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Thammasat University, channel wireless sensor networks in which sensor nodes send their local decisions
Pathum Thani 12120, to a fusion center (FC) by using a random access protocol. There is also limited time
Thailand to collect local decisions before a final decision must be made. We thus propose and

analyze a modified random access protocol in which the FC combines slotted ALOHA
with a population-splitting algorithm called population-splitting-based random access
(PSRA) and collision-aware distributed detection according to an estimate-then-fuse
approach. Under the PSRA, only sensor nodes whose observations fall in a particular
range of reliability will send their decisions in a specific frame by using slotted ALOHA.
At the end of the collection time, the FC applies the collision-aware distributed detec-
tion to make a final decision. Here, the FC will first observe the state of each time slot—
idle, successful, collision—in each frame, use this information to estimate the number
of sensor nodes participating in each frame, and, then, compute a final decision using
a population-based fusion rule. An approximation of the optimal transmission prob-
ability of the slotted ALOHA is determined to minimize the probability of error. Numeri-
cal results show that, unlike slotted-ALOHA-based data networks, the transmission
probability maximizing the number of successful time slots does not optimize the
performance of the proposed distributed detection. Instead, the proposed distributed
detection performs best with a transmission probability that induces many collisions.

Keywords: Distributed detection, Decision fusion, Population-splitting algorithms,
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1 Introduction

Distributed detection is an application of wireless sensor networks (WSNs) to decide
whether an event of interest is happening in a monitored area [1, 2]. Basically, it consists
of a set of sensor nodes and a fusion center (FC). Sensor nodes are deployed over this
area to observe the event and make local decisions. The sensor nodes send these deci-
sions to the FC over wireless channels. The FC collects the local decisions and applies
a fusion rule to compute a final decision about the existence of the event. As a result,
designing a distributed detection system will concern about the operations at sensor
nodes and the operations at the FC. A basic structure of distributed detection is shown
in Fig. 1. Unlike classical detection [3], distributed detection does not involve only detec-

tion methods but also communication techniques [4—6], communication protocols
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Fig. 1 A basic structure of distributed detection. Distributed detection generally consists of the following
basic components: event model, sensor-node processing, channel model, and fusion-center processing
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[7-9], transceiver-receiver structures [10—13], transmission channels [14—16], network
structures [17-19] etc. An ultimate goal of distributed detection is to derive an optimal
fusion rule that is aware of this information. The design of fusion rules is known as a
cross-layer design problem [20, 21].

Designing distributed detection also encounters a resource-constrained problem. In a
large sensor network, the FC might not be able to collect local decisions from all sensor
nodes because of limited bandwidth or/and limited time (delay). Therefore, transmission
strategies between the FC and sensor nodes play an important role to achieve a desired
performance under this resource constraint. When the time/banwidth does not allow
the FC to collect local decisions from all sensor nodes, the FC might collect only reliable
local decisions. This strategy is known as sensor censoring [15, 22, 23]. To minimize the
collection time or to optimize the performance (given a limited time), distributed detec-
tion can be designed such that local decisions are sent to the FC in descending order of
their reliability known as ordered transmissions [8, 24—26] and reliability-based splitting
algorithms [9].

A suitable medium access control (MAC) protocol is a key to make the transmission
strategies above possible in limited bandwidth and time constraints. A problem of apply-
ing these transmission strategies is that the transmission scheduling cannot be per-
formed in advance since decision reliability is not known yet. A random access protocol
is a method applicable in this scenario. Distributed detection using slotted ALOHA has
been studied in many papers [7-9, 20], where sensor nodes randomly choose time slots
to send their decisions. However, if two or more decisions are sent at the same time slot,
a collision time slot happens. The distributed detection schemes in these papers neglect
the collision time slots since the local decisions on these time slots cannot be recovered.
Therefore, their performance drops as the number of collisions increases.

1.1 Contributions

In this paper, we study a distributed detection system with a large number of sensor
nodes N. A time duration T time slots (assume 7" < N) over a single channel is provided
to collect local decisions. If two or more sensor nodes send their local decisions at the
same time slot, a packet collision happens and the FC cannot decode the transmitted
local decisions inside this time slot. Since T is less than N, the FC can collect only some
local decisions but not all of them. For example, in a distributed detection system using
the time division multiple access (TDMA) as its MAC protocol, the FC will be able to
collect only up to T'local decisions. Therefore, the collection time T will limit the perfor-
mance of this distributed detection.
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We are interested in jointly designing a transmission strategy, a MAC protocol, and
fusion rules at the FC to improve the performance of the distributed detection with a
limited collection time over a single channel. A key design is that, with properly revising
a transmission strategy and a random access protocol such that the packet collisions will
be from the same local decisions, a packet collision indicates two or more sensor nodes
have the same decision. As a result, the packet collisions are informative [27-30]. The
main contributions and results of this paper can be summarized as follows.

We propose a transmission protocol (i.e., a transmission strategy and a MAC proto-
col) based on a population-splitting algorithm called population-splitting-based random
access (PSRA), which is a modification of slotted ALOHA. We use the term “popula-
tion splitting” because the sensor nodes (i.e., population) are split into groups based on
their observation values. By using this algorithm, the observation range is divided into
censored regions (unreliable observations) and M uncensored regions (reliable observa-
tions). Only groups of sensor nodes whose observations are in the uncensored regions
will send their data to the FC. We also divide the collection time T into M frames, where
each frame contains K time slots. The sensor nodes whose observations are in the mth
uncensored region will send their data in the mth frame. Since the frame itself indicates
the observation region (i.e., the local data found in the mth frame corresponds to the
observation in the mth uncensored region), we assume that the sensor nodes send a data
bit 1 (i.e., no need to make a local decision). However, because we do not know which
sensor nodes will send their data bits in the mth frame, a fixed transmission schedul-
ing such as TDMA cannot be applied. A slotted ALOHA protocol is exploited. A sensor
node whose observation is in the mth region will send the data bit at a time slot in the
mth frame with a probability 22, where p,, is called transmission probability at the mth
frame. The parameter p,, indicates the probability that a sensor node whose observation
is in the mth region will send its data in the mth frame. The scaling % is a normalized
factor (per frame). By using a slotted ALOHA protocol, collision time slots, when two
or more sensor nodes send their data bits at the same time slot, will happen. However,
unlike [7-9, 20], we design and propose collision-aware distributed detection whose FC
is aware of collisions and utilizes them in making a final decision.

The performance of the collision-aware distributed detection is affected by the trans-
mission probabilities p = (01, 02, ..., pm), where p,, controls the number of sensor
nodes sending the data bits in the mth frame (i.e., network traffic). A higher value of p,
induces a larger number of collision time slots in that frame. We, then, propose a method
to approximate the optimal transmission probabilities, which minimize the probability
of error. We can show that, for the collision-aware distributed detection scheme, unlike
data networks [31], the transmission probabilities maximizing the throughput are not
optimal. On the other hand, the numerical results show that the transmission probabili-
ties inducing a lot of collision time slots are optimal. This is because, in the collision-
aware distributed detection, the collision time slots are informative.

1.2 Related work

Transmission strategies have been broadly exploited to improve the performance
of distributed detection in a resource-constrained scenario. In addition to sensor
censoring [15, 22, 23, 32], ordered transmissions [8, 24—26], and reliability-based
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splitting algorithms [9], a transmission strategy called type-based multiple access
(TBMA) has been proposed [33, 34] over a multiple access channel. In the TBMA
scheme, the observation is quantized into M levels and M orthogonal waveforms
{dpm ()}, for m =1,2,...,M, are provided. Sensor nodes whose observations are in
the mth level will send a waveform ¢, (¢) to the FC. The received waveforms are then
combined to each other. The amplitude of the waveform ¢,,(t) detected at the FC
indicates the number of sensor nodes in the mth level, which will be used further in
making a final decision. As an extension of the TBMA, a transmission strategy called
type-based random access (TBRA) over a multiple access channel has been proposed
in [35]. The term “random” here emphasizes that the number of sensor nodes involv-
ing in transmissions is random. Our proposed PSRA is different from the TBMA
and TBRA in the following aspects. First, we study a problem of distributed detec-
tion when only a single collision channel is provided. Second, in the PSRA, the sen-
sor nodes whose observations are in the mth level will send their data bits in the mth
frame using slotted ALOHA. As a result, the FC observes the states of time slots
(i.e., idle, successful, collision time slots) in making a final decision.

Random-access protocols have been applied in many distributed detection
schemes especially when a proper transmission scheduling is not allowed [7-9, 20].
However, packet collisions, as an intrinsic property of random access, deteriorate the
performance of the schemes in these papers since the packet collisions are neglected.
With properly revising a transmission strategy such that the packet collisions will be
from the same data, a packet collision indicates two or more sensor nodes have the
same data. As a result, the packet collisions can be used in making a final decision
[27-30]. Similarly, in the proposed PSRA, since the data bits sent in the same frame
will be from the observations in the same level, the collision time slots in each frame
are meaningful and will be used in making a final decision.

Transmission protocols based on population-splitting algorithms for distributed
detection/estimation have been studied in [29, 36, 37], where the sensor nodes will
share a collision channel to send their decisions. By using these protocols, the obser-
vation range is divided into M levels and the collect time is divided into M frames.
The sensor nodes whose observations are in the mth level will send their decisions
in the mth frame. The FC observes the time-slot states to make a final decision or
compute an estimate. The transmission protocol proposed in this paper is different
from those in [29, 36, 37] as follows. Here, we apply the sensor-censoring strategy to
a population-splitting algorithm, where the observation range is divided into cen-
sored regions (unreliable observations) and uncensored regions (reliable observa-
tions). The uncensored regions are further divided into M levels. Only the sensor
nodes whose observations are in the uncensored regions will send their data bits in

the corresponding frames.

1.3 Organization
The remainder of this paper is organized as follows. The system model is intro-
duced in Sect. 2. Collision-aware distributed detection with a population-split-

ting algorithm is proposed in Sect. 3. Approximations of the optimal transmission
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probabilities are determined in Sect. 4. The numerical results are evaluated and dis-
cussed in Sect. 5. Finally, conclusions are provided in Sect. 6.

2 System model

2.1 Centralized fusion system

We consider a distributed detection system with N sensor nodes deployed in an area
to monitor an event of interest. To start the local-decision collection process, the
FC will broadcast an inquiry about the existence of this event. Each sensor node will
draw an observation, compute a data bit, and send it to the FC via a single-hop and
shared collision channel by using the transmission protocol proposed in Sect. 3.2.

2.2 Transmission channel

The sensor nodes will share a collision channel to send their data bits to the FC. This
collision channel is divided into time slots, with the FC and sensor nodes knowing
when a time slot begins and ends (i.e., synchronous time slot). In a collision-channel
model, a time slot is classified into the following time-slot states [31]:

« atime slot is called as an idle time slot if no data packets are sent at this time slot,

+ atime slot is called as a successful time slot if only one data packet is sent at this
time slot,

« atime slot is called as a collision time slot if two or more data packets are sent at
this time slot.

We assume that the collisions are solely from the transmissions of the sensor nodes in
the considered network. The length of each time slot is equal to the packet containing
a data bit.

2.3 Binary hypothesis testing model
The noisy observation x at a sensor node is governed by the following binary hypoth-
esis model:

Ho: x ~ fx(x|Ho) and Hy: x~ fx(x|H1), (1)

where fx(x|H;) is the conditional probability density function (PDF) of x. The obser-
vations are assumed to be independent and identically distributed (1ID) given H;, for
i = 0,1, and among the sensor nodes and time slots. The prior probability that Hy hap-
pens, Pr(Hp), is equal to Py, and, the prior probability that H; happens, Pr(H1), is equal
toP; =1— P

3 Methods

3.1 Overview of the proposed method

We consider a distributed detection system with a shared collision channel and a
limited collection time. There are N sensor nodes deployed in the area to monitor
whether the event Hy or the event H; happens. These sensor nodes will send their
decisions over a shared collision channel to the FC. The FC is allowed to collect local
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Fig. 2 A diagram to display the proposed method. There are N sensor nodes in the area to monitor the status
of the event of interest. These sensor nodes send their decisions to the FC over a shared collision channel by
using the PSRA protocol. At the end of the collection time T time slots, the FC observes the time-slot states
and make a final decision by using the collision-aware distributed detection

decisions within a time duration equal to T time slots, which is less than the num-
ber of nodes N. As a result, the FC cannot collect all local decisions from N sensor
nodes. To handle this issue and improve the performance of this distributed detection
system, we propose collision-aware distributed detection with a population-splitting
algorithm.

The proposed method consists of two parts: a transmission protocol called popula-
tion-splitting-based random access (PSRA) and a detection strategy called collision-
aware distributed detection. As shown in Fig. 2, each sensor node will apply the PSRA
to send its decision over a shared channel to the FC. By using the PSRA, the collec-
tion time (whose length is equal to T time slots) is organized into M frames (each
frame consists of K time slots) and the observation range is divided into censored
regions and M uncensored regions. The sensor nodes whose observations are within
a censored region will decide not to send their decisions to the FC. On the other hand,
the sensor nodes whose observations are within the mth uncensored region will send
their binary bits b = 1 at a time slot in the m¢/4 frame by using a slotted Aloha proto-
col. At the end of the collection time T, the FC will observe the time-slot states (idle,
successful, and collision) in each frame and use them to estimate the number of sen-
sor nodes (7, for 1 < m < M) who send their binary bits in that frame by using the

Page 6 of 28
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population estimator. Finally, the FC applies these estimated node numbers 71, 71, ...,
ny into the population-based fusion rule to make a final decision whether the event
Hj or the event H; happens. The details of the transmission protocol PSRA and the
collision-aware distributed detection are explained in Sects. 3.2 and 3.3, respectively.

3.2 Population-splitting-based random access

The PSRA is shown in Algorithm 1. The censored regions and uncensored regions are
chosen according to the observation reliability [9]. The censored regions cover the
ranges of those unreliable observations, which are unlikely to help in detection. On
the other hand, the uncensored regions consist of the ranges of reliable observation,
which would be useful in detection. Only the sensor nodes whose observations are in
the uncensored regions might send their data bits » = 1 to the FC.

Algorithm 1 Population-Splitting-Based Random Access

The range of the observation x is divided into I censored regions
(C1,C2,...,Cr) and M uncensored regions (U1,Us, ..., Unr),
where

Ci:{IZl/iL<ISV£]}, Mm={z:7',ﬁ<1§7'%}, (2)

while v, vY, 7L and 7Y are thresholds. In addition, the collec-

tion time T is divided into M frames, where each frame consists

of K time slots, as shown in Fig. 3. By using the population-

splitting-based random access, the sensor nodes perform the fol-

lowing steps:

1 At the beginning of the collection time, each sensor node
draws a new observation .

2 The sensor nodes whose © € U, (i.e., the observation is in
an uncensored region) will decide to send the data bit b =
1 in the mth frame with the transmission probability pm;
otherwise, the sensor nodes keep silent.

e Here, slotted ALOHA is applied. At the beginning of
each time slot in this frame, the sensor nodes who de-
cide to send their data bit will send their data bit b =1
at this time slot with a probability %

3 The Step 2 above is repeated from m = 1 till m = M.

The algorithm’s specific details are explained and modeled as follows. Let n,,, for
1 < m < M, be the number of sensor nodes whose observation x € U,,. Since the sen-
sor nodes draw an observation at the beginning of the collection time, the variables

n1, M, ..., 1y can be modeled as multinomial random variables. The probability mass
function (PMF) of n = (ny, ny, ..., ny) given H; is expressed as
!
) — : m _ny ML
Pr(n|H;) = PP nM+1!q1‘iq2|i ANi+1)ir 3)

where  0<n, <N, qmi= f;é’lfx(ﬂHi) dx, nyy1 =N — Z%zl ", and
qm+1ji =1 — an/lzl qm)i- The set m = (n,n,...,ny) can be used to differentiate
whether the event Hp or Hj is happening. Note that g,,; is the probability that an obser-
vation value will be in the mth uncensored region and gas41); is the probability that an
observation value will be in the censored regions.

Each frame is used to indicate an uncensored region U,. The sensor nodes who
have their observation x € U,,, will send their data bits b = 1 in the mth frame with a
probability p,, (the rest will keep silent). However, these sensor nodes are unknown.
Transmission scheduling cannot be arranged in advance. We, then, apply slotted
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Fig. 3 The structure of the collection time. The collection time (T time slots) is divided into M frames, where
each frame consists of K time slots

ALOHA to handle the multiple access problem. In each time slot, these sensor nodes
will decide to send their data bit with the probability % Similar to [27-29], a collision
time slot is meaningful and recognized since a collision time slot indicates that there
are two or more sensor nodes whose observation x € U, (Fig. 3).

At the end of each time slot, the FC observes the state of that time slot. Let dj ,,, be the
time-slot state of the kth time slot in the mth frame. We have dj ,, € {0, S, C}, where
dxm = 0,dy, =S, and dy ,,, = C indicate the idle time slot, the successful time slot, and
the collision time slot, respectively. Therefore, a time slot will be an idle, successful, or
collision time slot with the following conditional probabilities:

P\ "m
Pr(diyn = Olm) = pom = (1= %)

P P\ =1
Pr(dk,m = S|nm) = psm = nm(T?) (1 - T?) ’ (4)

Pr(dk,m = Clnm) = pcm =1 — pom — PS,m-

The probabilities pou, ps,m, and pc,, are called as the probability of no transmission, the
probability of successful transmission, and the probability of collisions, respectively. As a

result, the conditional PMF of dy ,, given n,,, can be expressed as

Pr(dje 1) = o) D= (ps ) U= (P ) ki =S, (5)

where 1, is the indicator function.
At the end of the mth frame, the FC observes the following time-slot states

a1 m dams - - - A m, Whose joint conditional PMF is
K
Pr(dyu|nm) = [ [ Pr(dimlnm), ©6)
k=1
where d,;, = (d1,, dom> - - - »dx,m)- In addition, the FC observes that there are zg,, idle

time slots (i.e., dy,, = 0), zs,, successful time slots (ie., di,, = S), and zc, collision
time slots (dg,,, = C) in the mth frame. Therefore, the joint PMF (6) is equivalent to,

when the FC observes zg ,;, 2, and zc,:

|
K 20,m _ZS,m . ZC,m

!Po,mps,ml’c,m’ (7)

P2yl y) = ———
20,m*2S,m-2C,m

where z,, = (20,m> 25,m> 2C,m)- Note that zo,, + zs, + zc,m» = K. In addition, we can
write the joint conditional PMF of zg , zs,, and zc,, given H; as
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Fig. 4 An example illustrates the idea of the PSRA protocol, where the range of the observation x is divided
in to one censored region (C) and four uncensored regions (U, U, Uz, Us). The collection time (7) is equal to
16 and divided into M = 4 and K = 4. Assume that there are n,, sensor nodes with x € U, form = 1,2,3,4.
They will send their data bits at a time slot in the mth frame with a probability ”T'T As a result, idle time slots (1),
successful time slots (S), and collision time slots (C) will happen

N
Pr(z,,|H;) = Z Pr(z, |1) Pr(ny | H;). (8)

1, =0

At the end of the collection time, the FC has observed the time-slot states z1,zy, . . ., ..Zy/.
The joint conditional PMF of z = (z1, 2y, . . ., ..Zy) given H; can be expressed as

M
Pr(z|H;) = || Pr(zamlH)

m=1

M N )
1T >_ pr@ulnmPrin. Hy).

m=1 n,,=0

Therefore, we devise distributed detection that is aware of these collision time slots in
addition to successful time slots and idle time slots as shown in Sect. 3.3, where the FC
will exploit the time-slot states z to decide whether Hy or Hj is happening.

The transmission probability p,, is a key parameter since it controls the network traffic
(the number of transmitting nodes) in the mth frame. As a result, numbers of idle, suc-
cessful, and collision time slots depend on p,,. A large value of p,, induces a large number
of transmitting nodes and a large number of collision time slots in the mth frame. There
will be a set of transmission probabilities p* = (p], 05, ..., pj;) maximizing the perfor-
mance of the proposed distributed detection, which will be studied in Sects. 4 and 5. We
would like to note that finding the optimal thresholds v* = (U{“*, v2u R vIL*, UIU*) and
T = (rlL*, rlu*, A tjﬁ*, tﬁ*), which is also known as quantizer design,1 is beyond the

scope of this paper.

! For example, the papers that deals with this problem are [9, 38-42].
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a The proposed collision-aware distributed detection con-
sists of two stages: a population estimator and a population-
based fusion rule, where z is a set of observed time-slot states
and fi is a set of estimated numbers of sensor nodes in the
uncensored regions U1, Uz, ..., Ups.
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Collision-Aware Distributed Detection

b As shown in Corollary , the FC will need only to observe
a set of collision time slots, zc = (2¢,1,2C,2,---,2C,M) tO
estimate f.

Fig. 5 Diagrams to display the structure of the proposed collision-aware distributed detection

An example showing the main idea of the PSRA is provided in Fig. 4. The range of
the observation is divided into a censored region (C1) and four uncensored regions (i1,
Uy, Us, and U,). Assume that the event H; is happening. The distribution of observa-
tions is fy (x|H;). There is n,, sensor nodes whose observations x € U,,. According to the
PSRA protocol, these sensor nodes will decide to send their data bits at each time slot
in the mth frame with the probability 22. As a result, the FC observes the time-slot state
Zy = (20,m» 2S,m> 2C,m) in the mth frame, where zo ,, s, and zc,,, are the numbers of the
idle, successful, and collision time slots, respectively. The FC will exploit these time-slot
states z,,, for m = 1,2,..., M, in making a final decision. Note that if the parallel access
channels (PACs)? are assumed, the FC would clearly see the number of sensor nodes 7,
form = 1,2,...,M, and would directly use them in making a final decision instead.

3.3 Collision-aware distributed detection: estimate-then-fuse approach

The optimal fusion rule of the proposed distributed detection can be directly derived
Pr(z|H1)
Pr(z|Ho)’
and untraceable in analysis, which no insightful meaning can be discovered or proved.

from where Pr(z|H;) is from (9). However, this optimal fusion rule is complicated
Similar to [1, 4—6, 10—16], we aim to devise suboptimal fusion that allows us to derive
some meaningful properties.

In this section, we consider that the FC compute a final decision based on the estimate-
then-fuse approach [29, 36, 37] as shown in Fig. 5a, which consists of two stages: a popu-
lation estimator of the node numbers and a population-based fusion rule. First, the FC
will use the estimator to compute the estimates of 11, ny, - - -, and nys, which are denoted
as 1y, Ay, - - -, and Ay, respectively, from the observed time-slot states z = (23,2, . . ., Zy).
Thereafter, the FC exploits these estimates h = (711, 712, . . ., 7ipr) in the proposed popula-
tion-based fusion rule. The population estimator and the population-based fusion rule
are described next.

2 An example of PACs is the frequency division multiple access (FDMA). Each sensor node exploits its own frequency
channel to send the decision. However, using the PACs is not a bandwidth-efficient approach in this scenario.
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In the first stage, the FC will estimate the number of sensor nodes #,, in each frame
by exploiting the population estimator. The details are shown in the proposition below.
Note that, from now on, we omit the fact that n,, is an integer and, then, consider n,, as
a real number instead. Therefore, we can derive and prove some meaningful properties.
We would like to note that Proposition 1 and Corollary 1 have been shown in [36, 37].

Proposition 1 (Population estimate) The maximum-Ilikelihood (ML) estimate of the
number of sensor nodes whose x € U,,, based on the observed time-slot states 2, is

iy = arg max [zo,m log(Po,m) + zs,m log(ps,m) + zCm log(pc,m)] (10)
1, €[0,N]
For a large K, the PDF of n,, can be asymptotically expressed as a Gaussian PDF:
i ~ N (nm, U,zn), where ~ denotes ‘asymptotically distributed according to” and, for a
large ny, and ny, > K,

24y -1
v~ {r (2 g (1- 2]} ay

Proof An outline of the proof has been shown in [36, 37]. The full derivation is shown
in Appendix A. O

Note that the variance v2, will affect the quality of the proposed distributed detection,
which will be discussed in the next section. In addition, we can show that log Pr(z,|n,,)
is a concave function of #,,, and, then, we have an alternative form of the population
estimate 71,,, as shown in Corollary 1 below.

Corollary 1 (Equivalent population estimate of n,,) For a large ny,, the ML estimate i,
obtained from (10) is equal to the value ny, satisfying

1 —pcm _ K —zcm
PCm ZCm

(12)

Note that ny, is inside pc .

Proof An outline of the proof has been shown in [36, 37]. The full derivation is shown
in Appendix B. ]

From Corollary 1, we see that only the number of collision time slots zc , is needed to
estimate 7,,. As a result, the input to the diagram of the proposed distributed detection
can be revised as shown in Fig. 5b.

In the second stage, the FC will apply the estimates fi = (711, 712, . . ., Aipr) into the popu-
lation-based fusion rule to compute a final decision. The population-based fusion rule is
described in the proposition below.
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Proposition 2 (Population-based fusion rule given n) Given a set of estimated numbers

of sensor nodes, i = (1, iy, . . ., pr). The population-based fusion rule is expressed as
M Q1 Gmlo H
A=Dn {log( i )7log< = )} Z 5 13
Z " qM+1)1 aM+1)0 Pi ' ( )

m=1

where the decision threshold y is adjusted to achieve the desired performance.

Proof The test statistic A is directly obtained from the following log-likelihood ratio

A= g;gmﬁé; , where n = (n1,n,...,ny) will be substituted by the estimates
n=n
n = (11, 7y, . .., ipy). From (3), we can show that
Pr(n|H) qm Z a q
;:Nlog( +1'1)+anlog[(mll) —log (MO)] (14)
Pr(n|Hp) qm+107 = qM+111 qM+1(0

Since the first term on the right-hand side of the equation above is a constant, we can
write the test statistic A as shown in (13) after replacing n with n. O

Recall that the collision-aware distributed detection here is parameterized by the
number of sensor nodes N, the number of frames M, and the number of time slots in
a frame K. It is worth to mention the computational complexity of the proposed dis-
tributed detection according to these parameters. In the first stage, the FC will estimate
the number of sensor nodes #,, in each frame according to (10). To do this, the FC will
observe and count the numbers of time slot states in each frame (i.e., 2, 25, and
zc,m), compute the probabilities in (4), and, then, check all #,, € [0, N]by using (10). As
a result, for M frames, the first stage incurs the complexity O(MK + MN). In the second
stage, to make a final decision, given the estimate 71, from the first stage, the FC applies
the fusion rule (13) which requires the complexity O(M). Finally, the overall computa-
tional complexity of the proposed distributed detection is of order O(MK + MN + M).

4 Approximations of optimal transmission probabilities

The performance of the proposed distributed detection can be shown via the probability
of detection (Pp) and the probability of false alarm (Pg). These probabilities are affected
by a set of transmission probabilities p = (p1, p2,. .., om). A small transmission prob-
ability p,, will allow only a few sensor nodes to send their data bits in the mth frame, and,
then, induce a large number of idle time slots in the mth frame. On the other hand, a
large transmission probability p,, will allow many sensor nodes to send their data bits in
the mth frame, and, then, induce a large number of collision time slots in the mth frame.
The transmission probabilities p = (o1, p2, - - ., par) will impact on the estimation’s qual-
ity of the ML estimator (shown in Proposition 1), and, then, the final decision’s quality of
the population-based fusion rule (shown in Proposition 3). Therefore, there will be a set
of transmission probabilities p* = (o], 03,. .., pj) optimizing the performance of the
proposed distributed detection. However, finding the optimal transmission probabilities
p* numerically will be cumbersome. An analytical way is needed. In what follows, we
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will derive approximations of the transmission probabilities minimizing the proposed
distributed detection’s error probability.

We need to derive the conditional PDF of A given Hj, denoted by Pr(A|H;). How-
ever, the exact form of Pr(A|H;) is not yet found. Instead, we will derive an asymptotic
approximation of Pr(A|H;), denoted by Pr(A|H;), as shown in the proposition below.

Proposition 3 (Asymptotic PDF approximation) An approximation of the conditional
PDF of A given H;, denoted by P~r(A|H,-), can be expressed as a Gaussian PDFN(/Li, al.z),
fori=0,1, whose

M

i :qumi{log (1) ~1og (q"“’)] (15)

f— dM+111 dM+110

2
qm|1 _ qm|0
0i2 — l o {log (‘IM+1|1) log (QMH\O)} ) (16)

K —DComli - 2
=t (e [log (1- 42)]

where )i = Ngmjis  PCmli = 1 — Pomli — PSmlis  Pomli = (1 — 52", and
_ _ Fipti—1
Dsmli = T)i(B2) (1 — Bz )ymi=,

Proof Please see Appendix C. O

The value #,,; is the average number of sensor nodes whose x € U, (i.e., in the mth
frame) given H;. Correspondingly, the probabilities pomji, Psmji» and pc,m,i are com-
puted at 71,,,;. We see that the variance O'iz from (16) is a weighted sum of the variance U,Zn
from (11). Therefore, the quality of the estimates 7 from the population estimator will
directly affect the quality of the decision making obtained from the population-based
fusion rule.

Subsequently, we will approximate a set of transmission probabilities
0* = (p},p5, ..., p};) minimizing the probability of error Pg = PoPr + P1Pym, where Py
is the probability of miss and equal to 1 — Pp. From Proposition 3, we have the following
approximations of the probability of detection Pp and the probability of false alarm Pp:

Pp = Br(A > y|H) = Q(*—),

(17)

Pe = Br(A > y|Ho) = Q(V ;“0)

(18)
where the conditional probability Pr(A|H;), for i = 0, 1, is defined in Proposition 3, and
Q(-) is the Q-function. In order to find p*, we have the following optimization problem:

p* = arg min (PoPg + P1Py).

pel0, 1M (19)

The necessary conditions of p* in (19) are derived in the proposition below.
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Proposition 4 (Necessary conditions of p*) The transmission probabilities
p* = (01, P}, .., pyp) in (19) must satisfy the following conditions:

(i) Let gm(pm) be a function of p,, defined as

(A=Pcml0)*
2pC,m|0(L=pCm|0) = (1=Hm|0)PS,m|0 [log (1—’%’””
(A—pCm1)?
20C,m|t (1=pCm|1) — (=M 1)PS,m|1 [log (1—/’7"')}

, (20)

for all m, where fyy)i, ps,m|i» and pc,m)i are defined in Proposition 3. We have
a(p]) = &(p3) = ... = gm(ppp)- (21)

(ii) The function gy (p},), for all m, must be equal to

(22)

(0’1*)3 [Pow(yggo)(y - /LO)

o PlSD(y;lf“)(V —un) )
where ¢(-) is the standard Gaussian PDF and o} is the standard deviation o; in (16)
with substituting p* = (0}, 05, . .» Py

(iii) With properly choosing y such that o <y < w1, the value g, (p},) is less than or
equal to zero for all m.

Proof Please see Appendix D. O

The necessary conditions in Proposition 4 help us in searching for the transmission
probabilities p*. First, we can find a range of feasible values of p}, by using the neces-
sary conditions (i) and (iii). Thereafter, we limit to specific candidates of p;, by using
the necessary condition (ii). An example of finding the transmission probabilities

0* = (07,05, ...,p5p) is explained below.

Example 1 Consider the observation x governed by the following binary hypothesis

testing model
Hy: x~N(,5 and H;: x~N(,5), (23)

where N (a,b) is the Gaussian PDF whose mean and variance are equal to a and b,
respectively. Assume further that Py = P = % and N = 400. We consider the proposed
distributed detection whenT = 80, M =4, K = 20,andy = % The observation range is
divided into one censored region:

Ci={x:0<x<1}, (24)

and four uncensored regions:

Page 14 of 28
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b We take a close-up of the plot shown in Fig. 6(a) to
show the points whose gm (pm) = 0, for all m. We, then, can
find the feasible values of py, as follows. Consider a plot of
g1(p1). We have g1 (p1) < 0 for 0.261 < p1 < 0.486, which is
the feasible region of p}. The feasible regions of p3, p3, and
p; can be found in the same way. Furthermore, as explained
in Example 2, we notice that g1 (p1) and g4(p4) cross each
other when their values are —1. The corresponding pm, is
the optimal transmission probability for m = 1 and m = 4.
For g2(p2) and g3(p3), we have the same observations.

Fig. 6 lllustrations of Examples 1 and 2

Uy ={x:—00 <x < —1.385},
Uy = {x: —1.385 < x <0},
Us = {x:1 < x < 2.385},

Uy = {x:2.385 < x < o0},

(25)

Note that the thresholds in the uncensored regions are selected such that
the probability gmoPo + gm1P1, for m=1,2,3,4, are identical (specifically,
Gm|oPo + qmpP1 = li(Pqu“]‘\‘;[JrquM““)). The function g,;(0,) defined in (20), for
m = 1,2,3,4, are shown in Fig. 6a. Only the negative values are displayed because of the
necessary condition (iii). From (21) and the fact that g,,(p;;)) < 0, for all m, Fig. 6b shows
that the feasible values of p7, p3, o3, and p} are

0.261 < p} <0.486, 0.301 < p} < 0.379,
0.301 < p} <0379, 0.261 < p} < 0.486.
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To find the transmission probabilities o}, p3, 03, and o3, we vary p1, p2, 03, and p4 within
the feasible ranges identified above such that the necessary condition (ii) is true. The cor-
responding transmission probabilities p* = (p7, p3, p3, p;) minimize the probability of
error in (19). As a result, we obtain p} = 0.282, p; = 0.324, p5 = 0.324, and p; = 0.282.

l

A feasible region of p}, as shown in the example above can be determined in the

following way.

Proposition 5 (A feasible region of p}) The optimal transmission probabilities p},, is
between py, o and py,,, where py,,; is obtained from

(L = PC o )PCmi (1 — i) [log (1 3 P:nu)} 26)
P i 2 K /|
— . — — — _ Pl \ Ao
Pmi =1 _Pgmu —Ps,rgﬁj __— By = (1= )™, and
P = i (S22) (1 — “25)™™ ™" The transmission probabilities Pl P30+ Paro

minimize the probability of false alarm Py. The transmission probabilities py}, 3y - -
Py minimize the probability of miss Py.

Proof Please see Appendix E. O

Consider Example 1. We find the transmission probabilities o7}, and pj}; by using
(26). As a result, we have pflo = 0.261 and pfu = 0.486. From Proposition 5, the feasi-
ble region of pj is 0.261 < p} < 0.486, which is similar to that specified in Example 1.

The transmission probabilities p* = (o}, p3, ..., pj;) are easily found when the fol-

lowing conditions are true.

Corollary 2 (Special case) Assume M is even, the threshold y = %(/L() + 1), and
qm|o = qM+1—m)1 for all m. The transmission probabilities p* = (p3, p3, ..., py) in (19)
must satisfy the following conditions:

(i) The optimal transmission probabilities satisfy
P = PMs1—mr V7M. (27)

(ii) The function g, (py,) defined in (20) must be equal to — %‘;,for all m.
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Proof First, we can prove the condition (i) as follows. From the given assumption that
qm|o = qM+1—m|1, We have 71,0 = Hp1+1—m|1, Where 7,,; = Ny ;. Recall that the func-
tion g, (o) defined in (20) is a function of #,,j0, #j1, and pg,. Since K0 = Apr+1—m|1

and g (0},) = gM+1-m(0}141_,,) from (21), we have p}, = p}, ;_,, for all m.

Second, we can prove the condition (ii) as follows. Since M is even, g0 = gM+1—m|1»

Hm)i = Nqpm)i, and p};, = p;V[H_m, we have 1o = —u1 and o] = o}, where p; and Oiz are
defined in (15) and (16), respectively. Recall that o} is the standard deviation o; in (16)
with substituting p* = (075 035+ -5 Py)- In addition, from the given assumption that

Y= %(Mo + 1), we have y = 0. As considering (22), we have (y — uo) = —(y — n1)
and ¢(12H0) = (X211). As a result, (22) is reduced to —%‘1’, which is the value of

* *
% o1

8m (,0,*,,) [l

The example below shows how easy to find the optimal transmission probabilities p*
when the assumptions in Corollary 2 are true.

Example 2 Reconsider Example 1. We can see that the parameter setup in Example 1
follows the assumptions in Corollary 2. From Corollary 2, we will have p} = p}, p53 = p3,
and gy (p;,) = —1, for all m. Considering Fig. 6b, we obtain p = 0.282, p7 = 0.324,
p3 = 0.324, and p; = 0.282. O

5 Results and discussion

In this section, we will evaluate and show the performance of the collision-aware distrib-
uted detection with the PSRA. Throughout this section, we assume that the observation
x is governed by the model shown in (23) in Example 1 whose observation signal-to-
noise ratio (SNR) is equal to —7 dB. As a result, according to [9], the reliability of the
observation will be equal to |x — 0.5|. The value of x that is further away from 0.5 is more
reliable. Therefore, as seen later, our censored regions (cover unreliable observations)
will be around x = 0.5. Note that the probabilities of error Pr shown in this section are
obtained from simulation and the probabilities Py and P; are equal to %

5.1 Network traffic and optimal transmission probabilities

In a data network using slotted ALOHA, the optimal transmission probability will be
the probability that maximizing the network throughput (i.e., the probability of success-
ful transmission) [31]. However, in this paper, our optimal transmission probabilities
p* = (p5,p3,...,py) are to minimize the proposed distributed detection’s error prob-
ability Pg. We study the role of the transmission probabilities on the probability of error
P in the following scenario. We consider a distributed detection system with 500 sensor
nodes. The collection time 7 is equal to 30 time slots, which is divided into two frames.
Each frame consists of 15 time slots. The observation range is divided into one censored
regionC; = {x : —1 < x < 2}and two uncensored regions U; = {x : —oo < x < —1}and
Us = {x :2 < x < 00}. We have g1)0 = q2j1 and q1)1 = ¢20. The probability that the event
H; (i.e., P;) happens is equal to % As a result, we have Pog1j0 + P1g1)1 = Poq2j0 + P1g2)1-
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Fig. 7 Simulation results showing the role of the transmission probability on the proposed distributed
detection’s network traffic and probability of error Pe. The parameters are set up as follows: N = 500, T = 30,
M = 2,and K = 15.The range of the observation is divided into a censored region C; = {x : —1 < x < 2}
and two uncensored regions Uy = {x : —oo < x < —1}and U, = {x : 2 < x < o0}

According to the parameter setup above, the transmission probability p will be equal
to the transmission probability p;. Therefore, we vary the transmission probability py,
such that p; = pa = p. From simulations, the probability of error Pg versus p is shown
in Fig. 7. In addition, we show the network traffic (which is measured by po i, psmii
and pc,m|i) versus p for m = 1,2 and i = 0,1 in Fig. 7a—d. We can see that the trans-
mission probabilities minimizing Pg are p; = pj & 0.33. We further notice that the
optimal transmission probabilities p* = (o], 05,...,05;) do not maximize the net-
work throughput (i.e., ps ;). However, by using the optimal transmission probabilities
p* = (p5,05,...,px) a lot of collisions occur (i.e., high pc ) in each frame. A rea-
son is that, unlike the sensor networks whose collisions are non-informative and, then,
neglected [7-9, 20, 31], in the proposed distributed detection, the collision time slots
can be exploited in making a final decision.

Next, we show the optimal transmission probabilities p* = (o}, 03, ..., pj) (minimiz-
ing the probability Pg) when increasing N in Fig. 8. The same scenario described above
is assumed except the value of N. Since p] is equal to p3, only pf is shown. Increasing
N means that there are more sensor nodes in each uncensored region R,,. Recall that
these sensor nodes will send their data bits in the mth frame with the transmission prob-
ability p,,. The number N and the probability p,, will affect to the numbers of time-slot
states (20,1, 2S,m» 2C,m)- For a fixed p,,, increasing N will result in higher collision time
slots zc,; and lower idle time slots zg,,,. The proposed scheme exploits the numbers of
time-slot states (20,1, zs,m, zC,m) to differentiate between the event Hy and the event H;.
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Fig. 8 A comparison between the optimal transmission probability o} obtained from simulations and the
approximation p} obtained from Proposition 4. The parameters are set up as follows: T = 30, M = 2, and
K = 15.The range of the observation is divided into a censored region C; = {x : —1 < x < 2}and two
uncensored regionsUy = {x : —oo < x < —1}land Uy = {x: 2 < x < o0}

As a result, increasing N lowers the optimal transmission probability o such that the
corresponding time-slot states (2o, zs,m, ZC,m) are best used in detection.

In addition, we also show the transmission probability p}, which is an approximation
of the optimal transmission probability p, versus N in Fig. 8. The probability o] is easily
obtained from Proposition 4. We see that there is an acceptable gap between p} and p7,

which is smaller when increasing N.

5.2 Performance comparison
In this section, we demonstrate

« the estimated number of sensor nodes 7,, obtained from the population estimator
(10),

« the effect of N on the probability of error Pg of the proposed distributed detection
scheme,

« the effect of censored regions on the probability of error Pg of the proposed distrib-
uted detection scheme.

However, finding the optimal transmission probabilities p* = (o7, p3, ..., pjy) is cum-
bersome. Therefore, we will find the transmission probabilities p* = (o3, 03, ..., P})s
which can be obtained from Proposition 4, and use them instead.

Figure 9 compares the estimated number of sensor nodes 7, obtained from (10)
with the actual number of sensor nodes #,, in the mth frame for 50 trials when M = 2,
T =60, K = 30, and N = 500. We assume that the event H; is happening. The other
parameters are specified in the figure’s caption. We see that the estimate 71, has fluctu-
ated around the actual number #,,.

Figure 10 shows the effect of N on the proposed distributed detection (specified as
PSRA) when M = 2 and M = 6. The parameter setup is specified in the figure’s caption.
Recall that for a given K (the number of time slots in each frame), there will be a set of
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Fig. 9 A comparison between the estimated number of sensor nodes A, and the actual number of sensor
nodes ny, in the mth frame for 50 trials when M = 2,7 = 60, K = 30, and N = 500. We assume that the
event Hyis happening. The range of the observation is divided into a censored region C; = {x : =1 < x < 2}
and two uncensored regions Uy = {x : —oo < x < —1}and U, = {x : 2 < x < 00}. As a result, we have
GmioPo + gmp1 Py, for1 < m < 2, are identical. The approximations of the optimal transmission probabilities
p* = (p}, p3) are obtained from Proposition 4, where we have p7 = p3 = 0.28
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Fig. 10 Simulation results showing the probability of error Pt of the proposed distributed detection versus
N. In addition, we compare the probability of error P of the proposed distributed detection (specified
as PSRA) to the distributed detection using TDMA (specified as TDMA). The parameters are set up as
follows. The collection time T is equal to 60 time slots. The number of frames (M) is specified in the figure.
The approximations of the optimal transmission probabilities p* = (p7, p3,. . ., piy) from Proposition 4
are applied. The range of the observation is divided into a censored region C; = {x : —1 < x < 2}and
M uncensored regions U, Uy, - - -, Ui The thresholds of Uy, which are r,Ln and r,%, are selected such that

GmioPo + Gmp1 P, for all m, are identical

Z0,m» ZS,m» and zc,, that are best used in differentiating between the event Hy and the
event Hj. Increasing N will introduce higher number of sensor nodes in each observa-
tion interval. The transmission probabilities p = (o1, P2, . .., pam) are used to adjust the
number zo, zs,m, and zc,,, which will be further exploited by the FC to make a final
decision. By using the transmission probabilities p* = (o7, 03, ..., p};), a set of suitable
Z0,m» 2s,m» and zc ,, will be seen by the fusion center. This is roughly independent on N.
Therefore, increasing N slightly affects the probability P.

In Fig. 10, we also show the probability of error Pg of the distributed detection using
a time division multiple access (TDMA) protocol. In the TDMA protocol, each sen-

sor node is assigned a specific time slot to send its data in advance to avoid packet

Page 20 of 28
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Fig. 11 Simulation results showing the probability of error Pt of the proposed distributed detection versus
the censored area (which is equal to Pogu110 + P1Gum+117. In addition, we compare the probability of
error Pg of the proposed distributed detection (specified as PSRA) to the distributed detection using TDMA
(specified as TDMA). The parameters are set up as follows: N = 800 and T = 60. The number of frames (M) is
specified in the figure. The approximations of the optimal transmission probabilities p* = (pf, p3,. .., o)
from Proposition 4 are applied. The range of the observation is divided into a censored region
C1 = {x 1< v} < x < vW}yand M uncensored regions Uy, Uy, - - -, Uy. The thresholds of Cy, which are v{ and vV,
are adjusted to get the desired censored area. The thresholds of Uy, which are ¢/ and Y, are selected such
that gmjoPo + gmp1 Py, for all m, are identical

collisions. In our scenario, since T < N, a group of 60 sensor nodes are randomly
selected and assigned exclusive time slots to send their local decisions. The local
decision is computed as follows: if the observation x is larger than 0.5 (i.e., the local
threshold obtained from our scenario assumption), the local decision is one; other-
wise, the local decision is zero. The FC receives 60 local decisions without collisions
and sums them together to compute its test statistic. If the test statistic is larger than
zero, the FC announces the event Hi; otherwise, the FC announces the event Hy. As
shown in the figure, the corresponding probability Pg of the TDMA-based distrib-
uted detection is about 0.0647, which is higher than that of the proposed distributed
detection.

Figure 11 shows the effect of the censored area on the proposed distributed detec-
tion (specified as PSRA) when M = 2 and M = 6. Increasing the censored area indi-
cates that only data bits obtained from higher reliable observations will be sent to the
FC (and, as a result, lowers the number of sensor nodes who will send their data bits
to the FC). The censored area is computed from Pogar+1j0 + P1gam+1)1. In this figure,
we consider that the range of the observation is divided into a censored region
Ci={x uulL <x < vlu} and M uncensored regions. The value of ga41; is obtained
from fvvfl fx (x|H;) dx. We set the thresholds vf =0.5—aand vlu =0.5+a, fora > 0,

and vary a to get the desired censored area. The other parameters are set up as shown
in the figure’s caption. We see that increasing the censored area such that only data
bits obtained from reliable observations are sent to the FC significantly helps improv-
ing the probability of error Pg. We also show the probability Pg of the TDMA-based
distributed detection for a comparison. The proposed distributed detection outper-
forms the TDMA-based distributed detection when the censored area is larger than
0.42 and 0.32 for M = 2 and M = 6, respectively.
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6 Conclusions

We have proposed a collision-aware distributed detection scheme with the PSRA
for a single-hop WSN whose collection time is limited and only a collision chan-
nel between sensor nodes and the FC is provided. We have shown that, unlike many
other random-access distributed detection schemes, the proposed distributed detec-
tion favors a large number of collision time slots since the collisions are useful and
applicable in making a final decisions. The following are possible extensions of the
proposed distributed detection such that its performance is improved and/or it is
applied in other scenarios.

i. Composite Hypothesis Testing: In this paper, we assume that the distributions of
the observation given Hp and H; are known and we, then, formulate the problem
as simple binary hypothesis testing. However, in many scenarios, for example, the
distribution of the observation given H; generally is unknown since its distribution
would depend on the location and the strength of the event. Study, analysis, and
evaluation of the proposed distributed detection in the composite hypothesis test-
ing is an interesting extension.

ii. Energy Detection: In this paper, we design and analyze the proposed distributed
detection by assuming that the FC is able to detect the time slot states: idle, suc-
cessful, and collision time slots. A method to identify these time slot states are
open. Specifically, what we study here is from the MAC layer’s point of view. We
can extend the proposed distributed detection towards the physical layer’s point of
view by including an energy detection into the proposed distributed detection to
detect the time slot states. Furthermore, we, then, are able to investigate the effect
of the fading channels on the proposed distributed detection.

Appendix A: Proof of Proposition 1
The ML estimate of the variable #,,, 71,, as shown in (10), is directly obtained from (7). For a
large K, the distribution of the estimate 71,, asymptotically converges to a Gaussian distribu-

tion N (n,, U2, ), where v, is equal to the Cramer-Rao lower bound of 71, [3].

2

To derive the variance vy,

, we omit the fact that #,, is an integer and, then, consider
1 as a real number. The variance v2 is obtained from
1
2 _
Um

—E{% log Pr(zm|nm)}

(28)

. 2
The first derivative ﬁ log Pr(z,|n,,) and the second derivative 3(373” log Pr(z,|ny,) are

shown as follows:
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0
% log Pr(z|1m) = zo,m log (1 — %)

Pm 1
+ ZS,m |:10g (1 - ?> + nm} (29)

pcm — 1 Pm PSm
+ac| (P22 tog (1- 22) - B,
" PCm & K MmPCm

92 —1 2
—5 log Pr(zu|nm,) = % {log (1 — /Om)}
ong, PCm K
ZC,mPS,m 2 — pcm Pm
- = 1+< : )}lo (1——) 30
NmpPC,m |: PCm 8 K (30)
1 ZCmb}
- = |:ZS,m + r;lps'm] .
nm pC,m

Because of E{zs,,} = Kps,, and E{zc,,} = Kpc,m, we have

9* pcm—1 Pm 2
E{ — log Pr(z,,|n )} =K== [10 1— }

K; 2 —
B [1 + (pc””>] log (1 22) (31)
My PCom K
Kps,m PS,m
o (1 + 7)
m pC,m

By assuming that #,, is large and #,, > K, the term ]E{% log Pr(zm|nm)} can be

approximated as
E 8—210 Pr(z,| 1) %K(m) lo (1—&”> 2 (32)
on, 8 e pPCm & K .

Since pc,, is less than or equal to one, the term (pc,,, — 1) is a negative value. By sub-
stituting (32) into (28), we obtain (11).

Appendix B: Proof of Corollary 1
Note that we assume 7, is real-valued. Consider the derivatives % log Pr(z,,|ny,,) and
% log Pr(zy,|ny,,) shown in (29) and (30), respectively. For a large n,,, these deriva-

tives can be approximated as

a -1
— log Pr(zm|nm) =~ |zom + 25,m + LS —— zcm| X log (1 — p—m), (33)
oy, PCm K

9 pcm—1 Pm >
—lo Pr(zm|nm) ~ ZC, <,> |:10 (1 — ):| . 34
onZ g m | m m Pém g K (34)
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Since (%) < 0, we have % log Pr(z,|n,,) < 0, which means the term log Pr(z,,|n,,)
Cm m

is a concave function of n,,. Therefore, the ML estimate 71, is the value #n,, satisfying
% log Pr(z|n,) = 0, which is equivalent to

Com — 1
Z20,m + 28,m + (pm>ZC,m =0. (35)
PCm

Recall the zg,,, + zs,,;, = K — zc . Therefore, we have (12).

Appendix C: Proof of Proposition 3
The test statistic A can be rewritten as A = Zi\n/[:l A, where

=g (L) g (0] 36)

qM+1|1 qdM+1|0

From Proposition 1, where 7, 2 N(nm, u,z,l), the conditional PDF of A,, given n,,
(i.e., Pr(A,|ny,)) is asymptotically equal to N(nm, 19,2,1), where

N [k,g (-2 “1og (qmlo)} 37)
qM+111 qM+1/0
qm|1 qm|0 2
92 = v {log (Ll) —log (m)] . (38)
qmM+11 qmM+1\0
Given n = (n1,ny,...,n5), the test statistics A1, Ag, --., Ay are independent. The

conditional PDF of A given n can be expressed as Pr(A|n) = H%Zl Pr(A,|nm,). We
have Pr(A|H;) = En{ T, Pr(Am|nm)‘Hi }

Since we would like to find Pr(A|H;) in a closed form, an approximation will be con-
ducted. By using the Demoivre-Laplace theorem, the conditional PDF Pr(n|H;) is

 Otm =)
1 . 2%2”\5
A /27192””
Hym)i = Nqpm); and §r2n|i = Ngpu)i(1 — gm)i). As a result, we can approximate Pr(A|H;) as
Pr(A|H;) = [T, Pr(A|H;), where

approximated as Pr(n|H;) which is expressed as an/jzl , where

o0
Be(Anlb) = [ Pr(Anbn) Bt ) i (39
—00
Similar to the proof shown in Appendix A of [43], by applying Gauss-Hermite quadra-
ture integration, we can show that

Pr(AmlHy) ~ G Pr (Ao ) (40)

-
i

_ )
7 nm:"mli"l‘ﬁrjgm\i

]

where J is the number of sample points, 7; is the jth root of Hermite polynomial, and C; is
the associated weight of the jth root. By using / = 1, where r; = 0 and C; = /7, we
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have P~r(Am|Hi) ~ Pr(Am|nm)| . As a result, we obtain an approximation of the

nm=hm\i

conditional PDF of A given H; as shown in Proposition 3.

Appendix D: Proof of Proposition 4

The necessary condition for the optimal transmission probabilities p* in (19) is that
the functlon (POPF + PlPM) is equal to zero at p,, = p;, for all m. The derivative
BTm (POPF + PlPM) is equal to

1 — U 000 1 — do
— Po(p(y 0)(V—M0)— Pw)(y 1>(V—M1)1, (41)
o 00 0om o} o1 0pm

x2
where p(x) = \/%6_7 and

ooy _ [los (qtn) toe ()]

W op(K — ,om)[log( m)f’ 0i(1 = pcmii)* w)

X {ZI_JC,mu(l — pCmli) — (1 — Myp)i)PS,mi {log (1- p?m)} }

By substituting (42) into (41) and after some mathematical arrangement, we can show
that

2
1—gmjo 1—gm
B [IOg( dmlo ) —log< e ):| Po(p(y MO)()/ 120)
ﬁ(POPF‘f‘P]PM): e {|: . (1_ )2 :|
m 2K (K — pm) {log ( m):| 0 pcmio

p p 7 - Pm
X |:2PC,m|0(1 — pcm|0) — (1 = 1)0)PS,m|0 [1Og (1- )H

K
{Pup(y ) (v = )
oy (1 _pC,m|1)2

} {Zﬁc,ml(l — PCym|1)

— (1 = ) ps,mn {log (1= [;?)H }

(43)

By setting (43) equal to zero, the term inside the curly brackets must be equal to zero
and, after some mathematical arrangement, we have the following equality:

(1=pcm)?
2DC,mj0 (1—PC,mi0) —(1—=7im|0)DS,m|0 [log (1*%)] _ (7) {Po(p( )()/ MO)} (44)
(A—pem)? o0/ [Pro(X5H) (y — )

25C,m|1 (L=pCm|1) — (A —=751)PS,m|1 [log (1—’77’”)]

We define the term on the left-hand side of (44) as gy, (o). Since the term on the right-
hand side of (44) is a constant (given pj, p3,..., pjy;), we obtain (21). In addition, with
properly choosing y, where ©o <y < 1, we will have y — o >0andy — 1 <0. As a
result, (22) is less than or equal to zero. In addition, we will have g, (p;;,) < 0 for all m.

Page 25 of 28
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Appendix E: Proof of Proposition 5

First, we will prove (26). Clearly, when 1o < y < p3, from (17) and (18), the transmission
probabilities maximizing Pp (or minimizing P, respectively) are the transmission probabili-
ties minimizing o (or minimizing o, respectively). Let p} and p§f be the transmission prob-
abilities maximizing Pp and minimizing P, respectively, where p;‘ = (pfli, p§|i’ . pX/I\ )
and p;,,; is the transmission probability at the mth frame. Therefore, finding the transmis-
sion probabilities p}* can be written as the following optimization problem:

* : 2
p; = arg min o;".
! pel0, 1M (45)

Considering the variance o defined in (16) shows that the variance o is a summation of

M terms, where each term is individually a function of p,,. Therefore, the optimization
problem above is separable (to M individual optimization problems). As a result, we can
find the transmission probability py;,; from the following optimization problem:

7 2
1 — pc,mi Pm
Or1; = arg max <_ log (1 - —) . (46)
e omel0,1] PCml|i K
Note that the objective function in (46) is inversely proportional to the variance v2, in

(11). Therefore, the optimization problem (46) indicates that the transmission probabil-

2

ity py,; is the transmission probability minimizing the population estimate’s variance v,,,.

The necessary condition for the optimal transmission probabilities p;‘nli in (46) is that

the function &(;5%”) [log(1 — %’”)}2 is equal to zero at p,, = p}, for all m. The
derivative % (1;957%'“) [log(1 — &2 ]2 is equal to
(1 — Ry Ps,mli {log( - L’”)} log (1 — £z
{ _ K71 2(1 —ﬁc,mh‘)} {_g(K)} (47)
PCmli PCm)i(K — pm)

Equivalently, pj, ; is equal to p,, that will make the term in the curly brackets equal to
zero. Therefore, we have the necessary condition for p;‘nl ; as shown in (26).

Now, we can show that p},, is between 'O:nlo and p:nu as follows. Consider the function
gm(pm) in (20). The function g, (o) will approach to —oo at the p,, making the term
2pc,mjo(1 — pcmio) — (1 — ﬁm‘o)ﬁg,m‘o[log( — ‘}—g”)] equal to zero. We further notice
that this p, is the transmission probability p;, , minimizing the probability of false alarm
from (26). On the other hand, the function g, (o) will be zero at the p,, making the
term 2pc 1 (1 — pcmn) — (1 — 1) ps,m [log ( — ‘}7’”)] equal to zero. This p,, is the
transmission probability pj,; maximizing the probability of detection. From the neces-
sary condition (iii) in Proposition 4 that g,,(p;,) < 0, then, p}, is between p;q|0 and pr*nu.
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