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Abstract

Biorthogonal Fourier transform (BFT), consistent with the matched signal transform (MST), has been introduced to
demodulate the M-ray chirp-rate signal which possesses good orthogonality in the BFT domain. Here, we analyze the
characteristics of BFT detection in a further step, including the resolution capability of the multichirp-rate signal, the
property of pulse compression, the closed-form bit-error rate in the additive white Gaussian noise (AWGN) channel,
and the interference in the time-frequency dispersive channel. Even in the high Doppler environment, the shift in BFT
detection is proven to be slight. In addition, we deduce that the orthogonality among received chirp rates in the BFT
domain would be affected in the multipath dispersive environment. This causes the mutual interference among
different chirp rates in a symbol and over symbols concurrently. The theoretical result shows that the chirp modulation
parameter can be adjusted to obtain the trade-off between time and frequency dispersion. By the multipath model of
chirp-rate signal, an auxiliary parallel interference cancellation (PIC) method is further introduced in multipath
environment. Simulations verify our analyzed performance of BFT detection in the AWGN, Doppler, and multipath
channels. The proposed interference cancellation algorithms are also proven to be effective.

Keywords: Chirp-rate modulation, Biorthogonal Fourier transform, Matched signal transform, Dispersive channel

1 Introduction
Early chirp signals, i.e., linear frequency modulation
(LFM) signals, are implemented in radar and communica-
tion. In radar, the impulse-compression characteristic of
chirp is utilized to extract targets, while the chirp signal is
invoked as spread-spectrum waveform to suppress inter-
ferences in communications [1]. In recent years, wireless
sensor networks, as well as military ad hoc network,
have the requirement of integration with self localization,
sensing, and communication functions. In this context,
chirp scheme for localization and communication is unan-
imously adopted by the IEEE 802.15.4a Working Group
in 2005 as a supplemental physical layer standard of wire-
less sensor network [2]. Meanwhile, many efforts in signal
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processing devote to estimate range or localization with a
chirp signal [3, 4].
In other fields, broadband wireless communications

in high-speed vehicles, such as aircraft and high-speed
trains, are much in demand. Conventional phase-based
transceivers are unable to meet the needs of the large
Doppler shift caused by moving speeds over 200 km/h
unless they adopt complicated frequency-shift estimation
and compensation. The chirp signal is a good candidate
since it is a constant-modulus time-frequency signal and
does not require phase detection. However, chirp suffers
low-modulation efficiency owing to its simplex spread-
spectrum waveform.
Some efforts on improving the modulation efficiency

of a chirp signal have been reported in recent years.
Wysocki proposes a Walsh-coded chirp modulation in
[5] for multiple access. Segments with different phases in
a symbol are designed to maintain orthogonality among
multiuser signals. A multidimensional chirp modulation
scheme with code division spread spectrum is presented
in [6]. By overlapping subbands and modulating with

© The Author(s). 2018 Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons license, and indicate if changes were made.

http://crossmark.crossref.org/dialog/?doi=10.1186/s13638-018-1027-3&domain=pdf
http://orcid.org/0000-0003-2918-6067
mailto: gwzheng@gmail.com
http://creativecommons.org/licenses/by/4.0/


Zheng et al. EURASIP Journal onWireless Communications and Networking  (2018) 2018:23 Page 2 of 13

pseudorandom sequences, the scheme improves modula-
tion efficiency in frequency and time domain. Analog and
digital correlators are both adopted in [7]. The correla-
tion by the former reduces the time-bandwidth product
of a chirp signal and thereby reducing the complexity of
post-stage digital processing. To improve orthogonality,
[8] introduces a two-segment structured symbol modu-
lated by different chirp rates andWalsh codes. Submitting
to the IEEE802.15.4a physical layer proposal, Nanotron
Inc. develops a M-ary modulation by four-segments lin-
ear chirps [9] and employs the multi-choice precoding
(MCP) technology to solve the multipath fading prob-
lem in noncoherent detection. Its modulation efficiency
still needs to be improved, and MCP has poor perfor-
mance in a fast fading channel due to the requirement
of the channel information feedback from receiver to
transmitter.
The progress in time-frequency (T-F) signal process-

ing is also applied to chirp detection. Recently, the
T-F dispersive channel and orthogonal frequency-division
multiplexing (OFDM) signal have been intensively stud-
ied [10]. The series of the filter bank multicarrier (FBMC)
and T-F filters for OQAM have been proposed to offer
better performance to Doppler shift [11]. Here, we con-
cern the various TF-based detectors developed for detect-
ing chirp signals. They include the dechirping technique,
the Radon-Wigner transform [12], the Radon-ambiguity
transform [13], the chirplet transform [14], and the
short-time Fourier transform [15]. A multi-carrier chirp
communication system based on the fractional Fourier
transform (FRFT) is developed in [16] and has been
proven to be more reliable compared to fast Fourier trans-
form (FFT) based OFDM in time-frequency-selective
channels. In recent years, FRFT-OFDM has received
attention, and its performance has been analyzed in the
dispersive environment, especially in the frequency off-
set or Doppler frequency shift analysis [17–19]. All of
them reveal that FRFT detection performance is signif-
icantly better. Furthermore, the affine fourier transform
as a generalized FRFT is introduced to multicarrier sys-
tem in [20, 21]. In [22], the out-of-band power reduction
methods are proposed to the weighted-type FRFT-based
multicarrier system. The detectors mentioned above show
better anti-ICI performance, that is proved to be feasible
in ground-to-air channels. However, the time dispersion
(ISI) evaluation and performance analysis for the chirp
multicarrier method is neglected.
Other analyses in [23] and [24] concentrate on the res-

olution of multi-components in the short-term FRFT and
FRFT domain. The condition is deduced to obtain the
maximal resolution performance. Tao [31] and Zhao [26]
introduce the FRFT to estimate the multiple components
of a chirp signal. However, simultaneous FRFT detectors
with different orders should be applied to corresponding

chirp-rate signals. This, however, results in high comput-
ing load and complexity in practice.
Matched signal transforms (MSTs) to exponential

instantaneous frequency structures are proposed in [27],
and further, a linear MST method is introduced to sup-
press LFM interference [28]. Wang [29, 30] presents a
transform being consistent with linear MSTs, naming it
the biorthogonal Fourier transform (BFT), to detect a
chirp signal since it matches the chirp rate. Like the
Fourier transform to a single-frequency waveform, the
impulse-compression effect of the chirp rate is achieved
in the BFT domain. Unlike FRFT, the demodulation of the
multichirp-rate signal requires only one BFT process to
complete. So far, the demodulation performance of BFT
or linear MST to chirp-rate signal, and the applicability of
BFT in wireless doubly dispersive channels have not yet
been analyzed in the literatures.
This paper deduces the output signal-to-noise-ratio

(SNR) of BFT detection of chirp-rate signal, and the
closed-form bit-error-rate (BER) result is obtained. Some
characteristics of the discrete BFT are analyzed to design
the multichirp-rate signal and the demodulation algo-
rithm. In a practical environment, we demonstrate that
the orthogonality among the chirp-rate signals in the
BFT domain will be unfortunately affected by multipath
propagation. However, by adjusting the chirp rate of the
signaling scheme, we obtain a trade-off between the toler-
ance of the time and frequency dispersion, i.e., ICI and ISI.
In addition, we also developed an auxiliary parallel inter-
ference cancellation (PIC) method based on the dispersive
model in BFT domain to mitigate the multipath interfer-
ence. At the end of paper, the effect of the Doppler shift
is analyzed and verified by simulations. With square-law
BFT (BFT2), outstanding detection performance exceeds
that of FRFT and FSK in the channels with large Doppler
shift.
The rest of this paper is organized as follows: firstly,

multichirp-rate signal models in the time domain is given
in Section 2. Secondly, Section 3 gives the definition
of BFT and analyzes the BFT characteristics, includ-
ing the closed-form solution of BFT detection perfor-
mance. Thirdly, BFT detection in frequency-offset and
multipath environments are discussed in Section 4 and
Section 5, respectively. Fourthly, based on the multipath
model in BFT domain derived in Section 5, a MMSE
detection aided by the decision-directed PIC is proposed
in Section 6. Fifthly, the simulation results and some dis-
cussions are given in Section 7. Finally, the conclusions of
our work are summarized in last section.

2 Multichirp-rate signal model
A multichirp-rate scheme is introduced to improve the
modulation efficiency of a chirp spread-spectrum (CSS)
signal [29, 31]. It maintains the frequency characteristics
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of the original LFM and avoids high demand of the phase-
modulated signal for strict synchronization and equaliza-
tion of the receiver.
At the nth symbol, the M-ary chirp-rate signal model

can be presented as

sM(n, t) =
M∑

m=1
b[ nM + m] exp

(
j2π

(
f0(t − nTs)

+1
2
Km(t − nTs)

2
))

, ((n − 1)Ts ≤ t < nTs)

(1)

where M represents the number of chirp rates, i.e., the
M-ary modulated symbol. Km is the chirp rate, and f0 is
the center frequency. Ts is the modulated symbol period.
b[k]∈ {−1, 1} is the binary information bit. This multiple
chirp-rate modulation can be viewed as a parallelM-way-
modulated signal combination in the chirp-rate domain.
Different chirp rate represents different information bit in
a symbol period, as shown in Fig. 1.

3 BFT on chirp-rate signal
The biorthogonal Fourier transform (BFT) and its inverse
conversion algorithm is defined in [29, 30] (or refer to [28]):

BFT[ f (t)]� F(β) = 2
∫ +∞

0
f (t)t exp

(−jβt2
)
dt

IBFT[F(β)]� f (t) = 1
2π

∫ +∞

−∞
F(β) exp

(
jβt2

)
dβ

(2)

Obviously, to the signal of linear frequency modulation
f (t) = exp

(
jπKmt2

)
, it has BFT[ f (t)]= 2πδ(β − πKm),

where the impulse position at πKm in the BFT domain
reflects the chirp rate. Referring to the short-term discrete
Fourier transform (STDFT), the discrete BFT (D-BFT)
performs a circular convolution operation. Here, the over-
sampling frequency is denoted as fc and its interval is Tc.

The time and BFT domain are discretized as t = lTc and
β = k�β , where l and k are integers. Furthermore, the
N-point symbol duration is defined as Ts = NTc with
N � 1, and N-point chirp-rate duration is defined as
� = N�β . Thus, it has the following relationship:

Tc = 1/fc, �β = 2π/T2
s

� = 2π fc/Ts, βt2 = kl2
2π
N2

F(k�β) = 2
fc

N∑

l=0
f (lTc)lTc exp

(
−j

2π
N2 kl

2
)

The D-BFT and its inverse transform (D-IBFT) can be
derived as

F(k) = 2
fc

N∑

l=0
f (l)l exp

(
−j

2π
N2 kl

2
)

f (l) = 1
N2

N∑

k=0
F(k) exp

(
j
2π
N2 kl

2
) (3)

The BFT is shown to be equivalent to the Fourier trans-
form of a nonlinearly sampled or warped version of the
signal. Therefore, the FFT can be used to improve its com-
puting efficiency. It can be accomplished by firstly over-
sampling f (t) to reduce approximation errors in obtaining
warped signal samples.
By analyzing the BFT and D-BFT, we derive some

characteristics and performances of the transform in
multichirp-rate signal detection.

Theorem 1 The BFT impulse position is determined by
the time-bandwidth product of chirp-rate signal. When the
time-bandwidth product is an integer multiple of 2, the
BFT impulse peak is at the discrete k.

Proof Suppose chirp-rate signal is f (t) =
A exp

(
jπKmt2

)
. Its discrete form is f (lTc) =

Fig. 1M-ary chirp-rate signal and D-BFT demodulation. The figure shows the system block diagram for the multichirp-rate modulation and BFT
demodulation
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A exp
(
jπKml2T2

c
)
. Inserting it into the above D-BFT

expression, we obtain the peak position κ of F(k), which
is given by

κ = 1
2
KmT2

c N
2 = 1

2
KmT2

s (4)

According to Km = ±Bm/Ts where Bm is the bandwidth
of chirp-rate signal, we have κ = ±BmTs/2. Therefore,
the BFT peak is at the integer k when the chirp BmTs is a
multiple of 2.

By calculating the BFT at κ = ±BmTs/2 (m =
1, 2, · · · ,M), the BFT peak of the mth chirp-rate signal is
obtained. This operation undoubtedly simplifies the BFT
of chirp-rate signal and reduces computational load.

Lemma 1 When the chirp-rate signals have different
integer BmTs/2, they are orthogonal to each other at the
discrete k in BFT domain.

Proof In a symbol duration Ts, the BFT of f (t) =
A exp

(
jπKmt2

)
, (0 ≤ t < Ts) is given by

BFT[ f (t)] = 2A
∫ Ts

0
t exp

(−j(β − πKm)t2
)
dt

= AT2
s Sa

(
(β − πKm)T2

s
2

)
exp

(−j(β − πKm)T2
s /2

)

(5)

which is a Sa(·) impulse. Thus, there is

|BFT[ f (t)] | = AT2
s Sa

(
(β − πKm)T2

s
2

)
(6)

With�β =2π/T2
s , substituting β = πKm±2πk/T2

s (k �=
0, k = ±1,±2, · · · ) into the above BFT result, it has

|BFT[ f (t)] | = AT2
s Sa

(
2kπ
2

)
= 0 (7)

In addition, it has the peak |BFT[ f (t)] | = AT2
s at β =

πKm, that is k = β/�β = BmTs/2 in the discrete BFT.
Therefore, the chirp-rate signals have the orthogonality in
discrete BFT domain if they have different integerBmTs/2.

According to the lemma, themultichirp-rate symbol can
be demodulated, and the BFT impulses corresponding to
different chirp rates can be resolved.

Theorem 2 In the AWGN channel, SNR of the BFT
detection to chirp-rate signal depends on the time-
bandwidth product of the received signal where the band-
width is the sampling bandwidth. The BER of BFT
demodulation is

Pe = Q
(√

3
2

· Eb
N0

)
(8)

where Eb is the received chirp-rate energy in a symbol
period, and N0 is the single-sided power spectral density of
AWGN.

Proof In the continuous time domain, the peak ampli-
tude of BFT output is AT2

s where A is the amplitude of the
received signal. Owing to the I-Q complex modulation in
Eq. (1), the peak power by BFT demodulation is given by

Sout = A2T4
s (9)

In the complex zero-mean AWGN environment, the
noise can be decomposed into n(t) = an(t) exp(jφ(t)),
where an(t) is the amplitude with Rayleigh distribution,
and φ(t) ∈ (0, 2π ] is the phase with uniform distribution,
and they are statistically independent of each other [32].
Thus, the noise by BFT can be expressed as

Nout(β) = 2
∫ Ts

0
n(t)t exp

(−jβt2
)
dt

= 2
∫ Ts

0
tan(t) exp

(
jφ(t) − jβt2

)
dt

= 2
∫ Ts

0
tn′(t)dt

(10)

Since φ(t) follows uniform distribution,
(
φ(t) − βt2

)

also follows uniform distribution. Thus, n′(t) =
an(t) exp

(
jφ(t) − jβt2

)
is still a Gaussian noise due to

the independence of an(t) and
(
φ(t) − βt2

)
, which obey

Rayleigh distribution and uniform distribution, respec-
tively. Then, the noise variance of the BFT can be repre-
sented as

Var[Nout(β)]=4
∫ ∫ Ts

0
E
(
t1n′(t1)t2n′(t2)

)
dt1dt2

=4
∫ ∫ Ts

0
t1t2Rn′ (t1, t2)dt1dt2

=4
∫ 0

−Ts
Rn′ (τ )dτ

∫ Ts

−τ

t2(τ + t2)dt2

+ 4
∫ Ts

0
Rn′ (τ )dτ

∫ Ts−τ

0
t2(τ + t2)dt2

=4
∫ 0

−Ts
Rn′ (τ )

(
1
2
T2
s τ + 1

3
T3
s − 1

6
τ 3

)
dτ

+ 4
∫ Ts

0
Rn′ (τ )

(
1
2
(Ts − τ)2τ + 1

3
(Ts − τ)3

)
dτ

(11)
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By the front band-pass filter and sampler in the receiver,
n′(t) is the Gaussian noise with bandwidth B = fc. There-
fore, its autocorrelation function is Rn′ = σ 2

n Sa(πτ/Tc).
We note that Rn′(τ ) ≈ 0 when τ > Tc. In addition, when
τ ≤ Tc, i.e., τ 	 Ts, the item 1

6τ
3 is negligible with

the oversampling times N � 1 and (Ts − τ)2 ≈ T2
s ,

(Ts − τ)3 ≈ T3
s . Thus, we have

Var[Nout(β)] ≈ 4
∫ Ts

−Ts
Rn′(τ )

(
1
2
T2
s τ + 1

3
T3
s

)
dτ

= 4
3
σ 2
nT3

s

∫ Ts

−Ts
Sa

(
πτ

Tc

)
dτ = 4

3
σ 2
nT3

s Tc

(12)

The item Rn′(τ ) · T2
s τ is an odd function of τ , so that its

integral over [−Ts,Ts] is zero.
We note that the BFT in Eq. (10) is a linear transform, so

thatNout(β) is still a Gaussian noise. Therefore, the BER of
BFT demodulation for the bipolar chirp-rate signal could
be derived as

Pe = Q
(√

2Sout
Var[Nout(β)]

)

= Q
(√

3
2

· A
2Ts

σ 2
nTc

) (13)

Without regarding to the processing gain g = Ts/Tc = N ,
the BER is expressed by Eb/N0 = A2Ts/σ 2

nTc as

Pe = Q
(√

3
2

· Eb
N0

)
(14)

Here, we further deduce the output SNR of the
D-BFT. The discretized chirp-rate signal f (lTc) =
A exp

(
jπKml2T2

c
)
is transformed as

S(k) = D-BFT[ f (t)]

= 2ATs
N

N∑

l=0
l exp

(
jπKml2T2

c
)
exp

(
−j

2π
N2 kl

2
)

(15)

At k′ = BmTs/2, the amplitude of matching impulse by
D-BFT is derived to be S(k′) = (N + 1)ATs.
By expressing the discrete zero-mean AWGN as n(l) =

Al exp(jXl), where Al meets Rayleigh distribution and
Xl meets uniform distribution in (0, 2π ]. Similar to the
deduction in Eq. (11), substituting n(l) into the D-BFT
expression, we have

N(k) = D-BFT[ n(t)]

= 2Ts
N

N∑

l=0
l · Al exp

(
jXl − j

2π
N2 kl

2
)

= 2Ts
N

N∑

l=0
l · n′(k, l)

(16)

Shown in the expression, the output noise from the
D-BFT is a linear accumulation of Gaussian processes.
Obviously, it is still a zero-mean Gaussian noise, so that its
variance is derived as

Var[N(k)] = E
[(

2Ts
N

N∑

l=0
l · n′(k, l)

)2
]

= 4T2
s

N2 σ 2
n

N∑

l=0
l2

= 2T2
s (N + 1)(2N + 1)

3N
σ 2
n

(17)

Here, we have the output SNR of the D-BFT on chirp-
rate signal when N � 1

S(k′)2

Var[N(k)]
= 3N(N + 1)

2(2N + 1)
· A

2

σ 2
n

≈ 3N
4

· A
2

σ 2
n

(18)

This result is consistent with the SNR of the BFT to con-
tinuous signal, and the additional N in the numerator is
the processing gain of the D-BFT demodulator.

4 Frequency offset in BFT detection
At the receiver, there is a frequency offset between the
received signal and local carrier. This offset is caused
either by the difference oscillators in the transmitter and
receiver, or by the Doppler shift. The detection perfor-
mance may be severely degraded as the frequency offset is
large and volatile, especially in an OFDM system. Not sur-
prisingly, BFT detection of the chirp-rate signal is affected
by frequency offset. The compressed impulse in the BFT
domain is shifted and attenuated.
Supposing there is a frequency offset fd, the chirp-rate

signal is given by

fi(t) = A exp
(
j2π fdt + jπKmt2 + jφi

)
,

t ∈ (0,Ts]
(19)

where φi is the initial random phase of the ith symbol. By
BFT, we have

BFT[ fi(t)]

= A
∫ Ts

0
exp

(
j2π fdt + jφi

)
exp

[−j (β − πKm) t2
]
dt2

= A
∫ T2

s

0
exp

(
j2π fd

√
V + jφi

)
exp

(−j(β − πKm)V
)
dV

(20)
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At β = πKm, the discrete sample for the chirp rate in the
BFT domain is deduced as

Ffo(β = πKm) = 2A exp(jφi(t))
∫ Ts

0
t exp

(
j2π fdt

)
dt

= A exp(jφi(t))
[
(1 − j2π fdTs) exp(j2π fdTs)−1

]

2π2f 2d
(21)

This is the result of D-BFT detection with a frequency-
offset signal, thereby developing the attenuation expres-
sion |Ffo(β = πKm)|/AT2

s .
By Taylor series expansion,

√
V is extracted as

√
V = √

V0+ 1
2
√
V0

(V−V0)+ 1
2

−1
4V0

√
V0

(V−V0)
2+· · ·
(22)

According to the range of V in
[
0,T2

s
]
and the integral

in Eq. (20), the approaching point is near V0 = T2
s . The

first two items in the series are left to approximate
√
V ;

then, we have
√
V ≈ Ts/2 + V/(2Ts). Substituting it into

Eq. (20), we obtain

Ffo (β) ≈ A exp(jφi)

∫ T2
s

0
exp

[
j2π fd

(
Ts
2

+ V
2Ts

)]

· exp [−j (β − πKm)V
]
dV

= AT2
s Sa

[(
β − πKm − π fd

Ts

)
T2
s /2

]

· exp
[
−j

(
β − πKm − 3π fd

Ts

)
T2
s /2 + jφi

]

(23)

As a result, the compressed impulse in the BFT domain
is shifted by about π fd/Ts from its original πKm value.
Compared to the interval �β = 2π/T2

s in the D-BFT
domain, this shift is small with fd 	 1/Ts in general.

5 BFT onmultipath signal
5.1 Signal analysis in the BFT domain
In practice, the detector has to be confronted with wireless
propagation environment. Here, we analyze the transform
on the multipath chirp-rate signal. Without loss of gen-
erality, the model of the multipath channel is given by

h(t) = α0δ(t) +
L−1∑

l=1
αlejφlδ(t − τl) (24)

where L is the number of paths and τl is the delay of
the lth path. A multipath chirp-rate signal can then be
expressed as

r(t) = α0 exp
(
jπKmt2

)+
L−1∑

l=1
αlejφl exp

(
jπKm(t − τl)

2)

(25)

We extract a path component of this signal and analyze
it in the BFT domain. By the transform in t ∈ [0,Ts], we
obtain

BFT[ rl(t)] = F(β)

= αlejφl

∫ Ts

τl

exp
(
jπKm(t − τl)

2) 2t exp
(−jβt2

)
dt

= αlejφl exp
(
jπKmτ 2l

) ∫ T2
s

τ 2l

exp
(
−j2πKmτl

√
U
)

· exp(−j(β − πKm)U)dU ,
(
U = t2

)

(26)

Similar to the deduction in Eq. (23), the integral above
is simplified by Taylor series expansion.

√
U ≈ Ts/2 +

U/(2Ts) is substituted in, and further derivation is
given by

BFT[ rl(t)]≈

αlejφl ejπKmτ 2l

∫ T2
s

τ 2l

exp(−j2πKmτl(Ts/2

+ U/2Ts)) exp(−j(β − πKm)U)dU

= αlejφl ejπKm(τ 2l −τlTs)
∫ T2

s

τ 2l

exp{−j(β − πKm

+ πKmτl/Ts)U}dU

= α′
lSa

[
T2
s − τ 2l
2

(β − πKm + πKmτl/Ts)

]
ej�l(β)

(27)

where

α′
l = αl

(
T2
s − τ 2l

)
and

�l(β) = −(β − πKm + πKmτl/Ts) · (T2
s + τ 2l

)
/2

+ πKm
(
τ 2l − τlTs

) + φl

From the result, it is notable that the impulse in the
BFT domain is shifted from πKm to πKm(1 − τl/Ts). At
the same time, the width of the impulse is also spread
from 2π/T2

s to 2π/
(
T2
s − τ 2l

)
. The longer the delay, the

looser the impulse. These results also present the offset
and extension of the β-domain impulse when there exists
symbol synchronization error.
On the other hand, the BFT of the multipath signal with

cross delay τl from the previous symbol is derived in the
same way as

BFT[ r−l (t)]≈

α′′
l Sa

[
τ 2l
2

(β − πKm − πKm(1 − τl/Ts))

]
ejl(β)

(28)

where
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Fig. 2 BFT on the multipath chirp-rate signal. The figure shows the BFT output of the chirp-rate signal in multipath environment

α′′
l = αlτ

2
l and

l(β) = −(β − πKm − πKm(1 − τl/Ts)) · τ 2l /2
+ πKm

(
2T2

s + τ 2l − 3τlTs
) + φl

The BFT impulse from the cross signal is shifted
to π(2Km − τl/Ts), which is far from πKm with
τl 	 Ts. Its amplitude is low and its width is
spread due to small τl. Therefore, the inter-symbol
interference can be negligible with small cross delay τl
in general.
Shown in the upper part of Fig. 2 is the time-frequency

illustration of different delayed chirp-rate signals in a sym-
bol duration Ts. The lower part of the figure is their pro-
jections in the BFT domain. The blue impulse comes from
the synchronized path component, and the red pulses cor-
respond with the other multipath components of the same
symbol. The black pulses are the BFT of the multipath
components of the pervious chirp-rate symbols. In the
illustration, the red and black pulses may be the interfer-
ence in BFT domain to other chirp-rate components in
the same symbol duration, including intra-symbol mutual
interference and inter-symbol interference, respectively.
Therefore, the orthogonality in the BFT domain among
the chirp-rate signals is affected in a practical multipath
environment.
Despite having dispersion, the multipath chirp in BFT

domain are found to concentrate when Ts � τl in
Eq. (27). Noting that the conclusion in the above
section that Ts 	 1/fd is required, Ts must be
selected as a compromise for low BFT dispersion when
Doppler shift and multipath delays coexist. Here, we

measure the BFT dispersion performance by d, which is
defined as

d =
∑

k �=i Ek
Ei

(29)

where Ei is the energy of the desired component in the
BFT domain, and Ek is the energy of dispersed com-
ponent. Figure 3 illustrates the performances of time
and Doppler dispersions. In this example, the time-
bandwidth product is set to a constant 10, the symbol
duration Ts varies from 2 to 100μs, and the corresponding

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x 10
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10
−5
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−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

Symbol duration Ts (s, BTs=10)

d

Doppler=1kHz

Doppler=5kHz

Doppler=10kHz

Doppler=30kHz

Delay=0.1us

Delay=0.3us

Delay=0.7us

Fig. 3 Dispersion in the BFT domain due to Doppler and path delay.
The figure shows the BFT dispersions in Doppler and multipath
environment with different signal parameters
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bandwidth varies from 5 to 0.1MHz. Four Doppler
shifts {1kHz, 5kHz, 10kHz, 30kHz} and three path-delays
{0.1μs, 0.3μs, 0.5μs} are measured to obtain the BFT dis-
persion performance. The crossing points present the
compromises of the modulation parameters under spec-
ified double dispersive channel. On the other hand,
increasing Ts, i.e., decreasing Bm, in concentrating time
dispersion in the BFT domain will reduce the symbol rate.
Multicarrier modulation could reconcile the original data
rate and dispersion requirement of BFT detection.

5.2 Multipath andmultichirp-rate signal model in the BFT
domain

Through the above analysis, the multipath signal with a
single chirp rate in the nth symbol period is obtained in
the BFT domain as

Rn,m(β) = BFT[ rn,m(t)]≈

bm[ n]

⎡

⎣α0δ(β − πKm) +
L′−1∑

l=1
α′
lδ

(
β − πKm + �τ ′

l,m
)
⎤

⎦

+
L−1∑

l=L′−1
bm[ n − nl]α′

lδ
(
β − πKm − �τ ′

l,m
)

(30)

where nl = �τl/Ts�, (τl > Ts), �τ ′
l,m = πKmτl/Ts and L′

is the number of multipaths whose delay does not exceed
a symbol duration. The function δ(β) is an abbreviation of
Sa

[(
T2
s − τ 2l

)
β/2

]
e�(β).

rn(β = πKm) = bm[ n]α0 +
M−1∑

i=m+1
bi(n)α′

m,i

+
M−1∑

i=0

Nl∑

j=1
bi(n − j)α′

m,i,j

= [
0, · · · ,α0,α′

m,m+1, · · · ,α′
m,M−1

]
b(n)

+
Nl∑

j=1

[
α′
m,0,j, · · · ,αm,m,j, · · · ,α′

m,M−1,j

]
b(n − j) + v(n)

(31)

Thus, the BFT of the received multichirp-rate signal
in the multipath channel is Rn(β) = ∑M−1

m=0 Rn,m(β) +
v(β), where v(β) is the Gaussian noise due to BFT being
linear transform and chirp rate Km is assigned accord-
ing to Theorem 1. Define M-ary source vector b(n) =
[b0(n), · · · , bm(n), · · · , bM−1(n)]T . By the normalized
D-BFT impulse of the chirp-rate signal, the D-BFT out-
put on received multichirp-rate signal is expressed as
Eq. (31). In Eq. (31), α′

m,i denotes the mutual interfer-
ence to the mth chirp rate from other ith chirp-rate
component in a same symbol period. From the above anal-
ysis, the chirp-rate Km is just jammed by the chirp-rate
Ki≥m+1 components. α′

m,i,j is the inter-symbol interfer-
ence from the ith chirp-rate component before j symbols,
and hm =[α0,αm,m,1,αm,m,2, · · · ,αm,m,Nl ] is the jamming
vector from the same chirp-rate components due to mul-
tipath propagation.
Define the output vector by BFT of the received

multipath signal as r ( n ) = [ rn( πK0 ), rn( πK1 ) , · · · , rn
(πKM−1)]T . According to Eq. (31), we obtain the vector
model by BFT as Eq. (32), where b̃(n) =[b(n),b(n −
1), · · · ,b(n − NL)]T is theM-ary source series.

6 Detection of multichirp-rate signal in multipath
environment

Although there are a large number of interference terms
in H, many of them are zero or minute, that is, the matrix
H is sparse. From analysis of Eq. (27) and Fig. 2, the mul-
tipath impulses by BFT are on the left of πKm in the β

domain. The further from πKm, the weaker the impulses
are. Therefore, the mutual collisions among impulses are
not severe in practice.
The signal model by BFT in the multipath channel

is a typical model of mutual and inter-symbol interfer-
ence. Estimation of the matrix H is difficult. It is feasible
to apply a training sequence and adaptive algorithms to
suppress interference.
A minimum mean square error (MMSE) detector is

commonly applied to mitigate interference. Because of
the linear signal model in (32), MMSE detection is also
available. Here, the M × (Nl + 1) weight matrix W acts
as the filter to M-channel detection. The optimal crite-
rion in MMSE detection for the BFT of the M-chirp-rate
signal is given by argWminE

{|b(n) − WHr(n)|2}. MMSE

r(n) =

⎡

⎢⎢⎢⎣

α0 α′
0,1 α′

0,2 · · · α′
0,M−1 α0,0,1 · · · α′

0,M−1,1 · · · α′
0,M−1,Nl

0 α0 α′
1,2 · · · α′

1,M−1 α′
1,0,1 · · · α′

1,M−1,1 · · · α′
1,M−1,Nl

...
... α0

. . .
...

...
. . .

... · · · ...
0 0 · · · · · · α0 α′

M−1,0,1 · · · αM−1,M−1,1 · · · αM−1,M−1,Nl

⎤

⎥⎥⎥⎦

︸ ︷︷ ︸
M×(Nl+1)

⎡

⎢⎢⎢⎣

b(n)

b(n − 1)
...

b(n − Nl)

⎤

⎥⎥⎥⎦ + v(n)

= Hb̃(n) + v(n)

(32)
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detection can be implemented by applying a training
sequence and an adaptive LMS/RLS algorithm. The opti-
mal solution isWopt = R−1r, where R = E

[
r(n)r(n)H

]
.

Disturbed not only by the previous symbol but also by
other chirp-rate signals in the same symbol, linear MMSE
detection may be inadequate for the job in a deep fading
channel. Here, a decision-directed method and parallel
interference cancellation (PIC) are introduced to con-
struct a robust algorithm for the multichirp-rate signal in
the multipath environment, which is called MMSE-DD-
PIC for short. The algorithm block diagram is shown in
Fig. 4.
The interference cancellation for a chirp-rate signal is

given by

b̂m = sgn

⎧
⎨

⎩R

⎛

⎝ym −
M∑

j �=m
um,jb̂j

⎞

⎠

⎫
⎬

⎭ (33)

where b̂j is the decision-directed result of channel j and
um,j are the weights of the channel for cancellation. Define
Um =[um,1, · · · ,um,j, · · · ,um,M]T where (j �= m). By a
decision-directed method, this Um can be simultaneously
adjusted with the above MMSE, which is given by

min
W,U

E
{∣∣∣bm(n) − WH

mr(n) + UH
md̂m(n)

∣∣∣
2
}

s.t.WH
m,opt · 1m = 1

(34)

where d̂m(n) =[ b̂1(n), · · · , b̂m−1(n), b̂m+1(n), · · · , b̂M(n)]
are the decisions of other channels and 1m in constraint
is a zeros vector except for its mth element being one. In

this MMSE criterion, Wm is the feed-forward filter, and
Um is the interference cancellation filter. The soft estima-
tion ym(n) = WH

mr(n) − UH
md̂(n). The constraintWH

m,opt ·
1m = 1 in the criterion regards the impulse position as the
signature of the chirp rate in the BFT domain.

7 Simulations
In this section, we give simulation results of the discrete
BFT demodulation and compare them with the theoret-
ical results. In simulations, a multichirp-rate-modulated
signal is implemented. The parameters of modulation
include a bandwidth of 10 MHz and a modulated sym-
bol rate of 1 Msps. According to Theorem 1, applying
orthogonal I-Q modulations, the number of chirp rates
can be set to M = 10, and the chirp rates are
Km = Bm/Ts = 2k/T2

s , where k = ± 1,± 2, · · · ± 5 .
Under ideal conditions including synchronization and

no noise, Fig. 5 illustrates a D-BFT result for a 10-chirp-
rate-modulated signal. Consistent with Lemma 1, the
D-BFT of each chirp-rate signal is an impulse at the dis-
crete β domain without mutual interference. Meanwhile,
the result verifies the condition for orthogonality in a
multichirp-rate signal.
Figure 6 shows the comparison of the BER performance

of D-BFT detection among single chirp-rate and 10-chirp-
rate signals; Fig. 6b, c shows the plots for the first and
fourth rate signals, respectively. It must be pointed out
that the Eb in Fig. 6b, c is just composed of the energy of
one chirp-rate component in a symbol period. From the
results, we can see that the D-BFT BER performances on
single-chirp-rate and multichirp-rate signals are consis-
tent. It also proves the orthogonality of the components
in the multichirp-rate signal in the D-BFT domain. At
the same time, the identity of simulated and theoretical

Fig. 4 Block diagram of MMSE-PIC algorithm for detecting the multichirp-rate signal in the multipath environment. The figure shows the structure
of MMSE-based algorithm to suppress the interference
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Fig. 5 D-BFT of 10-chirp-rate symbols {1,−1, 1,−1, 1, 1,−1, 1, 1, 1}.
The figure shows the BFT output of theM-ary chirp-rate signal

BERs verifies the correctness of the closed-form solution
of D-BFT BER in Theorem 2.
Conventional chirp-rate demodulations include mat-

ched filter (De-Chirp) and FRFT demodulations. In addi-
tion, a frequency-shift keying (FSK) signal is also a time-
frequency-modulated signal. The BER performances of
the three demodulation methods on time-frequency sig-
nal are given below.

• Matching filter on a chirp-rate signal (De-Chirp):
Pe = Q(

√
2Eb/N0).

• FRFT on a chirp binary-orthogonal keying (BOK)
signal: Pe = Q(

√
Eb/2N0).

• Matching filter on FSK signal: Pe = Q(
√
Eb/N0).

In Fig. 7, we compare their demodulation performance
with BFT detection. Simulation results show that the BER
performance of BFT is better than that of FSK coherent
and FRFT noncoherent detection.

Because BFT detection is a linear transformation, fre-
quency error, or offset will cause rotation of the signal
phase, we apply square-law BFT processing

(
BFT2) and

unipolar chirp-rate on-off keying (OOK) signal to avoid
deterioration in performance. However, the performance
degrades due to this square-law detection. By Eq. (21),
the decline of BFT sampling amplitude caused by offset is
obtained to estimate the BER of BFT2

Pe = 1
2
exp

(
−γ

4

)

= 1
2
exp

⎛

⎝−3Eb
16N0

·
∣∣∣∣∣

[
(1 − j2π fdTs) exp(j2π fdTs) − 1

]

2π2f 2d T2
s

∣∣∣∣∣

2
⎞

⎠

(35)

where γ is the input SNR of square-law detector.
From [25], the FRFT peak of the chirp-rate OOK signal

under frequency offset is deduced as

|Sα(μ)|2μ=− cotα,fm=μ cscα = A2 sin2(πTsfd)
π2f 2d · | sinα| (36)

where α is the time-frequency rotation angle in FRFT, A is
the amplitude of signal, and fd is the Doppler shift. When
| sinα| ≈ Ts/B, where B is the bandwidth of the chirp
signal and then the BER can be approximated by

Pe ≈ 1
2
exp

(
− Eb
16N0

· sin
2 πTsfd

π2f 2d T2
s

)
(37)

Under different conditions, including no frequency off-
set, fd = 100 kHz, and fd = 200 kHz, BFT2 detection
performance is simulated and compared. The BER results
of BFT2 in Fig. 7 are very close, which indicate that detec-
tion performance declines slightly evenwith large Doppler
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Fig. 6 BER comparisons of D-BFT detection among single-chirp-rate and multichirp-rate signals. The figure compares the BER performances by the
theoretical analysis and the simulation. a BFT BER of Single -Chirp-rate Signal. b 1st-rate BFT BER of the Multiple-Chirp-rate Signal. c 4th-rate BFT BER
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Fig. 7 Performance of D-BFT detection with frequency offset. The figure compares the BER performances among D-BFT detection, FSK in AWGN and
Doppler channel

shift or frequency error. By contrast, FRFT detection
exhibits a significant deterioration of BER performance
at fd > 100 kHz, even if it has the advantages in conven-
tional time-frequency-selective channel compared with
coherent detection [16, 25].
In Section 5, we analyzed the characteristics of BFT

detection of the multipath chirp-rate signal. Not only
does inter-symbol interference exist, but the mutual inter-
ference among different chirp-rate signals in the same
symbol period also makes detection difficult. Neverthe-
less, due to the sparsity of the impulse interferences in
the BFT domain, it is possible to mitigate them by signal
processing. In the non-line-of-sight (NLOS) communi-
cations environments, the equalization and interference
cancellation is a better choice for detection.
Modulated with a five-chirp-rate real signal, 10-Mhz

bandwidth, and 1-Msps symbol rate, BFT detection is
simulated in the multipath environment. Two MMSE-
based interference suppression algorithms are imple-
mented according to the analysis and design presented
in Section 6. The conventional LMS adaptive training
process is applied to solving the optimal weight vector
problem. On the other hand, we compare the BER perfor-
mances at two different multipath fading environments.
One is a common frequency selective fading channel, as
in Fig. 8a which is the normalized channel frequency
response. In Fig. 8b, we compare the BER performance of
the algorithms in this channel. Auxiliary parallel interfer-
ence cancellation makes the detection output close to that
in flat fading. However, in this multipath environment,
the performance of the MMSE-DD-PIC algorithm is only
slightly better than that ofMMSE detection, and for actual

implementation, a choice based on computational com-
plexity must be made. For a deep-fading frequency selec-
tive channel as shown in Fig. 9a, the BER performances
are compared in Fig. 9b. The performance without inter-
ference suppressing is unacceptable. The MMSE-DD-PIC
algorithm does a good job, and its performance is much
better than that of simple MMSE training.
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Fig. 8 Performance comparisons in multipath environment. The
figure shows the performance of the MMSE-based algorithm toM-ary
chirp-rate signal in general frequency-selective fading environment.
a Normalized frequency response ofmultipath fading channel. b D-BFT
detection and MMSE-based algorithms
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8 Conclusions
The biorthogonal Fourier transform has been introduced
to demodulate a multichirp-rate signal. In this paper, the
detection performance of the D-BFT and BFT, including
the multi-components resolution and closed-form BER,
are derived. Further analyses are made in the frequency-
offset and multipath environments. The small shift of
compressed β-domain impulses in the high frequency-
offset channel is a remarkable and welcome output of
our research. Unfortunately, the BFT of a multichirp-rate
signal is proven to have intra-symbol and inter-symbol
interferences with multipath propagation or synchroniza-
tion error. The theoretical result shows that the chirp
modulation parameter can be adjusted to obtain the
trade-off between the time and frequency dispersion. A
multipath model of BFT output is constructed, and the
MMSE-based algorithm is given to suppress the interfer-
ence. Aided by the decision-directed PIC, the proposed
detection performs well in the deep fading environment.
Abbreviation
AWGN: Additive white Gaussian noise; BER: Bit-error-rate; BFT: Biorthogonal
Fourier transform; BFT2: Square-law BFT; CSS: Chirp spread spectrum; D-BFT:
Discrete BFT; FBMC: Filter bank multicarrier; FRFT: Fractional Fourier transform;
ICI: Inter-carrier interference; ISI: Inter-symbol interference; LFM: Linear
frequency modulation; MCP: Multi-choice precoding; MMSE: Minimummean
square error; MST: Matched signal transform; OFDM: Orthogonal
frequency-division multiplexing; PIC: Parallel interference cancellation; SNR:
Signal-to-noise-ratio; STDFT: Short-term discrete Fourier transform; T-F:
Time-frequency
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