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Abstract

In this paper, we investigate the downlink achievable ergodic spectral efficiency (SE) of a single-cell multi-user
millimeter wave system, in which a uniform rectangular array is used at the base station (BS) to serve multiple

single-antenna users. We adopt a three-dimensional channel model by considering both the azimuth and elevation
dimensions under single-path propagation. We derive the achievable ergodic SE for this system in with maximum
ratio transmission precoding. This analytical expression enables the accurate and quantitative evaluation of the effect
of the number of BS antennas, signal-to-noise ratio (SNR), and the crosstalk (squared inner product between different
steering vectors) which is a function of the angles of departure (AoD) of users and the inter-antenna spacing. Results

minimum achievable SE.

scheduling, Uniform rectangular array

show that the achievable ergodic SE logarithmically increases with the number of BS antennas and converges to a
value in the high SNR regime. To improve the achievable ergodic SE, we also propose a user scheduling scheme
based on feedback of users’ AoD information and obtain the maximum achievable ergodic SE. Furthermore, we
consider a dense user scenario where every user's AoD becomes nearly identical and then derive the system'’s
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1 Introduction
With the proliferation of smart wireless services such as
high-definition video streaming, cell broadcasting, and
mobile TV, mobile data traffic is envisioned to grow 1000-
fold by 2020 [1]. To meet the predicted traffic demand,
millimeter wave (mmWave) communications, which oper-
ates in the 30-300 GHz band, appear to be a promis-
ing candidate for next generation cellular systems that
support multiple gigabit-per-second data rates [2]. Some
recent results have demonstrated that the use of mmWave
communications helps to achieve gigabytes per second
(Gbps) data rates in both indoor [3] and outdoor wireless
networks [4].

One salient feature of mmWave communications is the
significant decrease of carrier wavelength, which allows
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a large number of antennas to be packed into a base
station (BS) or an access point. The excessive use of trans-
mit antennas, known as massive multiple-input multiple-
output (MIMO) technology [5, 6], provides substantial
array gains to combat severe path loss and establishes reli-
able communication links. Furthermore, deployment of
large antenna arrays at the BS enables efficient precoding
for multiple data streams, thus improves the spectral effi-
ciency and energy efficiency [7, 8]. To take advantage of
the available space at the BS of a massive MIMO system, it
is desirable to arrange the antenna elements as a uniform
linear array (ULA), a cubic array, or a uniform rectangular
array (URA)[9].

Most importantly, rectangular or cubic arrays enable
not only horizontal beam pattern adaptation but also
vertical beam pattern adaptation, that is, they enable
three-dimensional (3D) beamforming, which provides an
additional degree-of-freedom for interference suppres-
sion [10]. Therefore, exploitation of 2D antenna array
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configurations such as uniform circular array (UCA) or
URA in mmWave MIMO systems is desirable.

1.1 Related works

Several aspects of mmWave MIMO communications,
including channel measurements [11-13], channel esti-
mation [14-16], hybrid analog/digital precoding design
[17-20], multiple amplify-and-forward (AF) relaying
networks [21-23], and multiple-cell cooperative communi-
cation [24], have been investigated in prior works. In par-
ticular, various potential techniques for mmWave cellular
systems were specified in [11] by considering mmWave
channel characteristics. The measurements in [12, 13]
demonstrated that mmWave channels have limited light-
of-sight (LoS) components and are related to the steering
vectors which depend on the antenna array topologies of
the transmitter and receiver. To enhance the beamforming
gains and enable multiplexing of multiple data streams,
hybrid precoding techniques were proposed in [19], where
the processing was divided between the analog and dig-
ital domains. In [17], a hybrid precoding technique that
requires only partial knowledge of mmWave channels was
presented. The work in [19] proposed a low-complexity
hybrid analog/digital scheme, which effectively relaxes the
hardware constraints for downlink multi-user mmWave
systems. A similar investigation was conducted in [14]. In
[15], a compressed sensing-based channel estimation was
proposed by exploiting the sparse nature of large mmWave
MIMO channels. By leveraging the static nature of the
angle of arrival and angle of departure (AoD), the work in
[16] studied the performance of zero-forcing (ZF) beam-
forming with limited feedback. More recently, authors
in [18] studied a multi-user MIMO downlink transmis-
sion scheme over Rician fading channels, where the BS
exploits statistical channel state information (CSI). From
these prior works, we notice that fully utilizing static or
statistical information is one of the key requirements for
massive mmWave MIMO systems.

Despite these existing body of literature, only few ana-
lytical results are available on the achievable ergodic
spectral efficiency (SE) of multi-user mmWave MIMO
systems, particularly for the 3D channel model. Owing to
different propagation characteristics at such high frequen-
cies, the coverage and rate trends differ drastically from
the conventional cellular systems. In [25], the coverage
and rate performance were studied for mmWave systems.
The results of [25] showed that the achievable rate is sen-
sitive to the density of BSs and the blockage distribution.
In multi-user mmWave MIMO systems, linear precoding
method such as ZF can perform almost as well as dirty
paper coding, the multi-user mmWave MIMO system
analysis of which is studied in [26]. However, the compu-
tation complexity due to the inverse of large dimensional
matrix makes it inappropriate for real-time processing. In
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contrast, maximum ratio transmission (MRT) precoding
is simple and exhibit near optimal performance (though
worse than ZF) has received significant research interest
[5]. Hence, studying the achievable ergodic SE of multi-
user mmWave systems using MRT precoding is of special
interest.

1.2 Summary of contributions

In this paper, we investigate the achievable ergodic SE
with multiple antennas and URA configuration at the
BS. In particular, we develop analytical expressions to
gain insight into the performance. Our contributions are
summarized as follows:

e We present an exact closed-form expression for the
achievable ergodic SE by using MRT precoding under
the assumption that the BS has perfect channel state
information. We also present the achievable ergodic
SE that is valid for massive numbers of antenna
elements in the high-SNR regime. We make use of
these results to discuss the impact of the number of
BS antennas, SNR, crosstalk, users’ AoD, and the
inter-antenna spacing.

e To improve the performance of MRT precoding, a
user scheduling scheme is proposed by exploiting
statistical users’ AoD information. We select a set of
user group satisfying the orthogonal criterion and
derive the corresponding maximum achievable SE.
We also consider a dense user scenario and present
an expression for the minimum achievable SE.

The remainder of this paper is organized as follows.
Section 2 introduces the system model. Section 3 derives
an exact closed-form expression of the achievable ergodic
SE for a finite number of users and antenna elements.
Based on these analytical results, several practical insights
are presented. Numerical and simulation results are also
provided in Section 4, and we conclude the paper in
Section 5.

Notation—Throughout the paper, matrices and vectors
are expressed as upper and lower case boldface letters,
respectively. Moveover, () denotes the conjugate trans-
pose; || - || and |-| represent the Euclidean norm and
absolute value, respectively; E{-} and ® represent the
expectation operator and kronecker product, respectively;
In; denotes an M x M identity matrix; e denotes the base
of the natural logarithm; the notation x ~ CN(0, 1) means
that x is the complex Gaussian random variable with mean
zero and variance one; e is the Euler-Mascheroni con-
stant; Ei (x) = — fffc %dt denotes the exponential inte-
gral function ([27], Eq. (8.211.1)); Ej, (x) = [~ t e *dt
is the exponential integral of order /([27], page xxxv), and
I (a,x) = [ e 't*"'dt is the upper incomplete gamma
function ([27], Eq. (8.350.2)).
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2 System model

We consider the downlink of a single-cell multi-user
mmWave MIMO system where a URA configuration is
deployed at the BS as shown in Fig. 1. We assume that
the BS is equipped with N; transmit antennas to simul-
taneously serve K single-antenna users (K <« Ni). The
received signal at the k-th user can be expressed as

K
k= /Pgk W Wisk + /Pgk Z hifw;s; + ny, 1)
j=Lj#k

where p and gx (k = 1,. .., K) denote the average SNR and
antenna array gain for user k, w, and w; is unit-norm pre-
coding vectors of user k and user j, respectively, sy and s;
denote the transmit zero-mean Gaussian symbols for user
k and user j, respectively, ny ~ CN(0,1) is the additive
noise at the k-th user, and hy € CNe*1 js the mmWave
channel vector from the BS to the k-th user. We assume
that the inputs must satisfy a transmit power constraint
such that ||wj|| = 1 and E{|sj|2} =1forj=1,...,K and
consider the equal power allocation scheme.

2.1 Channel model

A mmWave channel is composed of a single-path propa-
gation component considering the dominant path and a
set of multi-path components because of the highly direc-
tional and quasi-optical nature of electromagnetic wave
propagation at the mmWave frequency [12]. Hence, hy
can be accurately modeled as [28—-30]

1 L
hy = Biv 6k i) + \/: 1—21 Biiv (Ox 1> i 1) (2)
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Fig. 1 A schematic diagram of the multi-user MIMO mmWave system,
where a BS equipped with a URA serves K users
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where B and By are the complex gain of LoS path and
multi-path components for the k-th user, respectively, i.e.,
Bi (Br,) ~ CN(0,1), L denotes the number of multi-path
components, ¢y and 6 are the azimuth and elevation AoD
of the k-th user, respectively, and v (6, ¢¢) is the steering
vector with respects to antenna array configuration.

For a mmWave wireless propagation, the effect of multi-
path components are marginal and LoS component is the
predominant mode since the path loss of multi-path com-
ponents is much larger than that of the LoS component.
Furthermore, as measurement reports about mmWave
channel [28, 31], the magnitude of multi-path components
are generally 5 to 10 dB weaker than the LoS predomi-
nant component, even there is no multi-path components.
Without loss of generality, we neglect the multi-path com-
ponents and consider only the single-path component;
thatis, x; = O for [ = 1,..., L. Therefore, the mmWave
channel model in (2) can be simplified as

hy = Brvi Or, dp) - (3)

We assume a URA configuration at the BS since it can
perform 3D beamforming by employing both the azimuth
and elevation dimensions.! In the far-field regime, the
steering vector for the URA configuration is represented
by [32]

Vi Ok, #k) = VN, ® VN, (4)
where
v = |1 kodusinby cos g . Jj(Nx—Dkody sin 6y cos¢k]T
X
N, = [1 kodysinbysingy Ny —Dkody sin b sin ¢y ]T

(5)

are the steering vectors in the horizontal and vertical
directions, respectively. Herein, ko = 27/ is the number
of waves and A is the carrier wavelength; Ny and N, are
the numbers of antenna elements placed in the horizontal
and vertical dimensions, respectively; dy and d, denote the
inter-antenna spacing in the horizontal and vertical direc-
tions, respectively, which has a linear relationship with A
ie., dy = dy = nA with n being an any positive real num-
ber. Accordingly, the total number of BS antennas Ny is
equal to Ny x N, In the following subsection, we present
the definition of antenna array gain.

2.2 Antenna array gain
Since we consider a URA configuration at the BS, where
an antenna gain changes with the transmit antenna pat-
tern. According to the 3GPP in [33], the horizontal
and vertical antenna radiation pattern adopted can be
expressed in dB scale as

G . o\
H (¢x) = min | 12 . VAm (6)

3dB
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and

. Ok — Orire |
Gy 6k, b1t) = min {12 —— ) ,Awm ¢ (7)

0348

where ¢3qp and 634 represent the horizontal and ver-
tical half-power beamwidth, respectively, A,, represents
the maximum attenuation of the array antennas, and 6y
denotes the antenna tilting angle which is allowed to be
adjusted within the given interval.

Let us denote Gpax (in dB) as the maximum antenna
gain at the antenna boresight. Then, after combining the
antenna attenuations and the maximum antenna gain,
the resultant antenna gain in dB scale for the k-th user
with azimuth angle ¢4 and the elevation angle 6, can be
formulated as

Gk = Gpax — min {GH (Pr) + Gy (Ok; Gtilt) ;Am} . (8)

To simplify the analysis, we assume A,, = oo. This
assumption is valid when Gy (¢r) + Gv 6k, Orirr) < Am-
With these assumption, we can obtain the antenna gain in
linear scale for the k-th user as

o = 10<G%X_1'2<%)2_1'2<%)2>‘ (9)

From (9), we observe that the antenna gain gy depends
on the maximum antenna gain, the antenna tilting angle,
the azimuth and elevation AoD of the k-th user, and the
horizontal and vertical half-power beamwidth, respec-
tively. In practice, once the system configuration is com-
plete, it means the maximum antenna gain, the antenna
tilting angle, and the horizontal and vertical half-power
beamwidth is fixed. For the AoD information which
includes the azimuth and elevation of the k-th user,
changes very slowly and remains constant over a coher-
ence time intervals. Compared with the complex gain of
LoS path, the AoD information is treated as statistical
CSI and assumed to be known. We show the achievable
ergodic SE of system in the following subsection.

2.3 Achievable ergodic SE

We assume that the BS has the perfect CSI and employs
linear precoding to process the signal before transmitting
it to the K users, the achievable ergodic SE of the k-th user
can be written as

Ri = E {log, (1 + SINRp)}, (10)
where
hilw 2
SINR, = per| il wi (11)

K 2°
1+ pgk Dkt it [y wy |
Hence, the total achievable ergodic SE of the system is
given by
K

Rsum = Zk:l Rk‘

(12)
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To maximize the total achievable ergodic SE in (12) is
identical to maximize the achievable ergodic SE of the k-
th user in (11) since users are independent of each other.
It is worth pointing out that the achievable ergodic SE
depends on the choice of the transmit beamforming vec-
tor. To maximize the achievable ergodic SE in (11), the
optimization aims to find the beamforming vectors w; (i =
1,...,K) such that the wy must simultaneously maximize
the numerator and minimize the denominator of (11).
Among different choices, achievable rate achieving non-
linear precoders are known to involve high computational
complexity. We show the following lemma that presents
the optimal beamforming vector maximizing Rgym when
the number of BS antennas grows without bound.

Lemma 1 The achievable ergodic SE in (11) is maxi-
mized when the channel response vectors between different
users are orthogonal. With CSI at the BS, the optimal
beamforming vector for a URA configuration that maxi-
mizes the achievable SE is asymptotically (i.e., Ny — 00)
is given by

opt hy
YT gl 1)

Proof In order to maximize (12), we find that the opti-
mal beamforming vector w; must simultaneously max-
imize the numerator and minimize the denominator of
(11). We first consider the term of the numerator. For LoS
channel response vectors, we have

‘h;(—lwk| < Amax (hkwf) = N:tBk,

where we have used the Rayleigh quotient law. We can see
that this maximum of the numerator in (11) is achieved
when wy is an eigenvector of |hkw1,;1 | corresponding to
the maximum eigenvalue, i.e. wy = hy/||hg||. At the same
time, to maximize the SINR, we must have the following
criterion

(14)

|hifw;| — o. (15)

For a URA configuration, substituting (4) into (15), the
inner product term can be calculated as

Ny NJ’
1 Bk (1— im—
hHW‘ — R e/(n DkodySx+j(m—1)kodydy
k") ’
= R EL D
(16)
where
dx = sin O cos ¢ — sin 0 cos ¢; (17)

dy = sin O sin ¢y — sin 0; sin ¢;.
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By applying Eular’s formula ([27], Eq. (1.222.2)), we
obtain the following simplified expression

1 B sin (%%) sin (Nyl;ody 8y>
VN \/F} sin (%Sx) sin (kzﬂSy)
(18)

b wj| =

which converges to zero when the number of BS antennas
grows without bound and the AoDs of users are distinct
(i.e. ¢ # ¢ and 6 # 6;),> which leads to §; # 0 and
8y # 0. Thus, the above criterion in (15) is satisfied. O

From Lemma 1, it is evident that the optimal beamform-
ing vector w,(zpt is obtained by adopting MRT precoding.
This is because when the number of BS antennas grows
without bound, the channel steering vectors between dif-
ferent users become asymptotically orthogonal to each
other. This implies that the interference between differ-
ent users is effectively suppressed. Then, the achievable SE
attains its maximum value.

By utilizing (3) and (13), the achievable ergodic SE of the
k-th user can be rewritten as

H 2
Rr=E{log, |1+ Lk |c(Brvi)™ Brvi
Ltpg Y5 [eBivi) By
(19)

where ¢ = 1/||hg|| = 1/4/[BxIN; denotes the normalized
factor of the precoding vector while the expectation in
(19) is across all channel realizations of the complex gain
Bk and steering vector vi. We assume the azimuth and
elevation angles of users are known a priori information
because they can be obtained in practice via feedback.3

3 Achievable SE analysis

In this section, we derive a new exact closed-form expres-
sion of the achievable ergodic SE for an arbitrary num-
ber of BS antennas and investigate its behavior in the
high-SNR regime. Based on the analytical expression,
we also evaluate the maximum achievable ergodic SE
by a user scheduling method and the system’s minimum
achievable ergodic SE in a dense user scenario.

3.1 Achievable SE analysis

In this subsection, we focus on deriving closed-form
expressions of the achievable ergodic SE by analyzing the
SINR in (19). The following theorem is useful to calculate
on the achievable ergodic SE when a URA configuration is
employed at the BS.
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Theorem 1 An exact analytical expression for the
achievable ergodic SE with a URA configuration at the BS

and MRT precoding is given by
K K 2 el/ Pekaj 1
Ry = log,(e) Ei( )
2 Z l_[k;é, aj — dk P8k4;

K d]K_Sel/ Pgkaj 1
Ei , (20)
Tk [izjaj — ax \ pgia
where {a,} denote the crosstalk coefficients, i.e.,
Vil
k]
(,1]' = ) (21)
I 117

where the steering vector vy is defined in (4). Note that
when the steering vector vy equals to the itself vy, we have
ap = Nt.

Proof We first factorize (19) as

K
Re=1log, | 1+ pgk Y |C(ﬁka)HﬁjV;'|2

(22)
j=1
X
I
K )
— qlog, | 1+ pgk Z |c(Bevi)™ By
j=1,#k
Y
I
Let
2
Xj = |c(Bevi)" Bjvj| (23)

for j=1,...,K. Then, we evaluate X and Y in (22) to

obtain

K K ﬁ|2
= Z Z ’ (24)
pari— |ﬂ1|
and
H
j= 1/;ék 1_1/7&k |'B/’

Since the users’ AoDs change very slowly and is approx-
imately constant over a coherence time interval, it is
obvious that the squared inner products between dif-
ferent steering vectors aj,as, ..., ax are known a priori.
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Therefore, X1, Xy, . . ., Xk are i.i.d. exponential distributed
random variables with mean 1/N; and variance 1/N2. In
addition, with the help of the results in ([34], Page 552),
the pdfs of X = Z]K=1X, and ¥ = ZjK:Lj#kX,- can be
expressed as

1(—2 x
fx @) = Z Hk¢, p—_ K (26)
and
K73 .y
fr ) ]%;ék Hk# il 27)

respectively. By utilizing the pdfs in (26) and (27), we can
evaluate I; and I, according to

L= /0 log, (1 + pgiX)fx (%) dx, (28)

and
o0
L= /0 log, (1 + pgY)fy () dy.

By substituting (26) and (27) into (28) and (29), respec-
tively, and applying the integral identity ([35], Eq. (13))

(29)

o0 q
/ In(1+ a2 te Prdy=(g — D151 E, (b>
0

a
h=1
(30)
We can obtain
K 2 pgka
; e /) 1
=1 Ei , 31
°82 () Z Hk# aj — dak 5 (ngﬂj> =
and
K 3 pgka] 1
=1 Ei . 32
0g, (e)Z nk# p— ‘(pgkaj) (32)

j=Lj#k
Subsequently, by substituting (31) and (32) into (22), fol-
lowed by some basic algebraic manipulations, we arrive at
the desired result. O

In Theorem 1, we observe that the closed-form expres-
sion for the achievable ergodic SE is a function of the aver-
age SNR the number of users and crosstalk coefficients,
which depends on the number of BS antennas, inter-
antenna spacing and the azimuth and elevation AoDs.
This makes it very different to understand the impact
when the number of BS antennas is increased. To gain
further insights, we have the following result.
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Theorem 2 In the high-SNR regime (i.e., as p — o0), the
achievable ergodic SE can be written as

K infae) ~o)

lim Ry = log, (e) !
p=>0 & ; Hk;ﬁj aj — dk

K K2 (1 (g)) —
Sy (In (%) =) ) 33
e i@~ a

where a;j was defined in (21).

Proof When SNR increases without bound, (19) can be
rewritten as

K I 2
Z |e(Brvi™ Bv;|

j=1

pli_)rrgo Ry =E {log, < (34)
|C(,3kvk) ﬂ]v[}
j= 1J#k
Then, we can factorize it into as
K
lim Ry = 1log, [ 3 [c(Bevo By’ (35)

pP—>00
j=1

X

I3

K 2
Z |le(Bivi)™ Bvi| ,

j=Lj#k

— 1 log,

Y

Iy

where the pdfs of the random variable X and Y are given
in (26) and (27), respectively. We now evaluate I3 and 4
according to

I3 = /0 log, (%)fx (x) dx (36)
and
1= [ 108, O 0) . (37)

By substituting the pdfs of the random variable X and
Y into (37) and applying the integral identity ([27], Eq.
(4.331.2))

f In (Ve Prdn = —% (e+1nb). (38)
0
We obtain
K=2(In(a)) — e
= log, (e) Z M (39)

ks a4 — ak



Tan et al. EURASIP Journal on Wireless Communications and Networking (2017) 2017:181

and

K K-3 1 N
= togy 0y T ) =)
o1k Hk;&j aj — dk

(40)

Finally, substituting (39) and (40) into (35) concludes the
proof. O

Based on Theorem 2, we observe that in high-SNR
regime, the achievable ergodic SE is a function of the num-
ber of BS antennas, the number of users and the crosstalk,
which converges to a constant. The reason is both the sig-
nal power and the interference power increase as the SNR.
This implies that the performance of the system with MRT
precoding can severely deteriorate in a high SNR regime.
More importantly, from Theorems 1 and 2, we observe the
involvement of the crosstalk coefficients. According to the
definition of a; in (21), we see that the crosstalk coefficient
mainly depends on the particular antenna array configura-
tion at the BS. Once the BS deployment is completed, the
crosstalk coefficient a; can be easily acquired. In addition,
other antenna array configuration such as UCA or ULA
can be easily applied to Theorems 1 and 2 by plugging the
corresponding crosstalk coefficients. The corresponding
crosstalk coefficients a; for these antenna arrangements
can be found in [32, 36].%

In order to proceed, substituting (4) into (21), the
crosstalk coefficients a; for URA configuration can be
expressed as

. . ( Nykod 2
1 |sin (N"/;"d" 8x> sm( yzo y(Sy)

Nt | sin (%8,6) sin (@%)

aj (41)

where 8, and §, are defined in (17). The crosstalk coeffi-

cients a; can be further simplified as

1
=N

(1 — cos (Nykody8y)) (1 — cos (Nykod,sy))
(1 = cos (kodx8x)) (1 — cos (kody3y))
(42)

aj

According to (42), we see that the effect of the crosstalk
coefficient on the achievable ergodic SE is difficult to
derive for the general case. Alternatively, we first observe
that the normalized crosstalk coefficient depends on the
number of BS antennas in the horizontal and vertical
planes, inter-antenna spacing in the corresponding hori-
zontal and vertical planes, and users’ AoD. In the follow-
ing, we present the effect of users’ AoD and inter-antenna
spacing on the normalized crosstalk coefficient.

Figure 2 shows the normalized crosstalk versus the
azimuth angle of the j-th user and different number of BS
antennas. In the simulations, the users’ elevation angles
are fixed to be ¢y = ¢; = 7 /4, the azimuth angle of the
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Fig. 2 The normalized crosstalk coefficient versus the azimuth angle
of the j-th user for different N;

k-th user is fixed to be 6y = /6, the inter-antenna spac-
ing in horizontal direction is set to dy = d, = A/2, and
the number of BS antennas is 36, 64, 100,400, and 1000,
respectively. The fluctuations of the curves are due to
cos function in (42). The crosstalk coefficient decreases
when the number of BS antennas increase or when angle
difference between two steering vectors increases. In par-
ticular, for the case with very large antenna arrays, a;
decreases rapidly. In this case, nearby users can be easily
distinguished by the azimuth angle.

Figure 3 shows the normalized crosstalk versus inter-
antenna spacing dy in the vertical direction. In the sim-
ulations, we choose fixed angles corresponding to user
positions 6y = 0; = /4, ¢p = ¢ = 7m/4, and the inter-
antenna spacing in horizontal direction is set to d, = 1/2.
The number of antennas in both horizontal and the verti-
cal directions is eight; thus, the total number of antennas
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& = N

o
o
>

Normalized Crosstalk [ a, |
g

0.02

0 i h i
0 1 2 3 4 5 6

Inter—antenna spacing in vertical direction [dy]

Fig. 3 The normalized crosstalk versus inter-antenna spacing in the
vertical direction
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is 8 x 8 = 64. We see that a; is a periodic function, due to
the properties of the cos function. To minimize the value
of a;, the vertical inter-antenna spacing d, is adjusted
according to the BS size given fixed dy and N; because
the users’ AoDs are not distinguishable in some special
scenarios such as a dense region or hot spot.

In order to improve the achievable ergodic SE, we now
propose a user scheduling scheme by exploiting azimuth
and elevation AoDs of users. The work in [36] has demon-
strated that perfect orthogonality between different user
channel vectors does exist for ULA and URA configura-
tions under LoS propagation conditions. Herein, we only
consider the URA configuration in the paper since ULA
configuration is a special of the URA configuration.

3.2 Maximum and minimum achievable SE

Although Theorems 1 and 2 provide a result on the
achievable ergodic SE, reducing the normalized crosstalk
to zero is difficult in a practical system with finite antenna
elements. To improve the achievable ergodic SE under
MRT precoding, we propose a user scheduling scheme
by exploiting users’ AoD information. User scheduling is
well recognized as a promising technique to improve the
system performance in communication systems. If per-
formed effectively, then user scheduling can be an attrac-
tive solution to mitigate interference [37, 38]. In mmWave
MIMO systems, the steering vector is predominant and
the users’ AoD changes slowly [10, 11]. Therefore, our user
scheduling scheme shall use the information of the steer-
ing vectors to determine a set of users with low crosstalk
coefficients. The user scheduling scheme can be outlined
as follows:

e The scheduler acquires AoD information of the users
and according to the acquired AoD information, the
users satisfying the orthogonal criterion are selected
as the scheduled group. The specific process is that
the AoD information is firstly estimated at mobile
stations by using the estimated algorithm (such as
multiple signal classification (MUSIC), estimation of
signal parameters via rotational invariance
techniques (ESPRIT), and subspace algorithms
[10, 39]) and then fed back to BS via feedback of
downlink channel. In closed-loop frequency division
duplex (FDD) MIMO system, downlink AoD
information is usually fed back to BS in forms of
codebook or channel quality indicator (CQI)[40, 41].

e According to (42), if the steering vectors satisfy the
orthogonal criterion for given an arbitrary finite
number of BS antennas, then

cos(Nykodx0x) = 1 or/and cos(Nykod,dy) = 1.
(43)
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As a result, we have the following conditions for &,
and &y, respectively

Nid Sy
A

where 1, and n, are any positive numbers. From (43),
we obtain the conditions for the orthogonal criterion

= ny or/an (44)

Nydysy
A= ="

as follows:

Ny (sin 6y cos ¢y — sin 6; cos ¢j) = n, (45)
or/and

Nyn (sin 6 sin ¢ — sin 6; sin ¢) = n,. (46)

where 7 is defined in (4).
e The BS transmits data streams to selected users with
equal power allocation.

Remark 1 The conditions in (45) and (46) guarantee
that the users in the selected set S are mutually orthogonal.
Combined with the user scheduling, the MRT precoding is
able to obtain a similar performance to the ZF precod-
ing for the reason that the selected user interferences have
been completely canceled. Finally, note that our proposed
scheduling method focuses on maximizing the achievable
ergodic SE; however, in doing so, the fairness among the
users is not guaranteed.

We now analyze the asymptotic performance of the
proposed scheduling method.

Proposition 1 When a set of selected users are mutually
orthogonal based on the user scheduling scheme, the inner
product of the steering vectors between different links tends
to zero. Therefore, the maximum achievable ergodic SE of
the system can be expressed as

1 1
R =log, (e) er%Mt Eq (,ogth> . (47)

Proof The set of selected users are orthogonal to each
other. Hence, the achievable ergodic SE of the proposed
scheduling scheme is given by

RP* = {log, | 1+ pgi |[nffwi” (48)
——
Z

We note that the probability density function (pdf) of
the random variable Z is given by

1 _=
fz(2) = A—[te N, (49)
With (49) in hand, we can evaluate R}™ as
o
R = /0 log, (1 + pgk2)fz (2) dz. (50)
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Substituting the pdf of Z into (50) and with the help of
([27], Eq. (4.337.2)), we obtain

1 1
R™ = —log, () "% Ei (_ ngNt> ' ey

By applying the identity E; (x) = —Ei (—x), we complete
the proof. O

Remark 2 From Proposition 1, we observe that the
achievable ergodic SE of MRT precoding with the user
scheduling method is identical to that of the ZF precoding
[42]. This is because the MRT transmission scheme with
the scheduling criterion in Proposition 1 facilitates inter-
user interference cancelation. In addition, compared to the
ZF precoding, the MRT precoding enjoys a much lower
computational complexity and does not involve matrix
inverse calculations, whereas the user scheduling scheme
described above emphasizes the importance of selecting
users for multi-user mmWave MIMO systems.

Corollary 1 For the special case of Ny — oo or p — 00,
the achievable SE reduces to a function with the number of
BS antennas and the SNR as follows:

lim
N;— 00,0rp— 00

1
R — 1 —In(——)+01).
e (- () o)
(52)

Proof As the number of antennas or the SNR grows
without bound, i.e., N; — o0, or p — 00, we have
1

— = 0.

N (53)

By utilizing the following identity for the exponential
integral function given in ([43], Eq. (06.34.06.0007.01),
when z — 0, we get

Ei(2) x —In(z) + O(1). (54)

By making the number of BS antennas and the SNR
grow without bound, and performing by some basic alge-
braic manipulations, we prove the result. O

From Corollary 1, we see that in the high SNR regime,
MRT precoding with orthogonal user scheduling not
only reduces the consumption of transmit power but
also ensures a high achievable ergodic SE. More impor-
tantly, the MRT scheme with user scheduling only needs
a small number of channel feedback bits to perform near-
ideal interference cancelation because the steering vectors
become deterministic. These observations clearly reveal
the effectiveness of user scheduling.

We now focus on a dense user deployment. In a
dense user scenario, e.g., conference hall, railway station,
air-plane, or subway entrances, many devices could be
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active within close proximity [44]. When users are co-
located, the users’” AoDs shall become nearly identical.
This extreme case introduces very high inter-user interfer-
ence. In the following proposition, we analyze this specific
case and evaluate the minimum achievable ergodic SE of
the system.

Proposition 2 When the users are co-located, the inner
product of the steering vectors achieves its maximum value,

2
ie, aj:‘v]ij‘ /1l v 1>~ N,, then the minimum achievable

ergodic SE is given by

. _1_ 1
R = log, (e) e”sNt Ex ( PLiNt ) ' %)

Proof Let us begin by rewriting the achievable ergodic
SE in (19) as

z
; |le(Bivid™ Brvi |2
Ry =E {log, | 1+ e
2
%gk + Z |c(Bevi)™ Bvi]
j=Ljk
1%
(56)
For the sake of simplicity, we define
Z
=0, (57)
1/ pgc+V
where the pdf of Z is given by
1 _ =
fz(2) = A—[te N, (58)
2
We have a; = ‘VIHV]“ /v 1> ~ Ny, for j=1,...,K

when all users are co-located. Also X; = |c(,3kvk)H ,B;v;\z
for j=1,...,K and j # k are i.i.d. exponential random
variables. Let V' = Z,I»il#ka and the pdf of V' can be
expressed as

K27 N
v = (59)
W= Tk oy
Conditioning on V, the pdf of S can be written as
o0
56 = [ fav 6o 0 (60)
Substituting the pdf of V' in (59) into (60), we have
o0 1 (=L K24~
fS (S) :/ ( —+ V) e (pgth +V>s;176tdv
0 PNt N7 (K —=2)!
(61)
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With the help of the integration identity ([27], Eq.
(3.310)) and ([27], Eq. (3.381.4)), we obtain

o TENE ( 1 ( .
- [—— (1 +s) +k —1).
1+ )% \ pgiN;

By calculating the integral in (62), we can easily show
that the cdf of S is given by

Js(8) = (62)

N
e PNt

FS(S)=1—W.

(63)

The achievable ergodic SE in (56) can be rewritten as
(1451, Eq. (4))
©1—Fs(s)

R™IM — o e/
k g (e) A 1+s

Substituting the cdf of S in (63) into (64), and with the
aid of ([27], Eq. (3.382.4))

ds. (64)

e e PENUL (N 4L 65
/0(1+x)Nxe (-N+1b).  (65)
We obtain
‘ L K- 1
e o I LS )
(66)

By applying the identity Ej (x) = AT (1 = B, x), we
complete the proof. O

From Proposition 2, we draw an interesting conclu-
sion that the kai“ is function of the SNR, the number
of BS antennas and users. kai“ decreases as the num-
ber of users increases. The reason is that Ex(-) is a
monotonically decreasing function of K, and contributes
toward increasing the inter-user interference. Therefore,
increasing number of users in a dense user scenario can-
not benefit the achievable SE. This observation is differ-
ent from the case when the number of BS antennas is
increased. Clearly, if we do not perform user scheduling,
then the achievable SE tends to zero. The following corol-
lary presents the impact of the SNR and the number of BS
antennas on the downlink achievable SE.

Corollary 2 For the special case of Ny — oo or p — 09,
the minimum achievable SE is reduced to
log, (e)
K—1"

lim Ry =
N;—o00,0r p—>00

(67)

Table 1 The azimuth and elevation angle of the users (K = 8)
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Proof The proof starts by recalling the properties of
Ej () from ([43], Eq. (06.34.03.0002.01)), when /1 > 1, we
have

1
E,(0) = ——.
n(0) ==
For the special case of Ny — 0o or p — o0, which leads
to 1/(pgkNy) — 0. Then, applying the above identity, we
have

(ram) = =
Ex =,
pgiN:)  K—1

Substituting (69) into (55) yields the desired result. [

(68)

(69)

Corollary 2 showcases that the fixed the number of
users, R}(nin converges to constant as the number of BS
antennas grows without bound. This because the co-
located users brings high inter-user interference and
degrades the performance. Therefore, improving the
number of BS antennas and high SNR regime in this
scenario cannot contribute to the achievable SE.

4 Numerical results

In this section, we provide simulation results to validate
the derived analytical expressions. All simulation results
were obtained by averaging over 100,000 independent
channel realizations. In our simulations, we adopt the
micro cell environment in [33] with slight modifications.
The maximum antenna gain at the antenna boresight
Gmax is set to 20 dB, the horizontal and vertical half-
power beamwidth ¢s3qp and O34p are set to 65° and 65°,
respectively, and the antenna tilting angle 6 is set to
90°. Furthermore, we assume that the users are randomly
distributed in a circular cell. The azimuth and eleva-
tion angles of user are randomly drawn from [0, 27] and
[ —m/2,7/2] interval, respectively [46]. We select eight
users from user grouping, the azimuth and elevation
angles of whose are listed in Table 1, and channel vectors
are generated according to (3) in Section 3.

In Fig. 4, the simulated total achievable SE for MRT
and ZF precoding (MRT with scheduling method), as well
as, the derived analytical expressions of Theorem 1 and
Proposition 1 are plotted against the SNR. In the simu-
lations, the number of BS antennas is set to 8 x 8 = 64
and 10 x 10 = 100, and the inter-antenna spacing along
the horizontal and the vertical direction are set to
dy = dy = 1/2. We see that the theoretical results show a
good match with the Monte-Carlo simulations across the
entire SNR regime, which validates the analytical results.

Us Us Us Us Us Us Uz Us
¢ 0.9681 2.1770 3.0080 1.7151 1.0428 0.7703 0.1790 1.2570
0 —1.5008 06122 —0.4638 0.2146 0.5428 —0.7163 0.4769 1.0956
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Theoretical for MRT without Scheduling Method)
— = Theoretical for ZF (MRT with Scheduling Method) 4
120 © Monte—Carlo Simulation Pl

Total achievable SE [bit/s/Hz]

0
-10 -5 0 5 15 20 25 30

10
SNR (dB)
Fig. 4 The total achievable SE versus SNR for N; = 64,100 and K = 8.
Results are showed for MRT without scheduling method and ZF
precoding (MRT with scheduling method)

We also see that for a fixed number of BS antennas and
inter-antenna spacing, the total achievable SE for ZF pre-
coding increases with the SNR for the reason that the
ZF precoding scheme is able to completely cancel out
inter-user interference, whereas the total achievable SE
for MRT precoding without scheduling method converges
to a saturated value in the high SNR regime because
the inter-user interference becomes dominant as the SNR
increases. Compared with ZF precoding, the total achiev-
able SE for MRT precoding without scheduling method
is almost identical at SNR = -10 dB, but suffers severe
loss (about 200%) at SNR = 30 dB. For comparison, we
depict the total achievable SE for different number of
antennas Ny = 64 and N; = 100, respectively. We observe
that deploying more antennas at the BS always provides
additional achievable SE because the large antenna arrays
facilitate the asymptotic orthogonal condition between
different steering vectors. This observation implies that
equipping at the BS with large-scale antenna arrays
becomes critical for achieving a good total achievable SE.

Figure 5 depicts the analytical results for the total
achievable SE, as well as Monte-Carlo simulation results
with different number of BS antennas from 50 to 500.
As we can see that the theoretical results remain very
tight with the numerical simulation results varies with the
number of BS antennas, which validates the theoretical
results in Proposition 1. In addition, we also find that with
fixed the number of user and the SNR, the total achievable
SE grows without bound with the number of BS anten-
nas, which is in accordance with the result in Corollary 1.
This observation implies that massive antenna arrays con-
tribute substantially toward improving the total achiev-
able SE, which is especially appealing for mmWave MIMO
systems. For comparison, we show the total achievable
SE at the different SNR regimes, i.e., 5 and 10 dB. As

Theoretical
9ol © Simulation

®
o
T

~—> SNR = 10dB

~
o

~
o

SNR =5dB

Total Achievable SE [bit/s/Hz]
(2]
a

@
o

o
a

50 I I I I I I I L
50 100 150 200 250 300 350 400 450 500

Number of BS antennas [N[]

Fig. 5 The total achievable ergodic SE versus the number of BS
antennas for SNR =5 and 10 dB

expected, the achievable SE for the high SNR regime is
better than that for the low SNR regime, which is also
aligned with the result in Corollary 1.

Finally, Fig. 6 shows the simulation and the theoretical
results for the maximum achievable ergodic SE with user
scheduling, the minimum achievable ergodic SE with a
dense user scenario, and the random user’s achievable SE.
We observe that in the low SNR regime (e.g., p = —10dB),
the random user’s achievable ergodic SE is almost equal
to the case with user scheduling, which slightly increases
with the increase in SNR. However, in the high SNR
regime, the maximum achievable ergodic SE with the user
scheduling method is much greater than that for the ran-
dom user selection. Moreover, the maximum achievable
ergodic SE shows a linear increase, which is in agree-
ment with Corollary 1. The minimum achievable ergodic

Maximum SE
14| = = Per user SE
- = = Minimum SE
12| o  Simulations 1

Achievable SE [bit/s/Hz]
o]

o Ei@ = r0= =@ = m0m =B O g

T ST SRS S Sy, S, S, Spe, S, S
-10 -5 0 5 10 15 20 25 30
SNR[dB]

Fig. 6 The total achievable ergodic SE versus SNR. Results are shown
for the maximum and minimum rate and the achievable rate of U,
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SE is almost constant in the high SNR regime due to
severe interference among users, which is in good agree-
ment with the theoretical analysis in Corollary 2. This is
because as the SNR grows, inter-user interference will also
increase.

5 Conclusions

This paper investigated the achievable ergodic SE of
the downlink of single-cell multi-user mmWave systems,
where the BS is equipped with a large number of trans-
mit antennas and service multiple single-antenna users.
An exact analytical expression for the achievable ergodic
SE was derived. Results showed that the total achievable
SE converges to a saturation value in the high SNR regime
and increase remarkably in the large antenna regime.
For finite number of antennas at the BS, we designed
a user scheduling scheme based on users’ AoD infor-
mation, and then derived the corresponding maximum
achievable ergodic SE. Under this scheduling scheme, the
total achievable SE with MRT precoding can be substan-
tially improved. Furthermore, we presented the minimum
achievable ergodic SE of a system based on a dense user
case.

Endnotes

! Note that although a uniform circular array configura-
tion can also achieve 3D beamforming, channel steering
vectors between different users do not achieve orthogo-
nality with a large number of antennas [36].

2Note that for randomly distributed users in the
circular-shaped cell, the condition ¢y # ¢; holds with
probability one.

3The AoDs of the azimuth and elevation angles of the
users can be obtained by the BS, and can be treated as
constants over a long period [10].

4Given a UCA configuration, crosstalk coefficient af
can be expressed by

a; = Jg (korse), (70)

where §, = \/sin29k + sin20j — 2sin 0 sin 6; cos (qbk — d),),
and r denotes the radius of the circular transmit array.
Given a ULA configuration, crosstalk coefficient u; can
be expressed as

2
1 |sin (N—xgod" 8)
)
a. =

TN sin (%5)

where § = cos ¢ — cos ¢;.
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