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Abstract
In recent years, there has been an increasing interest in the use of the discrete Hartley transform (DHT) for orthogonal
frequency-division multiplexing (OFDM). Previous studies have not reported an improvement in bit error rate (BER)
when using a DHT-based OFDM without substantial complexity increase due to the fact that the DHT cannot
diagonalize a circulant channel matrix but rather produces a unique structured matrix that has only a main diagonal
and anti-diagonal. In this paper, the coupling between symmetric carriers is exploited by introducing a
frequency-domain subcarrier diversity receiver for DHT-based OFDM systems. The proposed simple receiver structure
takes advantage of the coupling to enhance the BER performance of the DHT-OFDM system by increasing the
diversity gain between subcarriers. A detailed statistical and performance analysis of the system is presented, in which
closed-form expressions of the average BER were derived. The proposed system performance was compared to the
conventional discrete Fourier transform OFDM (DFT-OFDM), the generalized DHT-OFDM, and the DHT-precoded
OFDM systems in terms of average BER and peak-to-average power ratio (PAPR). The proposed DHT-OFDM system
outperforms the generalized DHT-OFDM system by 12 dB and outperforms the conventional DFT-OFDM and the
DHT-precoded OFDM systems by 17 dB at an average BER of 10−5. In terms of PAPR, the proposed DHT-OFDM system
suffers from an approximately 5.5, 2, and 1 dB increase in PAPR when compared to the DHT-precoded OFDM, the
conventional DFT-OFDM, and the generalized DHT-OFDM systems, respectively.

Keywords: Discrete hartley transform (DHT), Discrete fourier transform (DFT), Subcarrier coupling, Subcarrier diversity
receiver, Peak-to-average power ratio (PAPR), OFDM

1 Introduction
Orthogonal frequency-division multiplexing (OFDM) is
an attractive multicarrier modulation technique due to
its robustness against the effects of multipath propaga-
tion such as intersymbol interference (ISI) and intercar-
rier interference (ICI), and hence, with the proper use
of a cyclic prefix and the availability of channel state
information, OFDM requires only simple one-tap equal-
ization in the frequency-domain. In conventional OFDM
systems, modulation, and demodulation of the orthog-
onal subcarriers are carried out using inverse discrete
Fourier transform (IDFT) and discrete Fourier transform
(DFT), respectively [1]. These operations are made fast
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and affordable due to the existence of many fast Fourier
transform (FFT) and inverse fast Fourier transform (IFFT)
algorithms as well as advances in field-programmable gate
arrays (FPGA) [2–4].
Despite its many advantages, OFDM suffers from high

peak-to-average power ratio (PAPR) which adds con-
straints on RF amplifiers and require them to operate in
a very large linear region [5]. Furthermore, OFDM is also
very sensitive to frequency offset and channel temporal
variations that will affect the orthogonality between the
subcarriers and causes ICI. Hence, OFDM systems require
accurate synchronization between the transmitter and
receiver [6–8], which may turn out to be a complicated
task to achieve.
There is a great deal of work in the literature for

ways to mitigate the above-mentioned impairments and
improve the performance of OFDM systems. One such
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approach that picked up considerable attention in recent
years is to replace or combine the DFT in conventional
OFDM systems with other orthogonal transforms for the
goal of improving system performance (reducing PAPR,
minimizing bit error rate, etc.) or just simply reducing
the computational complexity of the system. Examples
of orthogonal transforms used to replace the DFT (or
combined with DFT) are the discrete cosine transform
(DCT) and discrete sine transform (DST) [9], the Walsh
Hadamard transform (WHT) [10], the wavelet packet
transform (WPT) [11], and the discrete Hartley transform
(DHT) [12].
The DHT is a real-valued transform that requires only

real arithmetic operations, which makes it appealing
specifically for real-valued signals such as in binary phase
shift keying (BPSK) modulations and optical communica-
tion systems [13]. In addition, the DHT and the inverse
DHT (IDHT) have an identical kernel, which implies that
the same circuitry can be used in both the transmitter and
receiver. It will be shown later in this paper that the DHT
also possesses some interesting properties that, if prop-
erly exploited, will lead to significant improvements in the
system performance.
Several papers have considered replacing the DFT in

conventional OFDM systems with DHT. The work in [9]
considers replacing the DFT in an OFDM system with
DCT, DST, and DHT, and investigates whether these
transforms possess the same diagonalization property as
the DFT (i.e., can these transform diagonalize circulant
channel matrix in a similar way as the DFT). It was shown
that unlike the DFT, the DHT cannot diagonalize a cir-
culant channel matrix but, rather, produces a uniquely
structured matrix that has only a main diagonal and an
anti-diagonal. The work in [12] proposed using the IDHT
and DHT for modulation and demodulation of OFDM
systems. A relationship between the DFT kernel matrix
and the DHT kernel matrix was presented and used to
derive the input-output relation of the system in a way
similar to that of the discrete Fourier transform OFDM
(DFT-OFDM) system mathematically, which was then
used to examine the system performance. Despite being
simple and tractable, the approach in [12] did not show
any improvement in performance of DHT-OFDM over
DFT-OFDM, and hence, the only advantage is the reduc-
tion in computational complexity. Similar results were
also reported in [13] for optical DHT-OFDM with no
improvement in system performance over DFT-OFDM. In
[14–16], the inability of the DHT to diagonalize the chan-
nel matrix was taken into consideration, and a transmit-
ter/receiver architecture was devised to diagonalize the
channel matrix. The devised system requires modification
of both the transmitter and the receiver and is applied to
quadrature amplitude modulation (QAM) signals where
the IDHT/DHT is performed on both the inphase and

the quadrature components of the QAM signal separately.
The performance result shows that the proposed DHT-
OFDM has the same performance as the DFT-OFDM.
It was shown in [17] that in conventional DFT-OFDM
systems, the transmitted symbols may not be accurately
recovered when spectral nulls are present. To overcome
the problem of spectral nulls in frequency-selective fading
channels, the authors in [18] proposed a computationally
efficient DHT-OFDM scheme using a one-level butterfly
structure, and a simple single-tap equalizer can then be
used to recover the transmitted symbols. The work in [19]
exploits the fact that in DHT-OFDM, the channel matrix
cannot be diagonalized. This unique structure of the resul-
tant matrix implies that every two symmetric subcarri-
ers are coupled together. A space frequency block-coded
(SFBC) system with two antennas was proposed to exploit
the frequency diversity inherited between every two cou-
pled subcarriers, and a considerable improvement in per-
formance was reported compared to DFT-OFDM at the
price of increased complexity in the transmitter.
Instead of replacing DFT with DHT, the use of DHT

in combination with DFT as a precoder or postcoder in
OFDM systems was reported in [20–23]. The work in
[20] and [21] considers using the DHT as a preceding
block in OFDM systems to reduce PAPR. A DHT pre-
coder is inserted before the IDFT at the transmitter, and
an IDHT is inserted after the DFT at the receiver. Sig-
nificant reductions in PAPR were reported compared to
conventional DFT-OFDM systems. In [22], the authors
considered DHT precoding in the transmitter. They prove
that the DFT is the only transform that can enable
single-tap equalization; in other words, DFT is the only
transform that can diagonalize the channel matrix. The
DHT and DFT are combined in a way that produces a
sparse matrix for the combination. This condition facil-
itates single-tap equalization when a proper equalizer
is used at the receiver. The proposed combined DHT-
DFT exploits some of the diversity between the sub-
carriers, and hence, performance improvements in bit
error rate (BER) were achieved. Finally, by combining
DHT with DFT, the work in [23] introduced a new low-
complexity transform named the X-transform. The new
transform distributes each information symbol over all
subcarriers, and combined with a minimum mean square
error equalizer (MMSE), resulted in better diversity gains
and BER.

2 Method
This paper investigates the performance of OFDM sys-
tems when the DFT in the conventional DFT-OFDM
system is replaced by the DHT. To obtain an accurate
understanding of the behavior of the proposed system, it
is crucial to first develop a detailedmathematical model of
the system and examine the effect of the wireless channel
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on each subcarrier. The mathematical model revealed that
when using the DHT instead of the DFT, the channel
matrix is not diagonal and the subcarriers of the OFDM
symbol are coupled together. The mathematical model
also revealed that depending on the index of each sub-
carrier, different subarriers experience different levels of
coupling interference (CI).
Instead of attempting to diagonalize the channel matrix

and eliminate the coupling interference, this paper pro-
poses a new detection scheme where the coupling
between subcarriers is used to enhance the diversity gain
and hence, improve the performance of the system. A
detailed statistical analysis of the system is provided and
new closed-form expressions of the average BER of the
proposed DHT-OFDM system are derived.
The rest of this paper is organized as follows. Section 3

provides a detailed description of the DHT-OFDM sys-
tem under consideration. In Section 4, we propose a
simple detection scheme to exploit the diversity between
subcarriers. A detailed statistical analysis of the param-
eters obtained in the previous section are presented in
Section 5. In Section 6, closed-form expressions for the
average BER of the system are derived. Simulation results
are presented in Section 7, and 8 concludes this paper.
The following notations are used throughout the paper.

Time-domain scalars are denoted in lowercase letters,
while frequency-domain scalars are denoted in uppercase
letters. Vectors and matrices are denoted in lowercase and
uppercase bold, depending on whether they are time- or
frequency-domain. (.)∗, (.)T , and (.)H denote conjugation,
transposition, and conjugate transpositions, respectively.
N is the number of OFDM subcarriers, which is chosen to
be a power of two, while n and k are the time index and the

subcarrier index, respectively. The operator E[ .] denotes
expectation.

3 Systemmodel
In this section, we provide a detailed review of the DHT-
OFDM system under study. The analysis is carried out at
the subcarrier level, and all of the mathematical expres-
sions needed in later sections are derived and explained
thoroughly.
Consider the baseband DHT-OFDM system depicted in

Fig. 1. Since the DHT is a real-valued transform and takes
real-value inputs; throughout this paper, we will assume
that the baseband modulation used is BPSK, although it
is possible to extend the system to higher-order complex
modulations [16]. The output of the modulator in Fig. 1
is a sequence of BPSK data symbols {X(k)}N−1

k=0 drawn
from a set of finite alphabet

{−√
Eb,

√
Eb
}
, where Eb is

the energy per bit. The data symbols are first converted
into a parallel stream and then fed to the IDFT to mod-
ulate N orthogonal subcarriers. For convenience, analo-
gously to the conventional DFT-OFDM, we will denote
the input to the DHT as the time domain and the out-
put as the frequency-domain. The output of the IDHT is
the time-domain OFDM symbol {x(n)}N−1

n=0 , where x(n) is
given by

x(n) = IDHT{X(k)}

= 1√
N

N−1∑

k=0
X(k) cas

(
2πnk
N

)
. (1)

The function cas(ν) in (1) is the Hartley transform ker-
nel and is given by cas(ν) = cos(ν) + sin(ν). One of the
advantages of the Hartley transform is that it has the same

Fig. 1 DHT-OFDM system model
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kernel for DHT and IDHT [24]; that is, the DHT of x(n) is
given by

X(k) = DHT{x(n)}

= 1√
N

N−1∑

n=0
x(n) cas

(
2πnk
N

)
. (2)

A cyclic prefix with a length longer than the maximum
delay spread of the multipath channel is added to the
OFDM symbol in (1) to eliminate ISI. The receivedOFDM
symbol is then given by the following convolution sum:

y(n) =
L−1∑

l=0
h(l) x(n − l) + w(n) (3)

where w(n) is AWGN with zero mean and variance σ 2
w =

No, and h(l) is the lth tap of the channel impulse response.
We assume that the channel has a total of L taps and is
wide sense stationary uncorrelated scattering (WSSUS).
Expressing x(n− l) in (3) in terms of its DHT by using the
shift property of the Hartley transform [25], namely, as

x(n−no)←→ X(k) cos
(
2πnok
N

)
+X(N−k) sin

(
2πnok
N

)

(4)

we can rewrite y(n) in (3) as follows:

y(n) =
L−1∑

l=0
h(l)

1√
N

N−1∑

k=0

{
X(k) cos

(
2π lk
N

)

+ X(N − k) sin
(
2π lk
N

)}
cas
(
2πnk
N

)
+ w(n)

(5)

where X(k) and X(N − k) are obtained from (2). At the
receiver, the received signal in (5) is passed through the
DHT, and the frequency-domain received symbol at the
kth subcarrier is produced as shown below:

Y (k) = 1√
N

N−1∑

n=0
y(n)cas

(
2πnk
N

)

=
(N−1∑

n=0

L−1∑

l=0
h(l)

1
N

N−1∑

k=0

{
X(k) cos

(
2π lk
N

)
+ X(N − k) sin

(
2π lk
N

)}

×cas2
(
2πnk
N

))
+ 1√

N

N−1∑

n=0
w(n)cas

(
2πnk
N

)
.

(6)

At this stage, we can further manipulate (6) by dividing
the expression into two terms, namely, the desired sub-
carrier k term and a term involving all other subcarriers
i �= k. The received OFDM symbol at the kth subcarrier
will then be expressed as

Y (k) =
N−1∑

n=0

L−1∑

l=0
h(l)

1
N

{
X(k) cos

(
2π lk
N

)

+ X(N − k) sin
(
2π lk
N

)}
cas2

(
2πnk
N

)

+
N−1∑

n=0

L−1∑

l=0
h(l)

1
N

N−1∑

i=0,i�=k

{
X(i) cos

(
2π li
N

)

+ X(N − i) sin
(
2π li
N

)}
cas
(
2πni
N

)
cas
(
2πnk
N

)

+ 1√
N

N−1∑

n=0
w(n)cas

(
2πnk
N

)
. (7)

The received symbol (7) now consists of three terms and
can be written as Y (k) = D(k) + I(k) + W (k), where

D(k) =
N−1∑

n=0

L−1∑

l=0
h(l)

1
N

{
X(k) cos

(
2π lk
N

)

+ X(N − k) sin
(
2π lk
N

)}
cas2

(
2πnk
N

)
(8)

is the received OFDM symbol at the desired subcarrier k,
and

I(k) =
N−1∑

n=0

L−1∑

l=0
h(l)

1
N

N−1∑

i=0,i�=k

{
X(i) cos

(
2π li
N

)

+X(N − i) sin
(
2π li
N

)}
cas
(
2πni
N

)
cas
(
2πnk
N

)

(9)

is the contribution of all other subcarriers to subcarrier k,
which is also known in literature as ICI, and W (k) is the
DHT of the additive noise. Let us start by looking at the
ICI term I(k). By invoking the orthogonality property of
the cas function [26], namely,

1
N

N−1∑

n=0
cas
(
2πni
N

)
cas
(
2πnk
N

)
=
{
1 if i = k
0 if i �= k

(10)

we can easily see that the ICI term I(k) in (9) vanishes to
zero. This is not true if the channel is time varying, and
if that is the case, the ICI will be present and will greatly
degrade the system performance if not compensated for.
It can be seen from (10) that the desired term D(k) can be
simplified to

D(k) =
L−1∑

l=0
h(l)X(k) cos

(
2π lk
N

)

+
L−1∑

l=0
h(l)X(N − k) sin

(
2π lk
N

)
.

(11)
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Now let

α(k) =
L−1∑

l=0
h(l) cos

(
2π lk
N

)
(12)

β(k) =
L−1∑

l=0
h(l) sin

(
2π lk
N

)
. (13)

We can write D(k) in the following convenient form:

D(k) = α(k)X(k) + β(k)X(N − k) (14)

We observe at this point that every subcarrier k (except
for k = 0 and k = N/2) is coupled with subcarrier
N−k. Coupling between subcarriers degrades system per-
formance, and we will hereafter denote the term involving
β(k) in (14) as coupling interference (CI). Finally, the
received OFDM symbol after DHT is given by

Y (k) = α(k)X(k) + β(k)X(N − k) + W (k). (15)

4 Detection
4.1 Observations
Before exploiting the advantages of DHT and explaining
the proposed detection scheme, we first list the following
observations:

1 For subcarrier k = 0:

α(0) =
L−1∑

l=0
hl, β(0) = 0

and hence,

Y (0) = α(0)X(0) + W (0).

2 For subcarrier k = N/2:

α(N/2) =
L−1∑

l=0
hl cos(π l), β(N/2) = 0

and hence,

Y (N/2) = α(N/2)X(N/2) + W (N/2).

We see from the above observations that subcarriers
0 and N/2 are not coupled with any other subcarrier;
therefore, there will be no CI. The detection of data sym-
bols on subcarriers 0 and N/2 is fairly simple and can be
done using a one-tap frequency-domain equalizer, assum-
ing channel state information is available at the receiver.
Further, we also raise the following important observation
for all subcarriers k �= 0,N/2:

3 For subcarrier k = N − k:

α(N − k) =
L−1∑

l=0
h(l) cos

(
2π l(N − k)

N

)

β(N − k) =
L−1∑

l=0
h(l) sin

(
2π l(N − k)

N

)

and by simple trigonometric manipulation, we see that

α(N − k) = α(k)
β(N − k) = −β(k).

We see from the third observation above that there is a
relation between the channel gains of the coupled subcar-
riers k andN − k. This relation will be exploited to design
a simple detection scheme that can decouple the two sub-
carriers and provide superior BER performance compared
to the conventional DFT-OFDM system.

4.2 Detection scheme
From the observations presented above, the coupling
between subcarriers may be viewed as one of the disad-
vantages of using the DHT with OFDM and will greatly
reduce the performance of DHT-OFDM systems if not
dealt with. If the coupling between subcarriers is treated
as interference, then it will have the same effect on per-
formance as ICI and will produce an irreducible error
floor in the average BER of the system. Instead of treating
the coupling between subcarriers as a source of perfor-
mance degradation, we will present a simple combining
receiver that will take advantage of the coupling and use
it to enhance the performance of the system by increas-
ing the diversity gain between subcarriers. The proposed
scheme is concerned with the decoupling and detection of
all subcarriers k �= 0,N/2. For subcarriers k = 0,N/2,
the detection is fairly simple, as mentioned above. A block
diagram of the proposed detection scheme is shown in
Fig. 2.
Consider first combining every two coupled subcarriers

together to form the vector

Ỹ =
[
Y (k) − Y ∗(N − k)

]T
. (16)

Using (15), we can write Ỹ as

⎡

⎢
⎣

Y (k)

−Y ∗(N − k)

⎤

⎥
⎦ =

⎡

⎢
⎣

α(k) β(k)

−β∗(N − k) −α∗(N − k)

⎤

⎥
⎦

⎡

⎢
⎣

X(k)

X(N − k)

⎤

⎥
⎦

+
⎡

⎢
⎣

W (k)

−W∗(N − k)

⎤

⎥
⎦ .

(17)
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Fig. 2 Proposed detection scheme

Making use of the third observation, the vector Ỹ in (17)
then becomes

⎡

⎣
Y (k)

−Y ∗(N − k)

⎤

⎦ =
⎡

⎣
α(k) β(k)

β∗(k) −α∗(k)

⎤

⎦

⎡

⎣
X(k)

X(N − k)

⎤

⎦

+
⎡

⎣
W (k)

−W ∗(N − k)

⎤

⎦

Ỹ = HX + W
(18)

where

H =
⎡

⎣
α(k) β(k)

β∗(k) −α∗(k)

⎤

⎦ (19)

X = [X(k) X(N − k)]T (20)

W = [W (k) − W ∗(N − k)
]T . (21)

We observe at this point that by combining every two
coupled subcarriers k and N − k using (16), the chan-
nel matrix H in (18) now has a form similar to that of
the Alamouti dual transmit diversity channel matrix. Mul-
tiplying Ỹ in (18) by the pseudo-inverse of H, that is,
(HH H)−1HH we get

Z = (HH H)−1HH Ỹ

= X + W̃ (22)

where

Z = [Z(k) Z(N − k)]T (23)

W̃ = (HH H)−1HHW =
[
W̃ (k) W̃ (N − k)

]T
. (24)

Based on the above equations, we can see that on the
subcarrier level, the equalized output of the two coupled

subcarriers are

Z(k) = X(k) + W̃ (k) (25)
Z(N − k) = X(N − k) + W̃ (N − k). (26)

Clearly, the two subcarriers k and N − k are now com-
pletely decoupled.

5 Statistical analysis
In this section, we provide a detailed statistical analysis for
some of the parameters that are derived in the previous
sections and will be used in Section 6 to obtain closed-
form expressions for the error probability. The noise term
in (25) is given by

W̃ (k) = α∗(k)W (k) − β(k)W ∗(N − k)
|α(k)|2 + |β(k)|2 (27)

which is clearly complex Gaussian with zero mean and
variance equal to

σ 2
W̃ = E

[|W̃ (k)|2] = No
|α|2 + |β|2 (28)

where we have assumed that the variance of W (k) is No.
It can be shown that the variance of W̃ (N − k) is equal to
the variance of W̃ (k).
The parameter α(k) in (12) is zero mean with variance

σ 2
α(k) = E[ |α(k)|2]

= E
[L−1∑

l=0

L−1∑

m=0
h(l)h∗(m) cos

(
2π lk
N

)
cos
(
2πmk
N

)]

=
[L−1∑

l=0

L−1∑

m=0
Jo(2π fdT)σ 2

h(l)δ(l − m) cos
(
2π lk
N

)
cos
(
2πmk
N

)]

(29)

where Jo(·) is the 0th order Bessel function of the first
kind, fd is the maximum Doppler frequency, T is the data
symbol period, and σ 2

h(l) is the variance of h(l). If the
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channel is assumed to be constant during an entire OFDM
symbol then fd = 0 and (29) reduces to

σ 2
α(k) =

L−1∑

l=0
σ 2
h(l) cos

2
(
2π lk
N

)

= 1
2

L−1∑

l=0
σ 2
h(l) + 1

2

L−1∑

l=0
σ 2
h(l) cos

(
4π lk
N

)
. (30)

In a similar way, the variance of β(k) is

σ 2
β(k) = 1

2

L−1∑

l=0
σ 2
h(l) − 1

2

L−1∑

l=0
σ 2
h(l) cos

(
4π lk
N

)
. (31)

An interesting observation here is that not all of the N
subcarriers in an OFDM symbol will experience the same
variance of α(k) and β(k).We can divide theN subcarriers
into three different groups depending on σ 2

α(k) and σ 2
β(k).

This will also enable us to analyze the performance of the
subcarriers individually.
Group 1: This case contains all subcarriers with σ 2

β(k) =
0. Looking at (30) and (31), we observe that for subcarri-
ers k = 0 and k = N/2, the variance σ 2

α(0) = σ 2
α(N/2) =

∑L−1
l=0 σ 2

h(l) and σ 2
β(0) = σ 2

β(N/2) = 0. This also falls in line
with the previous results obtained in (13). It is also impor-
tant to mention here that for k = 0 and k = N/2, the
expression for the received signal in (15) reduces to

Y (k) = α(k)X(k) + W (k) (32)

which is identical to the received signal in the conven-
tional DFT-OFDM system, and hence, the performance of
these two subcarriers will be used as a benchmark to gauge
any performance improvement obtained by the proposed
DHT-OFDM system.
Group 2: If the term cos(4π lk/N) is equal to zero in (30)

and (31), both the variances of α(k) and β(k) are equal to
σ 2

α(k) = σ 2
β(k) = 1

2
∑L−1

l=0 σ 2
h(l). For example, if N = 64

and L = 7, then for subcarriers k = (8, 24, 40, 56), the
variances σ 2

α(k) and σ 2
β(k) are equal.

Group 3: For all other subcarriers not belonging to any
of the two groups above, the variances σ 2

α(k) and σ 2
β(k) are

not equal and are given in (30) and (31).

6 Performance analysis
In this section, we derive closed-form expressions for the
average BER corresponding to each group of subcarriers,
as mentioned in Section 5.

6.1 Group 1
(σ 2

β = 0): This case contains two subcarriers k = 0 and
k = N/2. From (15), we can see that the received signal
after DHT is given by

Y (0) = α(0)X(0) + W (0). (33)

The equalized signal Z(0) using a one-tap frequency-
domain equalizer for subcarrier k = 0 is given by

Z(0) = Y (0)α∗(0)
|α(0)|2 = X(0) + W (0)α∗(0)

|α(0)|2 (34)

conditioned on α(0), the noise in (34) is complex Gaussian
with zero mean and variance equal to No

2|α(0)|2 per dimen-
sion. The instantaneous BER for subcarrier k = 0 is then
given by

Pe1 = Pr
(
Re{Z(0)} < 0|X(0) = √Eb

)
= Q

(√
2γ1
)

(35)

where Re{Z(0)} denotes the real part of Z(0) and

γ1 = Eb
No

|α(0)|2 (36)

is an exponential random variable with a probability den-
sity function equal to

fγ1(γ1) = 1
γ̄1

e−
γ1
γ̄1 (37)

and

γ̄1 = 2Eb
No

σ 2
α(0). (38)

The average BER is then calculated by averaging (35)
over all values of γ1 which can be shown to be equal to [27]

¯Pe1 =
∫ ∞

0
Q
(√

2γ1
)

· 1
γ̄1

e−
γ1
γ̄1 dγ1

= 1
2

(

1 −
√

γ̄1
1 + γ̄1

)

= 1
2

⎛

⎝1 −
√√√√

2Eb
No

σ 2
α (0)

1 + 2Eb
No

σ 2
α (0)

⎞

⎠

= 1
2

⎛

⎝1 −
√√√√

2Eb
No

∑L−1
l=0 σ 2

h (l)

1 + 2Eb
No

∑L−1
l=0 σ 2

h (l)

⎞

⎠ . (39)

The average BER for k = N/2 can be shown to be
equal the average BER for subcarrier k = 0.

6.2 Group 2(
σ 2

α(k) = σ 2
β(k)

)
: This case corresponds to subcarriers k

where the variances of α(k) and β(k) are equal. The
equalized signal at the kth subcarrier is given by (25)

Z(k) = X(k) + W̃ (k) (40)

where the noise term is shown in (27), and its variance is
given in (28). The instantaneous BER is

Pe2 = Pr
(
Re{Z(k)} < 0|X(k) = √Eb

)

= Q

⎛

⎝

√
2Eb(|α(k)|2 + |β(k)|2)

No

⎞

⎠
(41)
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The term
(|α(k)|2 + |β(k)|2) in (41) is chi-square dis-

tributed with 4 degrees of freedom. Define the variable λ2
as

λ2 = |α(k)|2 + |β(k)|2 (42)

with density function

fλ2(λ2) = 1
4σ 4 λ2e

− λ2
2σ2 (43)

where σ 2 = 1
2σ

2
α(k) = 1

2σ
2
β(k). Let

γ2 = Eb
No

λ2. (44)

The density function of γ2 is obtained by [28]

fγ2(γ2) = No
Eb

fλ2
(
No
Eb

γ2

)

=
(
No
Eb

)2

4σ 4 γ2e
− Noγ2

2Ebσ2 = 1
γ̄2

2 γ2e
− γ2

γ̄2 (45)

where γ̄2 = 2Ebσ 2

No
. The average BER is then obtained from

[27]

¯Pe2 =
∫ ∞

0
Q
(√

2γ2
)

· 1
γ̄2

2 γ2e
− γ2

γ̄2 dγ2

=
(
1 − μ

2

)2
(2 + μ) (46)

where μ =
√

γ̄2
1+γ̄2

=
√

1
2
Eb
No
∑L−1

l=0 σ 2
h(l)

1+ 1
2
Eb
No
∑L−1

l=0 σ 2
h(l)

.

6.3 Group 3(
σ 2

α(k) �= σ 2
β(k)

)
: Following along the same steps of case 2,

the instantaneous BER for the case when σ 2
α �= σ 2

β is given
by (41)

Pe3 = Q

⎛

⎝

√
2Eb(|α(k)|2 + |β(k)|2)

No

⎞

⎠ . (47)

Let λ3 = |α(k)|2 + |β(k)|2. The density function of λ3 is
[28, 29]

fλ3(λ3) = λβ(k)
λβ(k) − λα(k)

λα(k)e−λα(k)λ3

+ λα(k)
λα(k) − λβ(k)

λβ(k)e−λβ(k)λ3

= A1λα(k)e−λα(k)λ3 + A2λβ(k)e−λβ(k)λ3 (48)

where

A1 = λβ(k)
λβ(k) − λα(k)

(49)

A2 = λα(k)
λα(k) − λβ(k)

(50)

with λα(k) = 1/σ 2
α(k) and λβ(k) = 1/σ 2

β(k).
Let γ3 = Eb

No
λ3; then, similar to (45), the density function

of γ3 becomes

fγ3(γ3) = A1
γ̄α

e−
γ3¯γα + A2

γ̄β

e−
γ3¯γβ (51)

where γ̄α = Eb
No

σ 2
α(k) and γ̄β = Eb

No
σ 2

β(k). Finally, the average
BER for case 3 is obtained by

P̄e3 =
∫ ∞

0
Q
(√

2γ3
)

· fγ3(γ3)dγ3

= A1

∫ ∞

0
Q
(√

2γ3
)

· 1
γ̄α

e−
γ3¯γα dγ3

+ A2

∫ ∞

0
Q
(√

2γ3
)

· 1
γ̄β

e−
γ3¯γβ dγ3

= A1
2

⎛

⎝1 −
√√√√

Eb
No

σ 2
α(k)

1 + Eb
No

σ 2
α(k)

⎞

⎠

+ A2
2

⎛

⎝1 −
√√√√

Eb
No

σ 2
β(k)

1 + Eb
No

σ 2
β(k)

⎞

⎠

(52)

where σ 2
α(k) and σ 2

β(k) in (52) are given in (30) and (31),
respectively.

7 Numerical results
In this section, simulations are conducted to confirm the
theoretical analysis presented in Section 6. The simulation
parameters are listed in Table 1. Each OFDM symbol con-
sists of 64 or 256 subcarriers; all subcarriers are utilized
for data transmission, and the data modulation used is
BPSK. No pilot subcarriers are inserted since the channel
is assumed to be perfectly known at the receiver. The mul-
tipath channel is assumed to be static during an OFDM
symbol and consists of three taps. Without loss of gen-
erality, we assume that the channel taps are normalized
such that

∑L−1
l=0 σ 2

h(l) = 1. A cyclic prefix of sufficient
length is used in order to eliminate ISI. Figure 3 shows
the average BER results for each of the three subcarrier
groups discussed in Section 5 for 64 subcarriers. The the-
oretical average BER results are obtained using Eqs. (39),
(45), and (52). The agreement between the theoretical and

Table 1 Simulation parameters

Parameter Value

Number of subcarriers (N) 64, 256

Number of OFDM symbols simulated 4 × 106

Modulation scheme BPSK

OFDM symbol duration 20 μs

Guard type and length Cyclic prefix (16–64 subcarriers)

Channel delay [ 0 1500 4000] μs

Channel gain [ 0 − 4 − 8] dB
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Fig. 3 Average BER vs. Eb/No for each subcarrier group assuming 64 subcarriers

simulation results is clear. Although subcarrier group 1
is shown to have the worst BER performance compared
to the other two subcarrier groups, this group only con-
tains two subcarriers of the N subcarriers constituting
the OFDM symbol; hence, the impact of the performance
of this group on the average BER of all subcarriers com-
bined is expected to be minimal for large number of
subcarriers N .
Next, we compare the performance of the proposed

DHT-OFDM system with three other systems, namely,
the conventional DFT-OFDM system [1], the general-
ized DHT-OFDM system [16], and the DHT-precoded
OFDM system [22]. In the generalized DHT-OFDM sys-
tem, the DFT is replaced by the DHT at the transmitter
and receiver, and a transceiver scheme is proposed to
diagonalize the channel matrix and eliminate the ICI at

the receiver. The DHT-precoded OFDM system uses the
DHT as a precoder to the conventional DFT-OFDM sys-
tem. In the DHT-precoded OFDM system, the DHT is
first applied to the modulated data stream before apply-
ing the IDFT on the output of the DHT. Because the
combination of DHT and DFT will not result in a diag-
onal channel matrix, the authors in [22] proposed a new
receiver scheme in which the channel equalization is per-
formed between the DFT and the DHT blocks. This
will not produce a diagonal matrix but rather a sparse
matrix and hence, some ICI interference will be present
at the receiver. Figure 4 shows the BER performance
of the proposed DHT-OFDM system along with the
conventional DFT-OFDM system, the generalized DHT-
OFDM system, and the DHT-precoded OFDM system
for 256 subcarriers. The proposed DHT-OFDM system



Al-Gharabally and Almutairi EURASIP Journal onWireless Communications and Networking         (2019) 2019:78 Page 10 of 13

Fig. 4 Average BER vs. Eb/No comparison between the proposed DHT-OFDM system with the conventional DFT-OFDM, generalized DHT-OFDM,
and the DHT-precoded OFDM systems (number of subcarriers = 256)

outperforms the conventional DFT-OFDM and the DHT-
precoded OFDM systems by approximately 17 dB at an
average BER of 10−5, and outperforms the generalized
DHT-OFDM by 12 dB at an average BER of 10−5. The
superior performance of the proposed system is due to the
fact that rather than diagonalizing the channel matrix, the
proposed system uses the coupling between subcarriers to
increase the diversity gain and hence achieve better BER
performance.
The performance of the proposed DHT-OFDM system

under time-varying channel conditions is shown in Fig. 5
for 256 subcarriers. A mobile device is assumed to be
moving at a speed of 120 km/h. At this speed, the Doppler
frequency is measured to be 555.5 Hz. Although all sys-
tems experience an error floor at high signal-to-noise
ratio values due to the ICI caused by the loss of orthog-
onality between subcarriers, the proposed DHT-OFDM
system outperforms the other systems, and its error floor
is introduced at substantially lower BER values.
Finally, the PAPR performance of the proposed DHT-

OFDM is compared with the conventional DFT-OFDM
system, the generalized DHT-OFDM system, and the
DHT-precoded OFDM system. Figure 6 shows the com-
plementary cumulative distribution function (CCDF)
comparison of the proposed DHT-OFDM as well as the
other three systems. The CCDF measures the probabil-
ity that the PAPR exceeds some PAPRo level [30]. It can
be seen in Fig. 6 that the proposed DHT-OFDM system

suffers from an approximately 5.5, 2, and 1 dB increase
in PAPR when compared to the DHT-precoded OFDM,
the conventional DFT-OFDM, and the generalized DHT-
OFDM systems, respectively. This is a minor trade-off
when considering the large gains obtained in average BER
as shown in Fig. 4.

8 Conclusions
In this paper, we considered using the DHT as an alter-
native to the conventional DFT in OFDM systems. When
used, the DHT produces a uniquely structured chan-
nel matrix in which every two symmetric subcarriers
are coupled together. Instead of treating the coupling
between subcarriers as interference, we proposed a sim-
ple frequency-domain subcarrier diversity receiver to take
advantage of the coupling between the subcarriers, and
hence, reduce the average BER of the system by increas-
ing the diversity gain between the coupled subcarriers.
Detailed statistical and mathematical analyses of the sys-
tem were provided, and a set of new closed-form expres-
sions for the average BER of the proposed DHT-OFDM
system are derived. Numerical results are shown to agree
with the theoretical analysis. The proposed DHT-OFDM
system outperforms the generalized DHT-OFDM system
by 12 dB and outperforms the conventional DFT-OFDM
and the DHT-precoded OFDM systems by 17 dB at an
average BER of 10−5. In terms of PAPR, the proposed
system suffers from an approximately 5.5, 2, and 1 dB
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Fig. 5 Average BER vs. Eb/No comparison between the proposed DHT-OFDM system with the conventional DFT-OFDM, generalized DHT-OFDM,
and the DHT-precoded OFDM systems at a speed of 120 km/h (number of subcarriers = 256)

Fig. 6 PAPR performance comparison between the proposed DHT-OFDM with the conventional DFT-OFDM, generalized DHT-OFDM, and the
DHT-precoded OFDM systems (number of subcarriers = 64)
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increase in PAPR when compared to the DHT-precoded
OFDM, the conventional DFT-OFDM, and the general-
ized DHT-OFDM system, respectively. This is a minor
trade-off when considering the large gains obtained in
average BER.
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