G) n} (25)
. VS, K2

Fa= de In2y/S (€ + G,q) ﬂ} (26)

Case2:1;=0
In this case, the condition (22) always holds true. Hence,
we have

= | e 7

1 _%]*

Table 1 Dinkelbach method
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. 1 vd)"

Po= | maE G n (28)

Note that the solutions of case 2 may break the SE con-
straint. If this happens, the solution (25), (26) should be
adopted. Otherwise, both solutions (25), (26) and (27),
(28) are feasible, and the one leading to greater EE is the
final solution. Considering the transmission power con-
straints, the final solution can be expressed as P; = min
(Pdmax, P;) and Py = min(Pymax, Pj) . Since the trans-
formed problem (P2-1) is convex with a given ¢, the opti-
mal EE can be obtained with a given $ by the Dinkelbach
method. According to the above analysis, the detailed pro-
cedure of the Dinkelbach method is listed in Table 1.

3.2.2 Optimization over B with fixed Ps; and P4
In this subproblem, our objective is to maximize #,gg
while satisfying the minimum required 7,s¢ and the
constraint of 5, which can be formulated as

m%x Ha ke (P2 —2)
s.t. C3,C6

It is easy to prove that #,sg is monotonically increas-
ing function of €0, + ), and according to the re-
stricted conditions of n,se (i.e., #as£20, 1,5 27,5

(1)

1) Initialize the maximum value qg)) =49, q,

1 . . . . .
=gq,, the iteration index i<—1, convergence index

A <107, maximum number of iterations N’ <«10.

2) while ‘q‘(;) —qg_l)‘ <Aand i<N, do.

a) Solve the subproblem (18): (}A’v P )=argrmx p.p, e (P.P)- S)Bx,mz (P.P).

b) Update the maximum value of i —1-th qg'l) «

¢) Update the iteration index i <—i+1,

d) Calculate the corresponding maximum value of i -th ¢,

3) end while.

4) Output current ]é, ffj and qg) as ¢, respectively.

(i)

9. >
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), we have ﬁe{ﬁﬁe{—w,/}}U[g,+w}} , where
/?: (—b—V 52—4616) /[2a, E = (—b+ vb2—4-ac) [2a, a=

CoC3 + C1Cq + C1C3 — WCoCyy b = €307 + €109 — WC05 — Wea07, and

¢=-woi0,. Since Be[0,8] and /)’e{/)’/)’e{—oo,[?}U

[E , —I—OO} }, the feasible region of the subproblem (P2-2) can

be rewritten as € [E, /3] .

3.2.2.1 Theorem 4 Given P, P, € [0, + o), 5,4 Eis strictly
quasiconcave in B for 5 € [0, + o).

3.2.2.2 Proof Refer to Appendix 4.
From Theorem 4, similar to the optimization problem
of cellular link, there are only three cases for the curve

e vs  for pe| BB
Case 1: 5, g strictly increases with S for Se {E,B},

d
->0, where %

o Angge
£ B=p

ap

is given by (42) in

Table 2 Iterative optimization algorithm
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Appendix 4. In this case, the optimal solution to the sub-
problem (P2-2) is achieved atﬁ =5

Case 2: 5, strictly decreases with 8 for fe [B,E],

if dz;’/'j,“ =F <0. The optimal solution to the subprob-

lem (P2-2) is achieved at [3’ :E.
Case 3: 54 first strictly increases and then strictly de-
[/

creases with S for pe {E,B} if a5 |p=g <O and
d’ZJEE b > 0. The optimal solution to the subproblem

(P2-2) is achieved at /3’ = f8*, where B* is the point at which
Haee reaches its maximum for S € [0, + «) and is obtained

angee

by solving the equation B 0, as shown in Appendix 4.

The exact expression of f* is not easily obtained and can be
found by the numerical methods, such as the bisection
method.

3.2.3 Iterative optimization algorithm for the FDTW
relay-assisted D2D link

According to the previous analysis, by combining the
solution processes in Sections 3.2.1 and 3.2.2, the
maximum EE of the FDTW relay-assisted D2D link

1) Initialize the transmission powers of SUE and DUE IE;(O) =P, 13:,(0) =P}, the iteration index /<1,

convergence index A<—107, maximum number of iterations

N <10, calculate the

corresponding EE 77;((25 by formula (14) and also set 77, =7, +&(e>A).

2) while ‘n;f[E)E ) <A and 1< N do.

a) Execute the method list in Table I to optimize over P and P, for a fixed ﬂ”l) in (P2-1) —)ﬁf”l) ,

Pd(lﬂ) ,

b) Optimize over /3 for fixed [:;(M) and A"V in (P2-2) — 4",

(141

¢) Calculate the corresponding SE 77;(;21) and EE 77, EE) by (9) and (14), respectively,

d) Update the iteration index [ <—/+1,
3) end while.

4) Output current 77 o and 77, .
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can be achieved. The basic idea is that the subprob-
lem (P2-1) and the subproblem (P2-2) are solved re-
peated alternately by letting the output of one
optimization be the input of the other to reach the
solution of the primal problem (P2). The detailed
procedure of the iterative optimization algorithm is
listed in Table 2.

3.3 Two-tier alternative iteration optimization algorithm

In the formulated EE optimization problem, due to
the existence of interference between cellular and
D2D users, the best response of D2D link depends of
cellular link; conversely, the best response of cellular
link depends of D2D link. Therefore, by combining
the solution processes in Section 3.1 and 3.2, the
maximum EE of the whole system can be achieved.
The basic idea is that the subproblem (P1) and the
subproblem (P2) can be repeated alternately by letting

Table 3 Two-tier alternative iteration optimization algorithm
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the output of one optimization be the input of the
other to reach the solution of the primal problem
(16). For clarity, the detailed procedure of the two-
tier alternative iteration optimization algorithm is
listed in Table 3, the first-tier iteration optimization
indicates the D2D link optimization problem, and the
second-tier iteration optimization indicates the primal
optimization problem.

Firstly, under the given initial transmission power of
CUE, to solve the EE optimization problem of D2D link,
the algorithm list in Table 2 was used. Then, according
to the obtained optimal power values and amplification
gain value of D2D link, to solve the cellular link EE
optimization problem, the bisection method was used.
Repeat this process until convergence is reached, ie.,

* *(n-1
‘WE&ZH)_’//E%H )

threshold A.

is equal or smaller than a predefined

1) Initialize the transmission powers of CUE PO

u

0 . . . .
P’ , the iteration index »n <1, convergence index

A «107, maximum number of iterations N”_ <10, calculate the corresponding EE 79 by

formula (15) and also set 77,1 =7, + &, (¢, > A).

7 = <A and n< N do.

max

2) while

if D2D link then

Execute the algorithm list in Table 1T to solve the subproblem in (P2) — P~ plm) | 31

end if

if cellular link then

Applying the bisection method to solve the subproblem in (P1) — Rf

end if

3) Calculate the corresponding SE 77;%"“)
4) Update the iteration index n<—n+1.

5) end while.

6) Output current 77, and 7;, .

and EE 77,

A

n+1)

*(n+1)

by (10) and (15), respectively.
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4 Simulation results

In this section, we evaluate the performance of the
proposed algorithm by using the MATLAB tool. The
maximum transmission powers of SUE, DUE, RUE,
and CUE are set to Py ax=1 W, Pymax=1 W, P, ax
=1 W and P, .. =1 W, respectively. The minimum
data rate requirements of SUE, DUE, and CUE are
set to Rymin=1bit/s/Hz, Rymi,=1 bit/s/Hz, and
R, min=1 bit/s/Hz, respectively. The circuit power
consumption is set to P,=0.1 W, and the power
amplifier efficiency of users is set to 1/{=1/0.35. The
power consumed by active DC in FD mode is set to
0.1 W. The parameters of path-loss exponent and noise
power are set to 4 and —50 dBm, respectively. The band-
width W is normalized to 1, i.e., W=1 Hz. These values of
simulation parameters and channel gains are inspired by
[18] and [26].

Figure 3 shows the locations of D2D users and cel-
lular user. The BS is located at the center with coord-
inate (0,0), the coordinates of SUE, DUE, and CUE
are (=50, -300), (50, -300), and (0, 100), respectively.
We mainly consider the effect of RUE on system
performance.

Figure 4 shows the convergence of the proposed al-
gorithm in terms of average optimal EE. The RUE is
located in the middle of SUE and DUE, i.e., d, =50 m.
It is shown that the proposed algorithm can achieve
convergence quickly. Besides, we can find that the re-
sults obtained by the proposed optimization algorithm
are very close to those obtained by the exclusive
searching method, which indicates that the two-tier al-
ternative iteration optimization algorithm can find a
suboptimal solution.

500

400

300

[ Y
200
¥ CUE
= ® SUE
£ 100
Z ® DUE *
> RUE
£ 0 |
8
g 100
-
-200
-300 [ N
-400

-500 -
-500 -400 -300 -200 -100 0 100 200 300 400 500
Location in x (m)

Fig. 3 The locations of D2D users and cellular user

Page 12 of 19

30
28
o)
el
2 I
£ 2 > searching o
= alternate optimization
Q
3
)
£ 24
m
>
o0
5]
3
122
&
5}
>
<
20
18
1 2 3 4 5 6 7 8 9 10
Number of Iterations
Fig. 4 Convergence of the proposed algorithm in terms of average
optimal EE (o =-3 dB)

Figures 5 and 6 show the comparison of the pro-
posed algorithm and the exhaustive searching method
when the power of SI is p = -3 dB. From the two fig-
ures, one can observe that average optimal EE first
increases and then decreases as d;, increases and
reaches its maximum value at d,,=50m (i.e., the
RUE is located in the center between SUE and the
DUE). For average optimal SE, it can satisfy the con-
straint, which also first increases and then decreases
as d,, increases. In addition, simulation results in
Fig. 7 also show that the amplification gain j reaches
its peak value at d;,=50m. Hence, according to the
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N
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Fig. 5 Average optimal EE versus distance ds,
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g. 6 Average optimal SE versus distance dj,

above analysis, when the D2D pair needs the relay to
assist the transmission, the optimal transmission
scheme is that the relay is located in the middle pos-
ition of the D2D pair.

The exhaustive searching method needs to evaluate
all the possible values of P, P, B, P, so it needs

Py naxPod.maxP B-B
O(W X ﬁ%) steps to obtain the
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optimal value, where ¢ is the searching accuracy. In the
proposed algorithm, both the bisection method and the
Dinkelbach method are adopted alternatively, which takes

(s (41 (M + 1oty ((B-5) €)) + 18 (Puonan/)))

steps, where M,, M,;, and M, are the average iterative
steps of the Dinkelbach method, first-tier and second-tier,
respectively, and are both set to 10 in our simulation.
Therefore, the proposed algorithm significantly reduces
the computational complexity compared with the exhaust-
ive search method.

Figures 8 and 9 show the average optimal EE and
the average optimal SE versus different residual power
of SI under the proposed two-tier alternative iteration
optimization algorithm. The EE and the SE decrease
with the increase of residual power of SI. Smaller re-
sidual power of SI leads to better performance of the
system.

Figures 10 and 11 show the comparison of SE and
EE in terms of different residual power of SI. It can
be observed in Fig. 10 that the SE obtained by
EDTW relay-assisted D2D networks is higher than
the SE obtained by HD counterpart, and this is
mainly because the FD network can achieve higher
SE compared with HD network. However, it also
can be seen in Fig. 11 that the EE obtained by
FDTW relay-assisted D2D networks is higher than
the EE obtained by HD counterpart only when the
residual power of SI is sufficiently small. Otherwise,

0.11

ot

0.09 /
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0.03 /5
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Fig. 7 Average (3 versus distance ds,

d_(m)
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the EE obtained by FDTW relay-assisted D2D net-
works is lower than the EE obtained by HD coun-
terpart. These phenomena can be intuitively
explained as follows. Although the FDTW relay-
assisted D2D network can achieve higher SE com-
pared with the HD counterpart, the FD transmission
mode has to overcome SI, which needs a larger
power to transmit the signal. That is to say, it re-
sults in more power consumption than the HD net-
work. Therefore, we can choose the appropriate
transmission mode according to the SI cancelation
techniques.

5 Conclusions

In this paper, the EE in FDTW relay-assisted D2D
communications has been studied. By taking the SI
at D2D users into consideration, the optimization
problem in which the goal is to maximize EE while
satisfying the SE requirement and the transmission
power constraints was formulated. Since the
optimization problem (16) is non-concave with re-
spect to the variables P,, P, P,;, and B, we decom-
posed it into two subproblems, i.e., cellular link
optimization problem and D2D link optimization
problem. As for the cellular link, the bisection
method is used to seek the optimal solution. As for
the D2D link, an iterative optimization algorithm
was used to find the optimal solution. Then, a new
two-tier alternative iteration optimization algorithm
is proposed to solve the primal optimization prob-
lem. Simulation results show that the results of pro-
posed algorithm are consistent with exhaustive
searching results. The simulation results also indi-
cate that smaller SI leads to higher SE and EE. Fur-
thermore, the FDTW relay-assisted D2D network
can achieve higher SE than the HDTW relay-
assisted D2D network. However, the EE obtained by
FDTW relay-assisted D2D underlaying cellular net-
works is higher than the EE obtained by HD coun-
terpart only when the residual power of SI is
sufficiently small.

6 Appendix 1

6.1 Proof of Theorem 1

We take the first-order derivative of 7, gg with respect to
P,, which is represented by

d’?u,EE_ f(P,)
dP,  (éP,+P,)?

(29)

where
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(Epu + Pc) GubGZ
In2  (P,G1+ Gy + P,Gup)(PuG1 + G2)

PG
_€1 14 ——#-u
‘COgZ( +PuG1+G2>

f(Pu):

(30)

Then, the first-order derivative of f(P,) with respect to
P,, can be calculated as

—(€Py + P.)GupG2{(G1 + Gup) (PuG1 + G2)
+ (P,G1 + Gy + P,Gyp)Gr }
In2(P,G; 4 Gy + P,Gp)* (PG + Gy)?
(31)

daf (Pu) _
aprP,

Therefore, we have f(+)<f(P,)<f(0), VP,e]O0,
+ ). Since Plbjmwf(Pu) = -£log,(Guy/G1) <0 and
lim f(P,) = (Pc/In2)(Gu»/G2) > 0,there exists a sin-
gle value of P,, which is denoted as P,* so that
f(P,*)=0. It is obvious that the denominator of (29)
is positive, and we have dy, gg/dP, >0 when P, <P,*
and dy, ge/dP, <0 when P, >P,*. It means that 5, g
firstly increases and then decreases when P, in-
creases. As y,sg increases monotonically as P, in-
creases, 4, se is a concave function of P,. P, o is
an affine function of P,. Therefore, 5,gr is quasi-
concave in P, for P, € [0, + ) [18]. Hence, the proof
of Theorem 1 is complete.

7 Appendix 2

7.1 Proof of Theorem 2

We take the first-order partial derivatives of y, and y,
with respect to P and P, respectively, which are repre-
sented by

a)’s _ ﬁGsr Grd

Py PP,GyGy + Bp,GyGry + fGs0® + PyGys + p,Gs +0*
% _y

0P

a}’d _ ﬁGerrd

0P /J)PuGrdGur +ﬁPrGrdGrr +ﬁGmlO'z +P,Guy +Perd ‘HTZ
94

Zd _ o

oP,

Then, according to the formula (9), the first and the
second partial derivatives of 7,z with respect to Py and
P, can be calculated as
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Mase _ 1 BGsGra >0 (32)
aPs In2 PuGrdGur + /))prGrdGrr + /))GrdO'2 + PMG”d + Pded + o? +ﬁPSGerrd
My sp _ L Pou G > -0 .
0Pq 102 \BP,GyGur + Bp,Gsr Gy + BGsr0” + PuGis + p,Ges + 0 + PPuGyrGra
azﬂd,sE - -1 PGy Grd )2 <0 -
8P? In2 Pu GrdGur + ﬁprGrdGrr + /))G’”daz + P"’Gud - Pa Gdd + 02 + /))PSGSVGM
Phase _ -1 BGyGia <0 (35)
E)Pﬁ In2 PuGerur +ﬁperrGrr +ﬁGsr0'2 + PuGus + PsGss + o + ﬂPdGerrd
azﬂd SE 82’741 SE a ; *
3PP, — 3PaP, — (36) Na.se(Ps; Pa)~Pa ol (Ps, Pa)<ny s (Ps, Pr)
A% s0Fd a o P
—qdpd,total (Ps 7Pd) =0
39)
Prysp 0 1458 O (
N se 9 M sk Nase 9 MasE >0 (37)

0P 9P%  OP;0P,0P;0P;

From (30) to (33), we can obtain that the Hessian
matrix of 7, s¢ is negatively definite. Thus, 7, is a con-
cave function for P, P,;€ [0, + o). Hence, the proof of
Theorem 2 is complete.

8 Appendix 3

8.1 Proof of Theorem 3

Define F(q.) = 1ase(Ps Pa) ~ qiPaora(Ps, Pa). We prove
the equivalence and convexity, respectively.

The proof of equivalence is divided into two parts: ne-
cessity and sulfficiency. Firstly, we prove the necessity.
Suppose that the optimal EE of the subproblem (P2-1) is
4y = a5t (P}, Py) [ Paoa (P5, Pj;) . Then, for any feasible
region of P, and P, we have

Hase (Ps Py) . Hase(Ps, Pa)
Pd,total (szpji) _Pd,total(Ps»Pd)

q; =

By rearranging (38), we obtain

Hence, the maximum value of nd,SE(PS,Pd)—quPd_mtal
(Ps,P4) is equal to zero and can only be achieved at
Py = P;, Py = P},. This completes the necessity proof.

Next, we turn to the sufficiency proof. Assume
that 17, ¢ (Ps, Pa) P total (Ps; Pa) = 145 (Ph, Py)—a
Pd,total(P:,P:}) =0. Then, for given any feasible re-
gion of P; and P, we have

Nase(Ps; Pa)=qPa total(Ps; Pa) <1 sg (PF, Py)
_qfipd,total (P;P:i) =0
(40)

By rearranging (40), we have

Wd,SE(Psan) < ”d,SE(P:7PZ> —yq
Pagotat(Ps, Pa) ~ Pajora (P, P5)  °

(41)

Thus, the maximum value of EE can be obtained at
Py =P;, Py =P}, and this completes the sufficiency
proof. Therefore, the optimal solution to the subprob-
lem (P2-1) and the problem maxp p,F(q};) =0 are
equivalent.

Now, we prove the convexity. For any given g, the
transformed subtractive form can be written as 7, sg(P;,



Chang et al. EURASIP Journal on Wireless Communications and Networking (2016) 2016:222

P,) — quiPyiora(Ps, Py). The first part of the subtractive
form is #,se(Ps, P,;), which is a concave function for P;,
P, €0, + =) according to Theorem 2. The second part is
an affine function. Since the sum of a concave function
and an affine function is also concave, this completes the
convexity proof.

9 Appendix 4
9.1 Proof of Theorem 4
Firstly, we introduce the following equations and

inequality:
= PdGerrd) = PuGerur + perrGrr + Gsraz) 01 = PuGus
+ G + 0
3= PsGerrd: Cq = PuGrdGur + prGrdGrr + Grdoz) 0y = PuGMd
+ Pded + 02

a1 = PGy + PiGra+ p,Gry+ PGy + 05 = EPs + EPy + 3P,

k1 = C9Cy + CoC3 + C1Cy + C1C3, k2 = (909 + €102 + C3071 + C4071,

k3 = C9Cy, k4 = Co09 + 01C4

k3-k3 < 0, ksky — kyky < 0, 20105 (ki —k3) + ki—k3 < 0

We take the first-order derivatives of 7, gr with respect
to /3, which is given by

iy pe fB)
5 42
B @fia) (42)
where
f(B) = (ﬂlﬁ‘Fﬂz)( 2k1p + ko ~ 2k3f + ky )
- In2 klﬁz + kzﬂ + 0102 k3ﬁ2 + k4ﬁ + 0109

g klﬁz + kzﬁ + 0109
>k + ko + 0109
(43)

Then, the first-order derivatives of f{5) with respect to
S can be calculated as

af(p) _ (@B +a) (2k1 (kif* + ko + 0102) (2K B + ko)
dﬁ In2 (klﬁz +k2ﬁ+0’10’2)2
_ 2](3 (kgﬁz + k4/)) + 0102)—(2k3ﬁ + k4)2 )
(k3ﬁ2 +kaff + 01172)2

2(k3-k3)B* + 2(kska—k1ks)pB
ﬂ1ﬁ+ﬂ2) +20’10’2(k1—k3) +ki—k§

S(
In2 (/(3ﬁ2 +k4ﬁ+010’2)2

<0, Be[0, +e)
(44)

Therefore, we have fl+e)<f()<fl0), VB0, + o).

Since lim f(B) = -a; log,(k1/ks) <0 and limf(B)
prten -0

= (ay/1n2)((ky—ky4)/0105) > 0 , there exists a single

value of f3, which is denoted as f5*, so that fif*) =0. It is

obvious that the denominator of (42) is positive, we have
dngeeldf >0 when < * and dy,ge/df <0 when B> B*.
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It means that 5, ¢ firstly increases and then decreases
when S increases. As #,sg increases monotonically as S
increases, #,sg is a concave function of . P is an af-
fine function of . Therefore, 1, ¢ is quasiconcave in 8
for S0, + ) [18]. Hence, the proof of Theorem 4 is
complete.
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