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1 Introduction
To meet the ever-increasing demand for higher data rates, mobile wireless systems 
including the 5G new radio (NR) aim to provide the enhanced capacity and coverage 
to users. One of the key enabling techniques for such an objective is the efficient utili-
zation of multiple-input multiple-output (MIMO) transmission using large-scale arrays 
[1–4]. To obtain the desired level of performance using MIMO transmission, appropri-
ate beamforming needs to be performed at the transmitter, and pre-designed codebooks 
are required for practical systems employing the limited feedback for the channel state 
information (CSI) [5].

The 3GPP standard specifies the codebooks used in multi-antenna transmission. A 
traditional codebook was designed using the Householder matrix to maximize the spa-
tial distance among codevectors, to support up to 4 transmit antennas [6]. Later versions 
of the 3GPP codebooks are based on the discrete Fourier transform (DFT) matrix, which 
work well in spatially correlated channels with a larger number of antennas. These code-
books can also be applied to the cross-polarized antenna arrays with a straightforward 
extension [7–9]. In general, codevectors optimized for given channel samples can be 
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constructed using the vector quantization (VQ) based on the Lloyd-Max algorithm [10]. 
VQ codebooks are not preferred in practical applications due to its search complex-
ity, but their performance can be used as an upperbound to the performance of other 
codebooks.

Codebooks adopted in the 3GPP standard assume transmission antenna elements 
arranged in the uniform linear array (ULA). It is expected, however, that antenna arrays 
in various sizes and shapes will put into use for enhanced coverage of mobile traffic. For 
example, small cells can be deployed using street light poles to cope with growing data 
traffic utilizing existing infrastructure [11]. Antenna arrays other than the ULA may be 
more suited to such transmission environments, and the uniform circular array (UCA) 
is a good candidate for installation around pole-type structures. Study results have been 
reported regarding beamforming methods and related optimization issues for UCAs. In 
order to steer the main lobe and reduce the side lobe level, sequential quadratic pro-
gramming is applied in [12] and beam adaptation techniques to changing transmission 
conditions are studied in [13–15]. To avoid the computational complexity required for 
the optimization procedure and to apply beamforming developed for the ULA, a trans-
formation method has been suggested to convert the UCA into a virtual ULA [16]. Pre-
designed codebooks for ULAs can also be applied to circular arrays with appropriate 
transformation methods. In [17], unitary matrices for the 3GPP Release  8 codebook 
conversion have been proposed with the analysis of the user equipment (UE) opera-
tion. The Hadamard transformation-based codebook design for circular arrays with a 
reduced feedback mechanism is introduced in [18]. More recently, precoding using the 
phase-mode transformation for hybrid beamforming using the UCA is investigated for 
multi-user massive array systems [19]. Increasing cases of UCA utilization can be found 
in different applications, including transmission over the millimeter-wave channel com-
bined with angle detection [20], non-orthogonal spatial multiplexing transmission [21, 
22], and two-dimensional orbital angular momentum (OAM)-based radar imaging [23]. 
Work by Jing [24] discusses a channel-independent beamforming method over the line-
of-sight (LoS) channel using two parallel UCAs at both the transmitter and the receiver. 
Investigation in [25] applies a low-complexity deep-learning-based DOA estimation 
scheme to hybrid massive MIMO systems with UCAs. Hybrid beamforming using 
the UCA is also evaluated and compared with other array structures in [26], showing 
its advantages in both the sum-rate performance and dominant eigenvalue character-
istics. Despite their effectiveness to easily apply existing codebooks to UCAs, many of 
the earlier works rely on transformed techniques [16–19] which exhibit limitations in 
beamforming performance. This provides a strong motivation to design a codebook cus-
tomized to a given circular array structure and channel conditions.

In this paper, we propose a design method for codebooks applicable to circular array 
structures. While the resulting codevectors retain the DFT property suited to corre-
lated channels, additional customizations are included to reflect the curvature shape 
of UCAs into the codebook. In addition to its capability to adapt to the amount of the 
array curvature, the codebook is fully parameterized to flexibly adjust the resolution 
of codevectors and the distance between them. A parametric codebook design has 
been attempted for the ULA in [27], and the presented result here is a more in-depth 
generalization with the additional curvature parameter for the UCA. Furthermore, 
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the proposed codebooks are extendable to arbitrary array sizes and channel feed-
back amounts, making them applicable to massive MIMO applications with varying 
complexity. The codebook parameters are chosen based on statistical channel char-
acteristics for enhanced beamforming performance for given locations of the target 
UEs. Performance evaluation results are given for the co-polarized UCAs as well as 
the cross-polarized extensions. The proposed method here does not involve intensive 
computational requirements as in [12–15] and can be used in a wide range of appli-
cations described in [20–23]. The method can be combined with DOA estimation 
techniques in [28–30] as well as with an additional element arrangement algorithm 
[31]. The presented vector parametrization approach can also be applied to important 
research results in applied sciences, including the antenna design based on fractals 
[32–39].

The paper is organized as follows. In Sect. 2, the system model and the performance 
measure are explained, followed by the description of the target array structure. The 
channel model and its characteristics are analyzed, providing the motivation and 
guideline for the codebook design. Codebook design examples and their generaliza-
tion for a wider range of applications are also described, with the definition of pro-
posed codebooks. In Sect. 3, the performance of the proposed codebooks is evaluated 
and compared with other existing codebooks. Conclusions are given in Sect. 4.

2  Methods/experimental
2.1  System setting

We consider a downlink MIMO system with the UCA at the base station (BS) and 
K single-antenna UEs uniformly distributed within the cell as shown in Fig.  1. The 
received signal is modeled as

Cluster

Fig. 1 A cellular transmission model using the uniform circular array
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where H = [ hT1 hT2 . . . hTK ]T is the channel matrix and hk is the 1×M row vector rep-
resenting the channel for the k-th UE. Precoder matrix W = [ w1 w2 . . . wK ] includes 
the beamforming vector wk for the k-th UE, and s is the data symbol vector. Each ele-
ment in noise vector n follows the complex Gaussian distribution with variance σ 2 . 
Beamforming vectors are chosen from the set of codevectors

which is the codebook of size Q. The codebook size Q and the number of feedback bits 
B satisfy the relation Q = 2B . There can be several different criteria in selecting the 
codevector for the given channel. We adopt the measure to maximize the correlation 
between the codevector and the channel, i.e., the codevector for the k-th UE is chosen as

Each UE selects the codevector to maximize its correlation to the channel, and the per-
formance metric of the codebook is the normalized average correlation µ , defined by

where h̄ = h/�h� is the channel with power normalization and E[·] is the expectation 
operator. The performance metric has the maximum value of µ = 1.

Although a two-dimensional cylinder-type array can be used at the BS such as the one 
illustrated in Fig.  2, we analyze the channel characteristics to design the correspond-
ing codebook by focusing on the dark shaded area in the figure, i.e., M antenna elements 

(1)y = HWs+ n

(2)C = { c0, c1, . . . , cQ−1 }

(3)wk = argmax
cq∈C

�hkcq�, q = 0, 1, . . . ,Q − 1.

(4)µ = E[ �h̄kwk� ]

dV

dH

(1,1) (1,2)

(N,1) (N,2)

(2,1) (2,2)

Fig. 2 M antennas on a curvature for transmission to the target UE
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located on a curvature. By investigating how channel characteristics behave for the array 
on curved surface, beamforming vectors can be generated accordingly. For the purpose of 
brevity, a specific codebook construction will be explained for the case of M = 4 . However, 
the result can be extended to a general value of M covering any range of azimuth angles 
including the whole UCA.

Beamforming vector design depends on the shape of the array, since the relative propaga-
tion distance for each antenna element differs for a given geometry of the array. Figure 3 
represents the propagation distance differences among antenna elements for two differ-
ent array structures. For the ULA in Fig. 3a, the relative distance linearly increases as the 
antenna index increases, and so is the relative phase. The extra propagation distance for 
the m-th antenna, when compared to the reference antenna with the shortest propagation 
distance, is determined as

for m = 1, . . . ,M where d denotes the spacing between adjacent antennas and � is the 
incidence angle of the signal beam. The phase term caused by the relative propagation 
distance is

(5)ξm = (m− 1)d sin�

(6)φm = 2π fcτm =
2π

�
ξm =

2π

�
(m− 1)d sin�

Fig. 3 Relative propagation distance for each antenna element: a ULA, b UCA 
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where τm is the relative arrival time difference, � is the carrier wavelength, and fc is the 
carrier frequency. The LoS-only channel is immediately obtained from the phase terms 
as

and the corresponding beamforming vector can be determined by taking the hermitian 
of the channel vector as

It is well known that this type of linearly proportional phase terms for the ULA can 
be compensated by the vectors taken from the DFT matrix [5, 27] and widely adopted 
codebooks are designed accordingly. For the case of the UCA, the relative propagation 
distance is not in a linear form as shown in Fig. 3b. As analyzed in [40], the extra dis-
tance for the m-th antenna in this case is given by

for m = 1, . . . ,M , where R is the radius of the UCA and �m is the azimuth position angle 
for the m-th antenna element. The phase is determined as

and the beamforming vector for the UCA is obtained as

While the beamforming vector in (11) exactly compensates for the relative phase values 
caused by the UCA geometry, it has the infinite resolution and cannot be immediately 
utilized as the candidate codevector for the finite feedback channel. Furthermore, prac-
tical wireless channels quite often include a number of multipath components, and the 
codebook based on the LoS channel only may not provide desired beamforming perfor-
mance. To overcome these issues and to find an effective design strategy for the code-
book construction, we investigate channel properties for the UCA.

2.2  Channel characteristics experiment

Modeling the wireless channel is important not only to accurately estimate the trans-
mission performance but to appropriately design signal processing strategies at both 
the transmitter and receiver. 3GPP adopts the spatial channel model (SCM) [41] for 
the standardization and evaluation of signaling methods. The model includes mul-
tiple clusters distributed over the three-dimensional space such that the resulting 
multipath channel resembles the wireless link of the real-world environment as much 
as possible. SCM is especially useful in verification of MIMO beamforming perfor-
mance, since channel coefficients of the antenna elements are generated with detailed 
probabilistic procedures reflecting the location and geometry of the array. In order to 
present a practical codebook construction result which can potentially be utilized as 
a radio access standard, we apply the SCM for the generation of channel coefficients 

(7)hLoS = [ h1 h2 . . . hM ] = [ ejφ1 ejφ2 . . . ejφM ]

(8)wULA = hHLoS = [ e−jφ1 e−jφ2 . . . e−jφM ]T .

(9)ξm = R cos(�m −�)

(10)φm =
2π

�
R cos(�m −�)

(11)wUCA = [ e−jφ1 e−jφ2 . . . e−jφM ]T .
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in our signal model (1) and use the urban macro (UMa) scenario for the design and 
evaluation of the proposed codebook.

Figure 4 shows the array shapes for the ULA and UCA, where hm denotes the com-
plex channel coefficient for the m-th antenna element. Let φm denote the phase com-
ponent of hm , then the phase difference between adjacent elements is expressed as

for m = 1, . . . ,M − 1 . Figure 5 shows the representation of the probability density func-
tion (PDF) for θm , obtained by repeated generations of channel coefficients for the target 
UE located at the azimuth angle of � = 30o using the SCM simulator. Half-wavelengths 
spacing is applied for the distance between adjacent antenna elements for both arrays. 
For the ULA of M = 4 antenna elements, the PDFs for θ1 , θ2 and θ3 shown in Fig.  5a 
are almost identical. This is an expected result because the relative distance between 
adjacent elements is the same regardless of the antenna index. On the other hand, the 
PDFs for the UCA in Fig. 5b are clearly distinguishable from one another, which is due 
to the difference in relative distances of propagation paths. Geometric characteristics 
of the circular array resulted in channel distributions that are quite different from ULA 
distributions. Figure 5b shows that the PDF curves are approximately shifted versions 
of one another. This observation leads to adding an extra parameter to the codevec-
tor design for the UCA, to compensate for the amount of shifts experienced in channel 
distributions.

The phase difference in (12) can be determined using the phase term in (6) for the ULA as

(12)θm = φm+1 − φm

Fig. 4 Phase difference between adjacent antenna elements: a ULA, b UCA 
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which simplifies to θm = π sin� when d = �/2 . While the user azimuth angle � is a 
fixed value for the given location, SCM generates a number of propagation rays with 
incidence angles centered around � . Thus, the median value of the probabilistic phase 
difference distribution can be approximated to π sin� . We have π sin(π/6) = π/2 
when � = 30o , which is very close to the actual median value 87o of θm observed in the 
distribution shown in Fig. 5a. For the UCA, the phase difference depends on antenna 
index m and a simplified expression for the median value is not immediately obtainable. 
However, we observe that the overall shape of the PDF is similar for all m with a certain 
amount of shift in distributions in Fig. 5b. Therefore, an approximated relation for the 
phase difference can be expressed as

where χ is the additional parameter introduced in the proposed codebook design. We 
describe the parametric codebook for the ULA fist, followed by the codebook construc-
tion methods for the UCA using additional parameters in the next section. Construction 

(13)θm =
2π

�
d sin�

(14)θm+1 = θm + χ

Fig. 5 Distributions of the phase difference between adjacent antenna elements at � = 30◦ : a ULA, b UCA 
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examples are given for the case of M = 4 , which are extended to general expressions for 
any given number of antenna elements.

2.3  Design methods for parametric codebooks

For the ULA with linear change in phase values, a basic form of codevectors can be 
expressed as

where γ is adjusted to compensated for the phase difference between adjacent antenna 
elements. For M = 4 antennas, the expression reduces to

In a codebook including Q codevectors, we can choose Q different values of γ in 
such a way that these values effectively cover the distribution of the phase differ-
ence θm . Let us consider a construction example for the codebook of size Q = 4 . 
In Fig.  6, four cross-marks indicate γ values to be used in four codevectors. Setting 
γ = α gives the first codevector c0 = (1/2)[ 1 e−jα e−j2α e−j3α ]T , where α is referred 
to as the initial phase parameter. The second codevector uses γ = α + β to become 
c1 = (1/2)[ 1 e−j(α+β) e−j2(α+β) e−j3(α+β) ]T , where β is called the step size parameter. 
The third codevectors is obtained by increasing γ in the amount of step size β to set 
γ = α + 2β . Likewise, the fourth codevector uses γ = α + 3β . Including these column 
codevectors in a matrix gives the codevector matrix for the ULA

(15)c =
1

√
M

[ 1 e−jγ . . . e−j(M−1)γ ]T

(16)c =
1

2
[ 1 e−jγ e−j2γ e−j3γ ]T .

Fig. 6 Parametric codebook design for the ULA using parameters α and β
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which is a 4 × 4 matrix. The number of rows represents the number of antennas, and 
the number of columns is the codebook size. Therefore, in general, we obtain an M × Q 
codebook matrix. The codebook given in (17) is the long-term codebook for a given UE 
location, from which a specific codevector is chosen based on the short-term channel 
state [5]. This is similar to the 3GPP long-term codebook, which consists of 4 consec-
utive codevectors out of 32 DFT beams over all directions as specified in [7]. A more 
detailed description of the parametric codebook for the ULA can be found in [27], which 
gives the general construction procedure as well as the performance evaluation result.

We further generalize the parametric codebook construction result for the ULA to the 
case of the UCA. In order to compensate for the distribution shifts for the phase difference, 
the curvature parameter χ is used as illustrated in Fig. 7. Using (14), we obtain θ2 = θ1 + χ 
and θ3 = θ2 + χ = θ1 + 2χ . When we set θ1 = γ for the phase term compensation, it fol-
lows that

using the relation given in (12). Since only the relative phase values affect the beamform-
ing characteristics, common phase term φ1 can be removed from all elements in code-
vectors. Thus, we obtain the UCA codebook matrix including four column codevectors 
with respective phase compensation terms γ = α , α + β , α + 2β and α + 3β as

(17)

CULA =[ c0 c1 c2 c3 ]

=
1

2









1 1 1 1

e−jα e−j(α+β) e−j(α+2β) e−j(α+3β)

e−j2α e−j2(α+β) e−j2(α+2β) e−j2(α+3β)

e−j3α e−j3(α+β) e−j3(α+2β) e−j3(α+3β)









(18)
φ2 =φ1 + θ1 = φ1 + γ

φ3 =φ2 + θ2 = (φ1 + γ )+ (γ + χ) = φ1 + 2γ + χ and

(19)φ4 =φ3 + θ3 = (φ1 + 2γ + χ)+ (γ + 2χ) = φ1 + 3γ + 3χ

Fig. 7 Parametric codebook design for the UCA using the curvature parameter χ
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By comparing two codebooks in (17) and (20), we note that additional compensation 
terms χ and 3χ exist for the third and fourth element in codevectors for the UCA, as 
explained in relations given by (18) and (19). Codebook CUCA,1 in (20) is the proposed 
codebook for the UCA of the first kind. Specific parameter values can be determined 
based on actual channel coefficients generated for the given environment. Table 1 shows 
the codebook parameters which maximizes the average correlation in  (4) at different 
user azimuth angles. Channel coefficients are repeatedly generated using the SCM UMa 
simulator at user locations � = 0 , 15, 30, 45, and 60 degrees, and the optimizing param-
eters for the codebook of size Q = 4 are selected. The parameters can also be determined 
for negative azimuth angles using the symmetry of the channel distributions.

Since the distributions for θ1 , θ2 , and θ3 are not exactly the same, separate parameters can 
be used for each of these distributions. As shown in Fig. 8, parameter pair (αk ,βk) is used 
for the distribution of θk , for k = 1 , 2, and 3. In the proposed codebook for the UCA of the 
second kind, the first codevector is chosen as

(20)

CUCA,1 =[ c0 c1 c2 c3 ]

=
1

2









1 1 1 1

e−jα e−j(α+β) e−j(α+2β) e−j(α+3β)

e−j{2α+χ} e−j{2(α+β)+χ} e−j{2(α+2β)+χ} e−j{2(α+3β)+χ}

e−j{3α+3χ} e−j{3(α+β)+3χ} e−j{3(α+2β)+3χ} e−j{3(α+3β)+3χ}









.

(21)c0 =
1

2
[ 1 e−jα1 e−j(α1+α2) e−j(α1+α2+α3) ]T

Table 1 Parameters for CUCA,1 maximizing the average correlation in the SCM UMa environment

� 0° 15° 30° 45° 60°

α −158◦ −182◦ −148◦ −122◦ −84◦

β 66◦ 68◦ 70◦ 76◦ 78◦

χ 90◦ 86◦ 78◦ 72◦ 58◦

Fig. 8 Parametric codebook design for the UCA using multiple parameter pairs (αk ,βk)
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and the second codevector is determined as

Continuing this construction for the remaining two codevectors, the codebook matrix 
becomes

Parameters maximizing the average correlation are also found for the codebook of the 
second kind, and their numeric values are shown in Table 2 for different user azimuth 
angles.

Proposed codebooks can be generalized to arbitrary numbers of antenna elements 
and feedback bits. Suppose we construct a codebook of size Q = 2B using B feedback 
bits for M antenna elements. The M × Q codebook matrix is denoted by

where the q-th codevector can be written as

for q = 0, 1, . . . ,Q − 1 . For the proposed codebook of the first kind, element cm,q is 
determined as

for m = 0, 1, . . . ,M − 1 , where we defined Fm =
∑m−1

k=1 k . Thus, the q-th codevector can 
be written as

(22)c1 =
1

2
[ 1 e−j(α1+β1) e−j{(α1+β1)+(α2+β2)} e−j{(α1+β1)+(α2+β2)+(α3+β3)} ]T .

(23)

CUCA,2 =[ c0 c1 c2 c3 ]

=
1

2











1 1 1 1

e−j
�1

k=1 αk e−j
�1

k=1(αk+βk ) e−j
�1

k=1(αk+2βk ) e−j
�1

k=1(αk+3βk )

e−j
�2

k=1 αk e−j
�2

k=1(αk+βk ) e−j
�2

k=1(αk+2βk ) e−j
�2

k=1(αk+3βk )

e−j
�3

k=1 αk e−j
�3

k=1(αk+βk ) e−j
�3

k=1(αk+2βk ) e−j
�3

k=1(αk+3βk )











.

(24)C = [ c0 c1 . . . cq . . . cQ−1 ]

(25)cq = [ c0,q c1,q . . . cm,q . . . cM−1,q ]T

(26)cm,q =
1

√
M

e−j{m(α+qβ)+Fmχ}

Table 2 Parameters for CUCA,2 maximizing the average correlation in the SCM UMa environment

� 0° 15° 30° 45° 60°

α1 −158◦ −182◦ −148◦ −122◦ −84◦

α2 −142◦ −88◦ −68◦ −44◦ −10◦

α3 −46◦ −12◦ 14◦ 26◦ 26◦

β1 66◦ 68◦ 70◦ 76◦ 78◦

β2 72◦ 68◦ 74◦ 76◦ 74◦

β3 68◦ 66◦ 68◦ 68◦ 70◦
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For the proposed codebook of the second kind, element cm,q is expressed as

for m = 0, 1, . . . ,M − 1 and we obtain the q-th codevector as

Finally, the codevectors can be extended to the cross-polarized (X-pol) antenna arrays 
as described in [7]. Suppose cq is a codevector for the co-polarized array of M antenna 
elements, such as the ones given in (27) and (29). The extended codevector for the cross-
polarized array of 2M elements is obtained as

where ζ is the co-phasing term which takes one of the values in {±1,±j}.

3  Results and discussion
In order to demonstrate the effectiveness of the proposed codebooks, we evaluate and 
compare the performance of well-known existing codebooks under the same environ-
mental settings. A traditional 3GPP codebook using the Householder matrix is con-
structed from the generation vector uk of length 4, which contains elements from the 
8PSK alphabet { ±1,±j,±(1+ j)/

√
2,±(1− j)/

√
2)} as described in [6]. The codevec-

tors are obtained by

for k = 0, 1, . . . , 15 where I is the identity matrix. The later versions of the 3GPP code-
book are based on the 4 × 32 matrix consisting 32 DFT vectors. Beamforming is oper-
ated in two stages. In the first stage, 4 consecutive column vectors out of the 32 columns 
in the matrix are chose as the long-term codebook based on the channel characteristics 
of the user. In the subsequent stage, the beamforming vector that matches best to the 
instantaneous channel condition is chosen as the short-term codevector. The long-term 
codebook consists of 4 consecutive DFT vectors as in

(27)cq =
1

√
M















1

e−j{α+β}

e−j{2(α+β)+χ}

...

e−j{(M−1)(α+β)+
�M−2

k=1 χ}















.

(28)cm,q =
1

√
M

e−j
∑m

k=1(αk+qβk )

(29)cq =
1

√
M

















1

e−j(α1+β1)

e−j
�2

k=1(αk+βk )

...

e−j
�M−1

k=1 (αk+βk )

















.

(30)c′q =
[

cq
ζ cq

]

(31)ak = I−
2uku

H
k

uHk uk
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for k = 0, 1, . . . , 15 , where

is the DFT codevector. A more general realization of the codebook using the DFT vec-
tors is the uniform DFT codebook covering the entire azimuth directions in uniform 
beam resolution [5]. The uniform DFT codebook of size Q applied to antenna arrays 
with M elements is described by M × Q matrix C = [ c0 c1 . . . cQ−1 ] where

for q = 0, 1, . . . ,Q − 1 . These DFT-based codebooks are primarily targeted to the ULA 
and thus may not work very well for other types of arrays. There exists a transformation 
method, however, to convert the DFT codebooks into a form suitable to the UCA. The 
method proposed in [18] uses an M ×M Hadamard matrix to transform the DFT code-
book matrix into a modified codebook for the circular array, which is known to outper-
form codebooks obtained from other transformation methods. To obtain a performance 
upperbound, the VQ codebook can be constructed using the Lloyd-Max algorithm 
based on a sufficient number of training vectors obtained from the target channel envi-
ronment. By repeatedly applying the nearest neighborhood condition and the centroid 
condition, converging codevectors are obtained. Despite the near optimal performance, 
the VQ codebook is not applicable to practical systems due to its huge computational 
complexity and inadaptability to changing channel conditions. All discussed codebooks 
can be extended to the cross-polarized arrays using the co-phasing term as described 
in (30).

Figure 9 shows the location-wise performance of proposed codebooks, compared with 
those of existing codebooks applied to the UCA of M = 4 antenna elements. At each 

(32)Bk = [ b2k b2k+1 b(2k+2) mod 32 b(2k+3) mod 32 ]

(33)bq =
1

2
[ 1 ej

2π
32 q ej

2π
32 2q ej

2π
32 3q ]T

(34)cq =
1

√
M

[1 ej
2π
Q q

e
j 2πQ 2q

. . . , e
j 2πQ (M−1) ]T

Fig. 9 Location-specific performance of codebooks using B = 4 feedback bits
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value of the UE azimuth angle, channel coefficients are repeatedly generated to evaluate 
the average correlation of the best-matching codevector in the given codebook. The pro-
posed UCA codebook of the first kind is indicated by parameters (α,β ,χ) in the figure. 
Similarly, the proposed UCA codebook of the second kind is indicated by the parameter 
set (αk ,βk) which is used for the codebook generation. It can be confirmed from the fig-
ure that both of these two types of codebooks perform extremely well over the entire 
range of user locations, exhibiting the performance close to the VQ codebook found by 
search. This is in contrast with existing 3GPP codebooks shown together in the figure, 
showing severe performance degradations. All codebooks in the figure uses the same 
number of codevectors. Each codebook includes Q = 16 codevectors using the B = 4 
feedback bits.

Figure 10 shows the performance comparison when different numbers of feedback bits 
are used. By using B = 2 , 3 and 4 bits, the codebook size, respectively, becomes Q = 4 , 8 
and 16. The UEs are randomly generated within the cell, and the channel coefficients are 
determined at given locations. Therefore, the figure shows the cell-average performance. 
For all values of codebook size tested, two kinds of proposed codebooks significantly 
outperform the existing ones, with the correlation performance close to the upper-
bound. Some of the comparing codebooks are known for only at certain codebook sizes, 
e.g., the 3GPP codebook of size 16 using the Householder matrix. It can be observed that 
the codebook obtained by the Hadamard transformation method, although it is specifi-
cally targeted for the UCA, provides a significantly lower correlation performance than 
proposed codebooks.

The performance evaluation results can be extended to cross-polarized circular arrays 
with M = 8 antenna elements. In Fig. 11, location-wise performance is shown by apply-
ing four co-phasing terms ζ = ±1 and ±j which require additional 2 bits for the phase 
information feedback. The correlation values in the figure are obtained by using Q = 4 
codevectors requiring the 2-bit feedback. Combining 2 codevector selection bits and 
2 co-phasing bits, the total of 4 feedback bits is used for this operation. The proposed 
codebooks also outperform all existing codebooks for the cross-polarized array with 

Fig. 10 Cell-average performance of codebooks using B = 2 , 3 and 4 feedback bits
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substantial margins. The correlation values of the proposed codebooks are uniform over 
all azimuth angles, suggesting they can be reliably applied for beamforming regardless 
of the user locations. The advantage of the proposed codebooks for the cross-polarized 
array is again confirmed for the cell-wise performance in Fig. 12, which indicates a large 
amount of gains for all numbers of feedback bits. The number of feedback bits 4, 5, and 
6 in the X-axis of the figure, respectively, correspond to codebook size of 4, 8, and 16, in 
addition to 4 co-phasing terms requiring 2 extra feedback bits.

4  Conclusions
Codebook construction methods using multiple parameters adjustable to the varying 
channel distributions for the UCA are proposed. The proposed codebooks can be deter-
mined for arbitrary numbers of antenna elements and feedback bits and are applicable 
to both co-polarized and cross-polarized circular arrays. By evaluating over the 3GPP 

Fig. 11 Location-specific performance of codebooks for the cross-polarized antenna array

Fig. 12 Cell-average performance of codebooks for the cross-polarized antenna array
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channel model reflecting practical environmental settings, the proposed codebooks are 
shown to provide enhanced performance over the conventional codebooks.
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